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Constraints for conformal field theory

spin
SR 4 : fe g N
1, Operators as conformal rep: O?R?‘ Eﬂmalﬁ’d‘ I‘#?O(U] ?— 00
escendant : 8, ...d,,

scaling dimension

@=2-d/(d-A)

Scaling dimensions «— critical exponents , .
n=24,—d+2

A B trace i
{2 (O, )= ———— S E =@ 2T
1% g ) 5 -
Z"M ... Z™ —trace "
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Pirsa: 23040135 Page 3/38



Constraints for conformal field theory

2, Operator Product Expansion :  ¢.(z)¢(y) = Z}__ Ai i Gz —y. 8,) Op(y)

/

Operator Product Expansion (OPE) coefficients

conformal symmetry fix Ci(z - y. 9,) 1 (d:(x) d;(y) Op(2)) = A ;1 Cilx — . 3,) {Ow(y) Op(2))
i

(6 (21) & (1) D (z3) B (1)) = Z-llaog Co(z1 — T, G9) Cylxs — 74, 1) {0 (1) O°(1y))

0 —! —{
= E )1120“ 2107 2347 Gy (U, V)
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Constraints : crossing symmetry

3, Associativity : (0, 0;) O, = 0:(0;0y)

|
.
(O1C2050,) ~ ¥ >L_)f< =3 o
L S
2 3 2

3

Bootstrap Equations : u™¢ 3, 56 Aeso” Gar(2. ©) = U2 Yoo s Npwo” Gas(T. 1)

—

9 = o w1 el ) ] I
Yoldiw Falu, v) = 0| with Fi7™ = v gi7" (u, v) —u® g (v, w)
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Numerical bootstrap

1, Pick up a set of correlators. Write down bootstrap equations. Truncate equations to finite dimension.
For example : (¢ (z1) & (12) ¢ (23) ¢ (7)) : Do\l Falu. v) =0 (hold for various ;)
Fydzn, 2)= 3Gy 0508 Fplu, 4l |:_;_1:;g (2= 12" {z—1/2)* F,.(z. Z) - vector(cgy. €19. €3 ...)

—
. . 9
2, Unitarity: ;,, =0

Maybe No

oo Fa, ., Foo F, .

Faa b

Fa e,

- plane exist : disallowed

Semidefinite Program (SDP) — {

not exist : allowed
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Bootstrap 3D Ising CFT

Pirsa: 23040135

Correlators : (cooo). (eeee). {eeoa)

Assumptions : . € are the only two relevant scalars.

14130

1.4129

14128

1.4127

14126

L4125

[sing: Scaling Dimensions

Monte Carlo

é a=2-3/13 -4,
! n=24,-1
E Bootstrap

0.51308 0.51810 0.51x12 0.51s14 (L51816 051518

1 =0.036298(2), o =0.11008 (1)
(Kos, Poland, Simmons-Duffin, Vichi 2016)
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Bootstrap 3D super-Ising

; _ 1 _ 2
Ouo P+ UPU+ TPy + 5 o

=

L.Superlemg —

]

Bootstrapping (coao) with 3D N = 1 SUSY (Rong, NS 2018)

A =36
2.90
2891
2.88} '
‘:]b 9 /7 A, = 0.584444 (30)
n = 0.168888 (60)
2.86
2.85
284 ‘ ‘ '
0.58435 0.58440 0.58445 0.58450 0.58455
A,
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Bootstrap 3D GNY

[Erramilli, Iliesiu, Kravchuk, Liu, Poland, Simmons-Duffin, 2022]
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Lewy = ; dU P

(%=1 TP

@80 + S UPU+ T 0+

1o

Bootstrapping all correlators involving {. ¢. ¢°}

The O(N) Gross—Neveu-Yukawa Archipelago N=8§
Arr 1] nr‘}\r
1.0 — il
Large-N L
\‘. ‘I‘.
e-expansion haDg _—
: )81 N Ay
(.5 L Lo L0213
N=8
N =4
A
0.8 s
|
N=41 o |
05 — IlI
s A
0.7 v iy
LOEE LOWIG  LOHEs
N=2-- N=2
A,
.6 N =1 " (L6651 s _\\.
R
ﬁn": i [:%’ Ay
0.5t : usils i
1.00 1.02 1.04 1.06 1.08 1.10 LOGSS 10657
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Computational perspective

The formal theory of CFT : constraints are easy to understand, but hard to compute

1960s : “Bootstrap” ideas by Polyakov
1980s : Many results for 2D CFTs
2001 : Conformal blocks F, (u. v)in 2D and 4D are solved by Dolan, Osborn

2008-present : Effective numerical method for F, ,(u. v) in arbitrary dimension

Effective numerical method to check crossing symmetry (SDP approach)
Effective numerical method to scan theory space

+ Greatly improved analytical understanding of bootstrap equation, especially at large spin
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Computational perspective : bootstrap algorithms

Choose a point in theory space (such as A,) = Solving SDP — Repeat and carving out theory space

A
(spD “error
M sppt - SePr P P
\ \
v -

= Y,
(2

PW&M&W S,P‘ife 7;: (éé./_{seﬁ‘#’{f)

Algorithms : 1, Scan algorithm; 2, SDP solver algorithm
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Majors challenges in bootstrap numerics

1, The dimension of parameters could be high

Yt e dese
— Scan over{i\.ﬂ,_ A, Ay, ;-t B r_}

Naive scan : cost ~ ¢“™*°% (the curse of dimensionality)

2, Solving a SDP is slg}v, if SDP problem is too big

More powerful computational method — explore bigger set of constraints — access to more CFT's and data
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Ising : (cooo). {ecee). (eeoa)
O(2) : (Pppdd). {trtt). {s555). {Bsds). (ddts). (Pdtt). (Pdss). (s5tt)

O(3) : (dddd). {trtt). (ssss). (Bsds). (ddts). (ddtt). (Pdss). (sstt). (sttt). {(Podts)
More complicated CFTs : need more correlators



Cutting surface algorithm

Scan {‘\“"t | Sue lees } : cutting surface algorithm : cost linear to number of OPE coeff

X G '1\;'\,"".- '\('U =

— success in 0(2), 0(3), GNY

» 1 R IE

Pirsa: 23040135 Page 13/38



The navigator function

“allowed/disallowed” — a continuous measure of success (navigator function)
—

Unspecified .., A=11

A
1.38 1.40
2.

1,42

1.50F
1.44 1.46 -
aa o 1.45}
| < 1.40f
| I
00 | [
bt 7 1.35¢
| ) I
Iil .I 7 [
L/ 1.30L \ . , !
'3 0.510 0.515 0.520 0.525 0.530
V A,

[Reehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Rees 2021]
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Algorithm in navigator computation

A section of SDPs over a parameter space. We solve SDPs one by one.

A )
(SpD “errvor
N spPt SpPr 592‘

‘ |
| .3
IS N

Panfama%ﬂ’f 5706&!& F‘S (d:ﬁ.d&}f{f)

Typical Newtonian iterations per SDP : 100 to 400
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Skydiving algorithm

[Aike Liu, David Simmons-Duffin, NS, Balt van Rees, to appear]
The new numerical method: treat two optimizations (in p and y) as a single optimization problem.

i”flu 1"
(Spf ”ﬁwuf)
/[\ sppr SOP P,

‘ Solving the optimization in the parameter p
and the optimization of SDP (i — 0) simultaneously

\|

-Fpa;;‘:q;ﬂc‘l"ﬁ“l" < e F: (‘é\g n#’_{.g,l."fc)
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scalar_blocks, block3d : generate conformal blocks

i}
SDPB, SDP_skydiving : solvers for SDP, dynamical SDP problems.

autoboot : derive bootstrap equation for many global symmetries

Hyperion, simpleboot : bootstrap frameworks that integrate scalarblocks, block3d, SDPB, SDP_skydiving and
various scan algorithms.

other software : Juliboot, pyCFTboot, gqboot
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Plan for this week

Morning : Lectures

Afternoon : 1h Tutorial A
1h Break : running sample code, doing exercises and enjoying coffee
1h Tutorial B

1h Break : running sample code, doing exercises and enjoying coffee
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Plan for this week

Monday : 3D Ising {o. €} system

Tuesday : 3D O(N) {v. s. t} system, cutting Surface algorithm
Wednesday : 3D GNY model {¢. ¢. €}
Thursday : Navigator method

Friday : Skydiving algorithim
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Today’s goal : bootstrap 3D Ising

Bootstrap 3D Ising {o. €} system

allowed region with Ay = 3 (00 = 06)
i
1.7
1.6
.-.-""-_‘ }
5 -l
¥ = ~

/

5 11.51 .52 (.53 (.54 (.55 (.56 .57 (L5

Reference : Weizmann Lectures on the Numerical Conformal Bootstrap. Shai M. Chester
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Bootstrap equations for scalars

Consider four different scalar ¢;. ¢. é3. ¢, , the conformal partial wave decomposition is

1 ( I ];‘12 ( 14 \A34 1 1 A19.A3y
e A i 100 {\} - v S ) ;'A. q - .ﬁ = .'ﬁ. i
I34A3+A4 7 g ZJ 1]0 Eio gA,t ( ) 3 1] 7 ]

(d1(z1) @ (1) Pa(x3) by (z1)) = 21g°102

Crossing : {¢1 da ¢ ds) —(dadadry) =0 . Underl o 3exchange,ueov,z601-2761-7

n — =y An+ag Ag+ag
12,84 _ 32,14 12:34 Apa.A 22433 apa
YolnoAsso Fias F 00140 Fone = 0where Fog(u, ) =v" 2 g Pu. v)2u™ 2 g, (v, u)

-

Denote (qf)l B tha gm) = (@3 ba by gm) simply as (1234). Only (1234), {1324), (1243} are independent equations.
If ¢ = ¢o. ¢3 = ¢y, only {1144}, (1414} are independent equations.

Consider CFT with Z, symmetry. Assuming ¢, is Z»> odd, ¢» is £ even.
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Bootstrap equations for 7, even/odd scalars

Consider CFT with Z, symimetry. Assuming ¢ is Z» odd, ¢ is Z, even. Independents bootstrap equations :

(1), {d1 1 b1 1) -
20 ‘1%10 F—li}l —i

(2), {¢a dba b ) :
799 79

YoAdo Fii 20

(3), {1 D21 Da) -
Silha ot =

(4)(5), (b1 b1 d2 a) :
Y0100 Fost £A110Am0 Fiat =0

(Aa1o = (=1) A1ap)
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Bootstrap equations for 7, even/odd scalars

Mio
g,

a r
] + E;— f\-l!()_ "'odd._\(}" o= = 0

The feasibility test for Yo+ (A110 220)- Vevena,. v,e (

Let’s make some assumptions about spectrum (thus Veen. Viaq vectors), and test whether our assumptions is

true.

Positivity test : find a linear functional @ = (@1. a». as. ay. as) such that
@ Veyen 2 0

a: Vogq = 0

Note: @ Veren 15 @ 2X2 matrix. a- Vewen = 0 means the matrix is positive semi-definite, i.e.

Mio

] = 0 for arbitrary 1110, 1220
Ao ’

(A11o Amo)a- I“':z\'en(
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Bootstrap 3D Ising CFT {0,€}

A g
Z(j* ( *1110 -13907 o Tre*-e&( e ] . Z(J' ‘]-lﬂl‘ig 1[ocid =0

A0

izolate identitv.o.e

- l : 5 ‘10'045 1 "
(1 1) I'EE\'ED‘_‘\.—D‘{—[} ( 1 ] +(Aore Aee) even.a-a, =0 ( 1 )++ J-o-eo-j T'oc’ac’a.-_\‘—-_\5:,..r'—{]

- ‘10 ] f -
E;gl.e(  SEECR W ) ( 70 ] S E Z;’ i 4119(33 Voaa =0

Aeor

Assume A i =A e

5 5 ‘1crcre 5
1"iﬁeut'1t}’ +1 :lG'C"E ile& ) Tlf{;’ % ( ) + ZJ*:—l,e ( *10'0'0 "tef() ) T'Even ’(

Aercn 3
]‘ i ) + Z}Fr_ﬂ' “-l‘r_] (72 "‘I-D[ici = 0

Ay

1 Voada-a .0 0
1 ]; T—H = I;renijfje £=0 Jr( e )

‘i‘—iéentit}’ = ( 1 1 } TFEIEBADFD*( 0 0
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Unitarity: all the states in Hilbert space have positive norm.

d/2-1 forspin=20

, 7 A o by = P A T
Consequences 1 : A = Ajpitar , Aynitans { d— 814 forspin =+

by demanding all descendant state has positive norm as well.

Example : ||P, }())Hj 2A \”O}Hgfor scalar state |O} , thusA =0

Consequences 2 : 1, ., isreal

For Hermitian operators, the OPE coefficients are always real.
ZM1.. 2" +trace

J,--i;;:-r\ . AgH{an -l -4y
! == 4 "

Proof: take Hermitian conjugation on {(¢(z) ¢(y) O“1 #(2)) = Ao

A7+4 B E.xl;l. =i |+31'-_\}'

1x-3| |2-x|

1 1

— . If we insist to normalize it as (¢(x) ¢(y)) =

lT—gI” ~* -3l

we did in defining conformal block), then ¢ — i ¢ makes ¢ anti-Hermitian and some OPE coefficients are

If some states have negative norm : {¢(x) ¢(y)) = — (as

2,

lmaginary.
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Assumption for 3D Ising spectrum

We choose two numbers A, A,

Assumption on the CFT data:
1, o has scaling dimension A,
2, € has scaling dimension A,
3, all other spin o operators has dimension larger than 3
. : . d/2—-1 forspin=20
all spinning operators has dimension A = Auyar ) W— { ,
b p 9P ‘ e A d—2+¢ forspin =/

5, all OPE coefficients are real

Problem to solve : does the choice of two numbers A, A, + assumptions compatible with

- - ;lU'C"E - "."o' ¢ =
Videntity + (Aowe Aeee)- 1;91( I\ )+ 2041 (Aoe0 a0 ) T"men'( ) ) + Yo e A120° Voaa =0 ?

seg ‘1&3’) y
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Numerical details

- ‘.“cro'e & ‘lo'cr f 3
‘i'ric‘iEﬁtitj: +1 -'chre 1E€E ) T"B ¥ ( ) + EJ* { la'o'() '1156() ) I‘«an.*em 1 ( g ] i Z‘,‘-' -'11"_’ 02 T'rodd =0

: Ao

Find a linear functional @ = (a1. as. as. as. as) such that 146}

1.44]

=

( Videntity) = 1 _
a- (V) =0 1.42¢
@ Vegen(A, £) =0 for A=3 ¢=0 L
@ Voaa(A, £) =0 forA=3. ¢=0

& Vaven(A, £) 2 0 for A = Aggpare. £ =2, 4, 6, ... 1.38}

@ Vogald, £) 2 0 for A = Ayngrary. £=1.2.3. 4, ... S
0515 0.520 0525 0.530
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Numerical details

1, Wetruncate @ as a = 2, pmop @mn 07 0%,

Aq9 A ; 5. A -
a F,1"* can be approximated as 4797 FL 12 (2. 7)|

i,

1Sl =

e

=

]

~ y(A)x Py (A)

P"(A) : polynomial in A | can be computed using scalar_blocks

v.(A) are the same for all 32" terms in Veen. Veaa . All poles are below unitary bound.

@&+ Vovanaye = }[’1(&) zm?*’f Q@ *
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g 0

0 = Ll
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11.11ymn

—-.A0 I 0]
0 0

0

90 99,

o

a-V

- polyy
evenAs =

3

YA) =

(3-2v2 )
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Constraints for conformal field theory

2, Operator Product Expansion :  ¢.(z)¢(y) = Z}__ Ai i Gz —y. 8,) Op(y)

/

Operator Product Expansion (OPE) coefficients

conformal symmetry fix Ci(z - y. 9,) 1 (d:(x) ¢;(y) Op(2)) = A ;1 Cilx — . 8,) {O(y) Op(2))

(z;b(;rl)gb(;z:g)cb(:rg)@(ri)) = Z.l]‘-_}og C.(1 — T, o) Colma — 7y, IO (1) OK Ll

0 —! —{
= E )1120“ 2107 2347 Gy (U, V)

&
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\
- . ext Slide
Numerical details R

1, Wetruncate @ as a = >, pmop @mpn 07 0%,

i,

1Sl =

(3-2v2 )

la-r Ha-Tg ). |a—7pc )

2, F,1*"* can be approximated as a7 37 FyB " ¥(z, 2)| __1 ~ y(Q)x PI"A) ,  xild) =

PJ7"(A) : polynomial in A | can be computed using scalar_blocks

v.(A) are the same for all 32" terms in Veen. Veaa . All poles are below unitary bound.

11.11ymn

[.[P—._'x.:' .‘I 0]
\ 0 0
0 0
[0 ‘P?a%z].~n
(U 0y
Ve = y/(A \0 0 7 ipoly)
O Vevenasr = i’_’{':" ) an Qyn 1 119 — @ Vevenas =
0 o L
1 { 511:22vmn
5|P_.M | 0
{ 11.29'7?,
0 - Ll i
1 [ pl1.22ymn
. 3 |IP+._'\.r JI 0
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Numerical details

9, Forboth . V2%, = 0 and a. V2%, = 0, we demand the condition for ¢ = 0. ... fua

The problem become polynomial programming, PMP
Find a such that

Year Mf(z) =1
Tpar Mi(z)>0forz>0forj=1, .. jux

Tk, 7
M j () < 1 even/odd A=Apyin+1.0
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SDPB : input

sdp = SDP[{objectivey, {(normalization), (positice matrices with prefactors)]
obyective {eag, ..., ax}

novmalization = {rg, ..., ny}

positive matrices with prefactors = {

{positive matra with prefactor 1),

(posdive walrie with prefactor 1),

X

posttice matvie with prefactor j =

PositiveMatrixWithPrefactor [{prefactor),

{
{ v
L0058 wovs @l 5 wes 100 000,
}:
{
L5 5 IMING. . TO ) INPRNRY ¢ -, S -
h 8
}
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vi Qi)

Maximize a.objective. such that
a.normalization = 1

a.Mj(x)=0forz=0 for j=1,2, ..J

MY
M; = %1
My
(MP)y; o (Mf]lmj

IU’J‘ = . % E

(ﬂ-fﬁ:)mjl (ﬂf?)ﬁaf L

(M), = Qauto

Page 32/38



— < > '

SDPB in feasibility mode

Set objective = 0 . Ask whether a exist for the condition

Tear ME(z) =1
Ypar Mf(x)> 0forz >0 forj=1. .. jmax
I
Output :
*dual feasible jump detected”, “find dual feasible solution™ : find
“primal feasible jump detected”, “find primal feasible solution™ : can’t find &
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SDPB in feasibility mode

Set objective = 0 . Ask whether a exist for the condition

Tear ME(z) =1
Ypar Mf(x)> 0forz >0 forj=1. .. jmax

Output :

“dual feasible jump detected”, “find dual feasible solution” : finde 1
“primal feasible jump detected”, “find primal feasible solution™ : can’t find o
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SDPB in optimality mode : bound OPE coefficient

YocowAso” Farlt, ©) =0 — op? Fagplu. v) = —Foo(u, v) — Yoo Faelu. v)

Find a linear functional @ such that

af Fag g2, v)) =1 (1)
a(Fy (u, v)) =0for A > Apin (2)

If a o exist, we find an inequality

.1.(;9'3I = —a(Fyple, V) — Ypdo” a(Fy (u. v) = —a(Fyo(u. v))
To the most restrictive bound, we need o that minimizing —a(Fyo(u. v)) subject to (1), (2)
Such that a should satisfy a(F, (u. v)) = 0for A. ¢ of each Qin the 3, ... ...

Zeros in a(F, (u. v)) — physical spectrum A (Extremal Functional Method, EFM)
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Delaunay search

Delaunay search : an adaptive method to scan the boundary of a region
Assume we have a set allowed points and a set of disallowed points

1,Find a triangulation connecting all points
2 Find boundary triangles
3,Rank the triangles by areas;

find the largesiin triangles;

scan their middle points.
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Delaunay search

Delaunay search : an adaptive method to scan the boundary of a region
Assume we have a set allowed points and a set of disallowed points

1,Find a triangulation connecting all points
2 Find boundary triangles
3,Rank the triangles by areas;

find the largesiin triangles;

scan their middle points.
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