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Abstract: "Is there a complete semi-definite programming hierarchy for quantum causal problems? We divide the question into two parts. First: Can
quantum causal problems be expressed as polynomial optimization problems (this talk). Second: Can this class of polynomia optimizations be
solved by means of SDPs (Laurens talk). The optimizations we consider here are ""polynomia™" in two ways. They are over the unknown
observable algebra of the hidden systems, which are specified by non-commutative polynomials in a set of generators. But they aso involve
independence constraints, which are commutative polynomialsin the state. A hierarchy

of such polynomial tests is complete if one can construct a quantum model for any observed distribution that passes al of them. We've recently had
some success in finding such constructions, but also ran into problems in the general case [1, 2]. | give a high-level presentation of the state of the

play.

[1] https://arxiv.org/abs/2110.14659
[2] https:.//arxiv.org/abs/2212.11299"
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|s causal optimization polynomial optimization?

PN

David Gross, University of Cologne

Joint work with Laurens Ligthart and Mariami Gachechiladze
arXiv:2110.14659, arXiv:2212.11299

Pirsa: 23040121 Page 2/31



Pirsa: 23040121

Hierarchies of necessary conditions for causal

compatibility have been proposed.

Some are asymptotically complete for classical

version.

[arXiv:2110.14659, arXiv:2212.11299]
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Hierarchies of necessary conditions for causal

compatibility have been proposed.

Some are asymptotically complete for classical

version.

Q.: Where are we in deciding completeness for

the quantum version?

[arXiv:2110.14659, arXiv:2212.11299]
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Two step program:

This talk

* Can quantum causal programs be expressed as
polynomial* optimization problems?

*commutative-and-non-commutative

Laurens’ talk

* Can these polynomial optimizations be
expressed as SDP hierarchies?

[arXiv:2212.11299]
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Guiding model:

The bilocal scenario

X Y Z
Y r )
A BaBc C
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Models of qguantum systems

Textbook model of quantum system:
= Primary object is a Hilbert space H
= = observables = the *-algebra of operators on H

A Algebraic model of quantum system:
= Primary object is *-algebra A of observables.
= [= may derive Hilbert space (via GNS construction)]

= Mostly equivalent.
= Second point of view natural for our approach.
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Quantum states

State p is linear function on A such that

= p(a*a) =20 [Positivity]

=p(1) =1 [Normalization]

[Generalizes a » (¥|a|¥) from textbook QM]
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Locality

Subsystems are associated with commuting subalgebras.

= cA,BA c D
Al Bl e [aB,]=0

= More general than textbook QM version!
[Tsirelson’s problem]

= Unclear which one is “more physical”
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Quantum bilocal scenario

p(a, B,v|x,y, z) is compatible if 3
= Commuting observable algebras A, By, B, C € D
= A joint state p that factorizes

X h Z
{ { p(abybcc) =plaby)p(bcc)
A BaBc C

- - = POVMs {Aa|x}, {Bmy}, {C]/|Z}

Agjx 2 0, Za’Aalx =
such that

p(a,B,y|x,y,z) = p(Aa|xBB|y Cy|z)-
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Quantum bilocal scenario
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Bc

p(a,B,v|x,
= Commut

= A joint state

p(abybcc)=plaby)p(bcc)

= POVMs {Agx}, {Bgiyh {Cyi2)

Agjx 2 0, ZaAalx —Jf
such that

p(a,B,y|x,y z) = p(Aa|xBﬁ|y Cy|z)-
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Quantum bilocal scenario
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Bc

p(a,B,y|x,y,z) is compatible if 3
= Commuting observable algebras A, By, B, C € D
= A joint state p that factorizes

= POVMs {Agx}, {Bgiyh {Cyi2)

Ag)x 2 0, ZaAalx =
such that

p(a,B,y|x,y z) = p(Aa|xBﬁ|y Cy|z)-
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Quantum bilocal scenario

p(a,B,y|x,y,z) is compatible if 3
= Commuting observable algebras A, By, B, C € D
= A joint state p that factorizes

X h Z
{ { p(abybcc) =plaby)plbcc)
A C

- - = POVMs {Aa|x}, {Bmy}, {Cﬂz}

Agjx 2 0, ZaAalx =
such that

p(a,B,y|x,y, z) = p(Aa|xBB|y Cy|z)-
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Universal algebras
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Bc

Know little about observable algebra.
But it does contain the POVMs.

= There is a universal C*-algebra with generators

{Aaixh Bglyh {Cy)2)

= and relations

Aa:lx = 0, ZCEA(IPC — I, S [Aaclxr BBD’]:O’
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Universal algebras
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Bc

Know little about observable algebra.
But it does contain the POVMs.

= There is a universal C*-algebra with generators

{Aaixh Bglyh {Cy)z)

= and relations

Aa:lx = 0, ZCEA(IPC — I, S [Aaclxr BBD’]:O’

= We'll work with these kind of objects.
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Universal algebras
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Bc

Know little about observable algebra.
But it does contain the POVMs.

= There is a universal C*-algebra with generators

{Aaixh Bglyh {Cy)z)

= and relations

Aa:lx = 0, ZCEA(IPC — I, A [Aaclxr BBD’]:O’

= We'll work with these kind of objects.
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Polynomial optimization

Input
= Generators {g;}

" Relations {a; = 0} for a; nc-polynomial in generators.
= Polynomials pj, in states evaluated at words in generators

[Ligthart, DG 22; Ligthart, Gachechiladze, DG 20; Klep, Magron, Volcic, Wang 23]

Pirsa: 23040121

Page 17/31



Polynomial optimization \

Input v N
= Generators {g;} /)/f \\
" Relations {a; = 0} for a; nc-polynomial in generators. f%i‘jZI%ffg

Gy Z — 1

= Polynomials pj, in states evaluated at words in generators

Output

min po (p)
s.t. p,(p)=0 Vk=>1

With minimum over states of the of the universal C*-algebra.

[Ligthart, DG 22; Ligthart, Gachechiladze, DG 20; Klep, Magron, Volcic, Wang 23]
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Quantum bilocal scenario
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p(a, B, v|x, ¥Z) is compatible if 3
= Commuting observable algebras A, By, B¢, C )< D
= A joint state factorizes

p(abybcc) =plaby)p(bcc)

= POVMs {Aqx}, {Bgyh {Cyp2)

Ag)x 2 0, ZaAalx = Jf
such that

p(a,B,y|x,y,z) = p(Aa|xBB|y Cy|z)-
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Is causal optimization
polynomial optimization?
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What’s the issue?
Difficulty:

= Factorization constraint

. : g p(a by be ©) = plaby)pbe c) (4)
A C

involves operators b,, b that need not lie in algebra generated
Ops O c by the observables.
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What’s the issue?
Difficulty:

= Factorization constraint

X Y Z
I I p(aby bcc) =plaby)p(bcc) (<)
A C
involves operators b,, b that need not lie in algebra generated
Ops Oy c by the observables.

= “Unclear how observables lies relative to the locality structure
that defines causal structure.”
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What's the issue?
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O-BCC

Difficulty:
= Factorization constraint

p(aby bcc) =plaby)p(bcc) (<)

involves operators b,, b that need not lie in algebra generated
by the observables.

= “Unclear how observables lies relative to the locality structure
that defines causal structure.”

= Could impose (.<) if we knew which operators to impose it on.
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Two solutions

In general: A hack.

[arXiv:2110.14659]

X Y i
For linear scenarios: No hack. ,i S é
[arXiv:2212.11299] O G
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A hack

“Top-down” doesn’t work:
= Don’t know how to write By, B.in terms of observables.

“Bottom-up” does!

X Y Z
7 7 = Introduce generators for By, B and expand observables
A C
r
Bo = N p@ . p®
Bly Z a c
UAB O-BCC i=1
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A hack

“Top-down” doesn’t work:
= Don’t know how to write By, B.in terms of observables.

“Bottom-up” does!

X Y Z
7 7 * |Introduce generators for By, B and expand observables
A C
r
Bo = N p@ . p®
Bly Z a c
UAB O-BCC i=1

= Works, but rank constraint might be artifcial.

= New ideas very welcome!!

Pirsa: 23040121 Page 26/31



Bilocal: independences suffice

= For bilocal scenario, factorization constraint

p(abybcc) =plaby)p(bcc)

X
{ ; % = can be replaced by
A C
plac) = pla)p(c)
GAB O-BCC

= for a, c in the algebra generated by Alice’s and Charlies’
observables.

[Ligthart, DG 22; inspired by Renou, Xu 22]
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Proof idea 1/2: Recovering By, B

irsa: 23040121

Assume:
= There’s a textbook gquantum model given by

|¢ABA> & |'~|JBCC) € HyQHp, ® Hp, Q He
= with |1|JABA) € Hy ® Hp, maximally entangled.

Then B(}[Bﬂ) is the commutant of B(#) in B(H ® Hg ).

Page 28/31



Summary

, = |f you write down any algebra and any set of polynomial
\\ constraints, Laurens can turn it into a convergent SDP
- X/,/m\h o hierarchy.
v v
‘ = But it’s still not obvious that this captures quantum causal
optimization
X Y Z
‘i é = That’s because the independence constraints are stated
with respect to observables that aren’t generated by the
POVMs
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Thank you!

David Gross, University of Cologne

Joint work with Laurens Ligthart and Mariami Gachechiladze
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Proof idea 2/2: GNS for product states

= Let A, B, C be the universal algebras generated by POVMs
= |Let p be a state such that

p(ac)=pla)p(c)
Then:
= GNS representation for A, C factorizes

Ho=Ha@He,  Ip)=]0)® V)
= Define
B, = m(A), Be = (C)’

" There’s a channel A: B = B; @ B such that

p(abc) = (ay|m(a) A(b) m(c)|ay)
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