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Overview

» Statistical versus causal models of a Directed Acyclic Graph (DAG).
» One graph, many causal models.
» Hidden variables in causal inference.

» Nomenclature / glossary (throughout).
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Statistical Models

>

>

>

Statisticians think absut joint probability distributions p(?) on a set
of random variables V.

Glossary: a statistical model is a set of distributions on a particular
set of random variables.

For example, if V ={Y}UW, where Y is an outcome variable, and

W is a vector of feature variables, a linear regression model is the
following set of distributions on p(Y, W):

{pW) Y = o + BT - W + e},

where ¢ is typically a Gaussian random variable.

This is generally not how the word “model” is used in physics, but
the above definition is important to keep in mind when talking to
statisticians or reading their literature.
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Directed Acyclic Graphs

» Directed Acyclic Graphs (DAGs) have vertices and (directed) edges
connecting vertex pairs.

» DAGs do not allow directed cycles.

» Positive example:

» Negative example:
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Genealogic Relations Among Vertices In A DAG

{ o

In graph theory, vertex relations in a graph are described using

genealogic terms.
For example, in the graph above, we have:
» A is a parent of B, B is a child of A.
» A is an ancestor of F, F is a descendant of A.

By convention every vertex is both an ancestor and a descendant of

itself.
We define the following notation for sets of vertices related to any

vertex V:
parents of V :
children of V :
ancestors of V :

descendants of V :
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The Statistical Model Of A DAG

» A graphical model is a statistical model associated with a graph in a

particular way.
Random variables in a distribution in a graphical model correspond
to vertices in the associated graph.
Often, notation for vertices and random variables is the same.
Three definitions (all involve the graph):

» Factorization (probability distribution as a set of small factors).

» Local Markov property (a small set of independence constraints).

» Global Markov property (all independence constraints in the model).

Will skip this.

Example: the statistical model of a DAG G(V) is the set of
distributions:

p(V) :p(V) = ] p(V | pag(V))
vev

This representation of p(V) is called the DAG factorization.

Another name for the statistical model of a DAG is the Bayesian
network model.
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DAG Factorization: An Example

Given the DAG

©
(4) (D—&)
B)

the corresponding statistical model is the set of all distributions
p(A, B,C, D, E) which can be written as:

p(A,B,C,D,E) =p(A)p(B | A)p(C | A)p(D | A, C)p(E | D).

I
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Local Markov Property

» Graph implies a small list of independences that imply the rest.

» Every X is independent of non-parental non-descendants,
conditional on parents.

» Example:

» (CI B|A), (DI A|B,C), (EI A B,C|D)
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Aside: Observational Equivalence

Consider the following two DAGs:

Local Markov property gives same independence: (A 1 C | B).

In fact, the only independence in this model.

If one graph is causal, the other isn't...

These graphs are called observationally equivalent.

This creates problems for model selection and model compatibility.
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Aside: Statistical Inference

» Statistical models are used to formulate learning from data.

» One formulation goes like this:

» We consider a statistical model P, with one distribution 'po(ff‘) epP
(we don't know which) the “true distribution.”

> Nature generates a set of n samples [V] = (@1, ...,7,) which are
independent draws from po(V).

> We are interested in learning values of a set of target parameters B’
in po(V) from [V].

» A function that maps possible [V’] to a guess for E is called an

estimator, with its output written as j3.

» Statistical inference is the process of constructing and using this
function to make a guess for 3 using data.

» Lots of problems may be formulated in this way: predictive modeling
in machine learning, parameter estimation, image analysis, text and
speech processing, model selection, etc.
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Statistical Inference (Continued)

> We can write target parameters as a function 3(7f) of 7.
» A common approach to statistical inference in parametric P is to:
» Posit a likelihood function

i=1

> Choo_’se 77" that maximize th_[s function, elnd
» Let 5(77") be our guess for 5 based on [V].

» Other approaches: minimize a loss tailored to our application, solve
an estimating equation we know should hold, etc.
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Causal Models: Two Approaches

» The random variable approach (closer to statistics, originating with
Jerzy Neyman).

» The causal mechanism approach (closer to econometrics, and
computer science, originating with Sewall Wright).

» These approaches are closely connected.
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The Potential Outcome Approach

A potential outcome (or counterfactual) Y (a) reads “the outcome
Y if A were set, possibly contrary to fact, to value a.”

Y (a) is a random variable.

One conception of causal models is as statistical models of joint
distributions of counterfactual random variables.

Many ways to do so, we will describe causal models of a DAG.

In such a causal model, directed edges in the DAG represent “direct
causal relationship” between two variables.

This is cashed out in different ways.
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Graphical Causal Model (Counterfactual View)

Given a DAG G(V), for every V € V, assume counterfactuals V (dy)
exist, for all values @y of pag(V).

Example (for binary C, A,Y", and the graph above):

C, A(c=0), A(c=1),Y(c=0,a=0),Y(c=0,a=1),
Y(c=1,a=0),Y(c=1,a =1) exist.

Recall: pag(V) are “direct causes” of V.

V(ay) described the behavior of V' in response to direct causes
assuming particular values.
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Defining General Counterfactuals

> V(dy) exist, for all values @y of pag(V') are called one-step-ahead
counterfactuals.

» We use them to construct other counterfactuals (inductively) via
recursive substitution:

V(@) = V(@ jrpa, vy (W (@) : W € pag(V) \ A})

G —@

» Examples (for graph above):

Yl =X (a.C
Y(c) =Y (c, A(c)).

» Interpret Y (a,C) to mean Y if A were set to a, and C were set to
whatever value it would naturally take.”
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Consequences of Recursive Substitution

=2
B

Recursive substitution has a number of important implications.

Causal irrelevance: given a set of interventions, a counterfactual
outcome is only influenced by those interventions that appear in the
recursive substitution definition.

@~@F—O -

Example: in the graph above, Y (a,z) = Y (a,C) is not a function of
Z

» These constraints are sometimes called exclusion restrictions.

There are other interpretations of this: will come back to this later.
Exclusion restrictions correspond to missing edges in a graph
(missing Z — Y edges).

Consistency: states that if W (@) = @ then Y (@, @) = Y (a@).
Example: in the graph above, if A=a, Y(a) =Y.

Consistency allows us to link counterfactual and observed variables.

Sometimes phrased as coarsening:
Y=YA)=Y(a=1)A+Y(a=0)(1— A) (for a binary A).
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A Generic Causal Model

» Recall: a model is a set of distributions.
> Give_‘n a DAG G, and a set of one-step-ahead counterfactuals V(dy)
on V, the set of distributions
PUV(@v) 1 v € Zpugv) ULV (@ rpay vy {W (@) : W € pag(VI\A}:d € X5:))
is called the non-parametric structural equation model (NPSEM), or
structural causal model (SCM).

» Example: the NPSEM (for all binary variables) for the above graph
is the set of all distributions of the form:

p(O,A(C),Y(A(C),C), {A(C]_),Y(CQ,al),Y(Q,Q),Y(Cg) :C1,C2,C3,a1,0a2 € {Os 1}})
where Y (a2) = Y(az2,C), Y(c3) = Y(A(c;.;),c?,)i
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Identification

In classical statistics, we want to learn about a parameter 3 of the
observed data distribution p(V') given samples from p(V).

In causal inference, the observed data distribution is still p(I?) but
we want counterfactual parameters.

This yields a question of identification: is a parameter such as

E[Yga)] = [Y(a)p(Y(a))dY (a) a function of p(V)?
In general, no.

Causal models may give us assumptions under which parameters
may be identified.
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