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Constraints for conformal field theory

2, Operator Product Expansion :  ¢.(z)¢;(y) = Z;__ Aijr Gz —y, @) Or(y)

Operator Product Expansion (QPE) coefficients

conformal symmetry fix Ci(z - y. 9,) 1 (9:(x) ¢;(y) Op(2)) = A ;1. Cilx — . 8,) {Oi(y) Op(2))
%

(6 (2) ¢ (22) 6 (13) P (1)) = Z*llioj Ca(zy — By, By) Cyl3 — 74, 1) {0 (12) O°(1y))

a — —{
= E Ao 71 ™ 23,7 gy (U, 0)
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Constraints : crossing symmetry

3, Associativity : (0, 0;) O, = 0,(0;0y)

|
| ) |
(O01020304) ~ Z >L_)'(< = Z O,
k i
p 3 2

29
[y

Bootstrap Equations : u™¢ 3, 56 A" Gar(. ©) = U2 Yo s Apwo” Gac(v. )
—

Rl ) = i) e K ) | L]
Yoo Fau, v) = 0| with Fi5™ = v g{™ (u, v) — u® g (v, w)
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Numerical bootstrap

1, Pick up a set of correlators. Write down bootstrap equations. Truncate equations to finite dimension.
For example : (¢ (z1) & (1) ¢ (23) ¢ (1)) Do\l Fa(u. v) =0 (hold for various ;)
iz, Ty= Fieanite 0 Paglu, 4) |:_;_1,-g (z-1/2)"(z-1/2)" Fy(z, Z) —» vector(cy, €12, €33 ...)

—
. L T 2
2, Unitarity: 1;,, =0

Maybe No

o f-AI p 1.0 ‘r'l_\-_-J\

]

“'._‘.,-.l',

1"-_\‘“..‘

‘plane exist : disallowed
Semidefinite Program (SDP) = {p ane exis isallowe

not exist : allowed
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Bootstrap 3D Ising CFT

Pirsa: 23040135

Correlators : (cooo). (eeee). (eeoa)

Assumptions : . € are tiie only two relevant scalars.

14130

1.4129

14125

1.4127

14126

1.4125

Ising: Scaling Dimensions

AMonte Carlo

' a=2-3/13-4,)
. n=248,-1
E B otstran
E » _ — — TR A
0.5180% L5810 0.51812 031514 Lal=1G 031s1s

n =0.036298 (2), @ =0.11008 (1)
(Kos, Poland, Simmons-Duffin, Vichi 2016)
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Bootstrap 3D super-Ising

I ey 3
Ouo P+ UPU+ TPy + 5 o

=
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]

Bootstrapping (coao) with 3D N = 1 SUSY (Rong, NS 2018)

A=35
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Bootstrap 3D GNY

Loy = ¢ Pl

[N T

(,0)° + %Jﬁw+ i¢4+

[Nt

Bootstrapping all correlators involving {i. ¢. ¢°}

The O(N) Gross—Neveu-Yukawa Archipelago N=8
Arr 0 -»l%\r
1.0 ) - e
Large-N 0567 g ‘\
f,—('xl)z!!l‘;illﬂ e "\_, \
i )80 . -'L.
09 1.0z 10212 1.:213
N=8
N =4
Ay
0.8 .
N=4 0.758 " 2
0y
UI- 0.756 - A‘L
10431 LG 1.0M3s
N=2 N =2
A,
0.6 B -
N=1 S Y
0463 "‘
/ 0644 \\{%7-‘:
I AL
0.5- . : — I S— i 0618 — A
1.00 1.02 1.04 1.06 1.08 1.10 1,063

[Erramilli, Iliesiu, Kravchuk, Liu, Poland, Simmons-Duffin, 2022]
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Computational perspective

The formal theory of CFT : constraints are easy to understand, but hard to compute

1960s : “Bootstrap” ideas by Polyakov
1980s : Many results for 2D CFTs
2001 : Conformal blocks F, (u. v) in 2D and 4D are solved by Dolan, Osborn

2008-present : Effective numerical method for F, (u. v) in arbitrary dimension

Effective numerical method to check crossing symmetry (SDP approach)
Effective numerical method to scan theory space

+ Greatly improved analytical understanding of bootstrap equation, especially at large spin
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Computational perspective : bootstrap algorithms

Choose a point in theory space (such as A,) = Solving SDP — Repeat and carving out theory space
i

AP

($pD “evror

N sppr SPR S TS
\ \
B

" L ¥
Q}A/

qumeﬁ?ﬂ’" S,P&fe ;5 (éd.deyf'{f)

Algorithms : 1, Scan algorithm; 2, SDP solver algorithm
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Majors challenges in bootstrap numerics

1, The dimension of parameters could be high

L

Nosost 1
— Scan over {i\(,,. As, Ay, =

TLs -1-‘,-‘,-‘, }
Apy ' »f»ﬁ’.r. s

Naive scan : cost ~ e¥™™°2 (the curse of dimensionality)

2, Solving a SDP is slg}v, if SDP problem is too big

More powerful computational method — explore bigger set of constraints — access to more CFT's and data

Pirsa: 23040135

Ising : (cooeo). {ecce). (eeoa)
O(2) : (Pppdpp). {tttt). {ss55). {Bsds). (dPts). (Ppott). {Pdss). (sstt)

O3) : (Ppd). (tttt), (ssss). (Psds). (PPts). (ddtt), (ddss). (sstt), (sttt). (Podts)
More complicated CFTs : need more correlators



Cutting surface algorithm

Scan { st lun  dem } : cutting surface algorithm : cost linear to number of OPE coeff

-

'\c'k‘-i '\:Wc"".-

BAT

— success in 0(2), 0(3), GNY

2 )
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The navigator function

“allowed/disallowed” — a continuous measure of success (navigator function)
—

Unspecified .., A=11

A

1.50F
)01.33 140 1,42 1.41 1.46 I
p giggennssc-me e 145/
It ) I
“ nayddt | |
S < 1.40}
0.520# & ‘ 1|_ / 13)_
‘.‘I‘ ; e \\", {I
\ il' / V
! _ﬁ-}_5 b/ 1.30L : : : .
52 L/ 0.510 0.515 0.520 0.525 0.530
_.l”; ﬁkv

[Reehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Rees 2021]
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Algorithm in navigator computation

A section of SDPs over a parameter space. We solve SDPs one by one.

i i
(SpD) "gmr]
T g ' Sof,
| \
I /’*"’ /.*
/ ,ﬁL v

Typical Newtonian iterations per SDP : 100 to 400
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Skydiving algorithm

[Aike Liu, David Simmons-Duffin, NS, Balt van Rees, to appear]
The new numerical method: treat two optimizations (in p and y) as a single optimization problem.

A
(Sof "Ewaf)
/[\ sppr PP | P,

‘ Solving the optimization in the parameter p
- L and the optimization of SDP (i — 0) simultaneously

f\\ b e -

Fga,mmc'f'ﬁf gprate F: (Aa.de,fff)

e
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The software

scalar_blocks, block3d : generate conformal blocks

i
SDPB, SDP_skydiving : solvers for SDP, dynamical SDP problems.

autoboot : derive bootstrap equation for many global symmetries

Hyperion, simpleboot : bootstrap frameworks that integrate scalarblocks, block3d, SDPB, SDP_skydiving and
various scan algorithms.

other software : Juliboot, pyCFTboot, gqboot
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Plan for this week

Morning : Lectures

Afternoon : 1h Tutorial A
1h Break : running sample code, doing exercises and enjoying coffee
1h Tutorial B

1h Break : running sample code, doing exercises and enjoying coffee
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Plan for this week

Monday : 3D Ising {o. €} system

Tuesday : 3D O(N) {v. s. t} system, cutting Surface algorithm
Wednesday : 3D GNY model {¢. ¢. €}
Thursday : Navigator method

Friday : Skydiving algorithm
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Bootstrap 3D Ising {o. €} system

|
[{B5! .51

Reference :

Pirsa: 23040135

allowed region with Ay = 3 {Mnex = G}

.52 (.53 0.5 (.55 (150 (L57 (.58

Weizmann Lectures on the Numerical Conformal Bootstrap. Shai M. Chester
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Bootstrap equations for scalars

Consider four different scalar ¢;. ¢. é3. ¢, , the conformal partial wave decomposition is

1
34

T4 A2 (14 P34 A12.43y
_] (_ Z,)*le_;i{)*lﬂ::’(JgA,r (u, v) 3 ﬁz‘j :.ﬁg—ﬁj.

A A ( 2 £
3™ gy 73

(61(21) 9 () $a(22) 61 () = 73

Crossing : (¢1 da d3ds) —(dadadrdy) =0 . Underl o 3exchange,ueov,z601-2761-7

' . n.c Ag +A3 A3+A3
12,34 _ 32,14 : 12;34 : A9.Agy 5= 41243
E {0 J.lj O :'.34() F;_‘\._r’ o 1133 el :'.14() F,-__'\_r' —_ U \VhE‘lE' F. O ( . ?.') =7 2 9(':’ ( . 11] =+ U 2 g() l:l‘ u:l

Denote (@1 B i (_m} — <!_f)3 b ¢y c_iu) simply as (1234). Only (1234), {1324), (1243} are independent equations.
If &1 = ¢a. @3 = ¢y, only (1144}, (1414} are independent equations.

Consider CFT with Z, symmetry. Assuming ¢, is Z»> odd, ¢» is Z5 even.
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Bootstrap equations for Z> even/odd scalars

Consider CFT with Z, symmetry. Assuming ¢ is Z, odd, ¢ is Z; even. Independents bootstrap equations :

Fg, 0
(1), {1 101 1) o
EJ ‘1%10 F—li}l =0 0 0
[0 £22) :
(2), {2 da ba o) : o 0
Yo Mo Fiuy B0 - (0 0) - PRLEt
‘even = . Vodd = -A
0 LIFLY 1y I
(3), {1 ¢ b1 a) : g L'-as _ ':‘irlq
St E =i LFY o 1Y iy
o 1puz
(4)(5), {¢1 D1 D2 ) : N g © A
91,19 1138 1 F_ll 0
20M10M20 Frse £A110A20 Feai =0 g © A
: A o
(‘191(3 - (_]) llﬂ (J) Z(J"" ( ‘1111’3’ *1‘29 e} )' I'meﬂ+( 1110 ] i+ En.’?' :.\.1?1’?2 ‘E"Dd[i _ 0
SUEEREY:
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Bootstrap equations for 7, even/odd scalars

Mio
Ao,

T & TR
The feasibility test for Yo+ (A110 220)- Vevena, . v,,- ( ] + 20 M120° Vodday-vo =0
Let’s make some assumptions about spectrum (thus Veep. V3aq vectors), and test whether our assumptions is

frue.

Positivity test : find a linear functional a = (ay. as. @3. ay. @) such that
@ Veven 2 0

a- Vogq = 0

Note: @ Veven 1S a 2X2 matrix. a- Vewen = 0 means the matrix is positive semi-definite, i.e.

Mio

] = 0 for arbitrary 1119, A0
Ao )

(A11o Amo)a- I}\-en(
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Bootstrap 3D Ising CFT {o,€}

y A o
E}* ( "1110 -]-29 o) II'IE-VE'B '( ! ] + 2)' ‘-l-lﬂ UJ IF:)dd =0

Arag

izolate identitv.o.e

]- . ‘15'0'6 ! r
L Lk ‘["-;x'en._‘\.—ﬁ}‘{—[} ( 1 ] +(Aore Aeee)- Ire-vem_\—ii.r'—ﬂ ( 1 )++ ‘lo-eo-j I..Odd_J.—-_\a.f'—O

teec

- “"J f >
Ei*rl.e( flo'arl -]-eerJ )- I"ex‘en ( 70 ] + ZJ’ o *"-19 (JJ I'bdd =0

Ao

Assume ;10.60.2:lgﬁ

} - ‘10'0'5 e ‘lg | -
T‘identit}’ +(Aore Aeee ) V- ( ) = Z‘J+71-E (Aowo A ) Viveon ( N ) ! ZJ" e ‘119”2 Fead =0
‘]‘EEE ‘lea’) y
— ] 1 i i I:)dd =A_ =0 O
‘i’iden‘['l‘[}’ = 1 ) Il’eﬂ.’enjfﬁi‘*ﬂ' '( 1 ]; I"H = Irergn'iiié =0+ ( BJ\T D )
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Unitarity: all the states in Hilbert space have positive norm.

d/2-1 forspin=20
d—2+¢ forspin =¢
by demanding all descendant state has positive norm as well.

Consequences 1 : A = Ajpitare , Anitary = {

Example : ||P, ’O}Hq =B H’O}W for scalar state |O} , thus A = 0

Consequences 2 : 1, ,,01S real

é1

For Hermitian operators, the OPE coefficients are always real.

Proof: take Hermitian conjugation on {¢(z) ¢(y) O“1 #(2)) = Ao =Ty _y_ﬂa}»:,:;-trrffE_Iu.-'.--f'*-‘f"*f
If some states have negative norm : {¢(x) #(y)) = — ﬁ . If we insist to normalize it as (¢(z) ¢(y)) = | llu (as
-y~ % T-g|* ¢

we did in defining conformal block), then ¢ — i ¢ makes ¢ anti-Hermitian and some OPE coefficients are

lmaginary.
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Assumption for 3D Ising spectrum

We choose two numbers A, A,

Assumption on the CFT data:
1, o has scaling dimension A,
2, € has scaling dimension A,

3, all other spin o operators has dimension larger than 3
d/2—-1 forspin=20

all spinning operators has dimension A = A.yiar ), W { ,
b p &P s S d—2+/ forspin =/

5, all OPE coefficients are real

Problem to solve : does the choice of two numbers A, A, + assumptions compatible with

i - . X A, _
Ii‘iden‘[i‘[}’ i ( ‘10'0"6 ‘Lzee ) I!Q ( 1 ) s Efvl.e ( ‘1crcrf3 ‘1&0 ) I'feren ’( . ) 4 Z(J_TO' ;‘.]Q(}E Yodd = 0 ?

£EE ‘1&3’) y
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Numerical details

- e ‘.“cru'e o '10'0' 1 ¥
‘irident'lt}' +1 -"la'cr-e ‘lEEE ) Ig ) ( ) B EJ* ( ‘10'0'0 -1ea') ) I".eveﬂ X ( ; ] b ZU_ ‘119 03 "'.Odd =0

A

EES ‘lee(J

Find a linear functional @ = (ay. as. a3. as. as) such that 1.46}

=

*( Videntity) = 1
a- (V) =0 1.42}
& Vo, ) =0 for A=3, £=10
@ Voga(A. ) =0 forA=3. =0 :
& Vevea(A, £) 2 0 for A = Auttary, £=2, 4,6, ... 1.387

@ Voaa(A, £) = 0 forA = Aypiary. £ =1. 2,3, 4, ... A R S S S
0.515 0520 0525 0.530

1.40}
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Numerical details

1, Wetruncate d as a = 2 .mop @mn 07 07,

—_

ol =

(3-2 «ﬁ]—‘

|a—1 HA-T .. [A—Tp0 )

A1 A 5 A19.Ax it
2 Fi1***H canbe approximated as 4797 F, 22 %z, 7))

~ y (D)X Pie"(A) ,  xlA) =

&
(=11

P."(A) : polynomial in A | can be computed using scalar_blocks

v.(A) are the same for all F32"* terms in Vien. Veaa . All poles are below unitary bound.

5y
0 0
0 0
[0 ‘P;al':"nm
(U 0
T ) 0 0 Fpoly)
@ Vevenas = Xi(ﬂ) me Qmn 1 f o3P e — @ Vevenas =
0 ShE
1 511,22ymn
5P :
1 {x11.22vm
0 5 -F+._\.|' J? 5
11,224
| % P+__x_r Jl??m 0
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Constraints for conformal field theory

2, Operator Product Expansion :  ¢.(z)¢;(y) = Z;__ Aijr Ce(z —y. 3,) Or(y)

Operator Product Expansion (QPE) coefficients

conformal symmetry fix Ci(z - y. 9,) 1 (d:(x) ¢;(y) Op(2)) = A ;1. Cilx — . 8,) {Ow(y) Op(2))

(6 (z1) ¢ (1) b (23) () = Z*llioj Co(xy — 1. Bn) Cylxs — 2. Hy) (0% (1) O°( 1))

a — —{
= E Ao 71 ™ 23,7 gy (U, 0)
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. . ext Slide
Numerical details R

1L, Wetruncate @ as a = 2, pop @mn 07 0%

(3-2 «ﬁ]—‘

|a—1 HA-T .. [A—Tp0 )

A1 A r A19.Ax et
a F,1**H can be approximated as 797 Fy 12 (2, 7)

~ y (D)X Pye"(A) ,  xl(A) =

=

.

2

P."(A) : polynomial in A | can be computed using scalar_blocks

v.(A) are the same for all F32"* terms in Vien. Veaa . All poles are below unitary bound.

5y
0 0
0 0
[0 ‘P;al':"nm
(U 0
T ) 0 0 Fpoly)
@ Vevenas = Xi(ﬂ) me Qmn 1 f o3P e — @ Vevenas =
0 ShE
1 511,22ymn
5P :
1 {x11.22vm
0 5 +.A.0 J? 5
11,224
| % P+__x_r Jl??m 0
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Numerical details

~(polv ~(polv o
9, Forboth a. 722, = 0 and @. V223, = 0, we demand the condition for ¢ = 0. ... £y

The problem become polynomial programming, PMP
Find a such that

Year Mf(z) =1
Yyar Mf(x)>0forz >0 for j=1. ... jma

ATk s
M 7 () & T even/odd A=Amin +1.0
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SDPB : input

sedlp = SDP[{obhjectiv :1-, ‘::H{H'.’!.’fl:f'.llf“’h’:? , (positive matrices with ;.wf'm'fm'.-':!]
olpective = {ay, L. ANTY

rnormalization = {ng, ., N}

posttive matvices with prefoactors {

{positive matra with prefactar 1),

/ S, + b \ . \
(positive malrie with prefuctor J),

I

positive matrie with prefoctor j =
PositiveMatrixWithPrefactor [{prefactor),
{
{
Q511 (@),

N o a1l .
b (J_J-'.I.II""}' T {fg_,l,JﬂJl"F"’

] e s (d’}\.]u.“.""}, L, {0

JoHPL ITL
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- r,).-‘,‘_m‘ ()}

’

2y

N

N R LU

()}

Maximize a.objective, such that
a.normalization = 1

a.M{zr)z0forz=0 for =1, 2, ..J

1.0
M

M}
M=

M j—ﬁ‘k
(ﬂfjﬁ ) 11 ( My )

MP = = :
(M7)

) iyl
4

1 ;i

(047),, = Qfauto
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SDPB in feasibility mode

Set objective = 0 . Ask whether a exist for the condition

Year Mf(x) =1
Ypar Mf(x)>0forz >0 forj=1. .. jmax
T
Output :
*dual feasible jump detected”, “find dual feasible solution™ : find o
“primal feasible jump detected”, “find primal feasible solution™ : can’t find o
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SDPB in feasibility mode

Set objective = 0 . Ask whether a exist for the condition

Year Mf(x) =1
Year Miz)>0forz >0 forj=1. ... jma

Output :

“dual feasible jump detected”, “find dual feasible solution” : finde |
“primal feasible jump detected”, “find primal feasible solution™ : can’t find o
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SDPB in optimality mode : bound OPE coefficient

Eﬂc b flmﬁ)g Fau, )=0 — a‘-]-(:lDQ FAD_rU(H- v) = —Fpolu. v) - E} ‘109 Fy(u, v)

Find a linear functional @ such that

a(FAGm(u. v)) =1 (1)
a(Fy (u, v)) =0for A > Apin (2)

If a o exist, we find an inequality

.L;Dﬂ = —a(Fyplu. ) — Yodo” @(Fy (. v) = —a(Fyo(u. v)
To the most restrictive bound, we need o that minimizing —a(Fyo(u. v)) subject to (1), (2)
Such that a should satisfy a(F, (u. v)) = 0for A. ¢ of each Qin the 3, ... ...

Zeros in a(F,(u. v)) — physical spectrum A (Extremal Functional Method, EFM)
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Delaunay search

I ES |

step » 37
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Delaunay search

Delaunay search : an adaptive method to scan the boundary of a region
Assume we have a set allowed points and a set of disallowed points

1,Find a triangulation connecting all points
2 Find boundary triangles
3,Rank the triangles by areas;

find the largesiin triangles;

scan their middle points.
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Delaunay search

Delaunay search : an adaptive method to scan the boundary of a region
Assume we have a set allowed points and a set of disallowed points

1,Find a triangulation connecting all points
2 Find boundary triangles
3,Rank the triangles by areas;

find the largesiin triangles;

scan their middle points.
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