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The formalism and conceptual scheme of causal
inference resolved various puzzles of statistics
(e.g., Simpson’s paradox, Berkson’s paradox)

The lesson:
Inference and causation must be clearly
distinguished conceptually and in the formalism
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“[...] our present Quantum
Mechanical formalism [...] is a
peculiar mixture describing in part
realities of Nature, in part
incomplete human information

about Nature all scrambled up by

Heisenberg and Bohr into an
omelette that nobody has seen
how to unscramble.”

E.T. Jaynes, 1989
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But what hope do we have of succeeding
if we do not even understand how to
unscramble the omelette in the classical

context?
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Causal Inference in the presence
of hidden variables




Instrumental inequalities
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Maximum wages
in future career
above some
threshold?

Degree from
educational
institution?
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Maximum
wages in
future career

Degree from
educational
institution

Admission
factors
unrelated to
aptitude

Hidden
factors such
as aptitude
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A constraint:
Instrumental Inequalities

Maximum
wages in
future career

Degree from
educational
institution

Admission
factors
unrelated to
aptitude

Hidden
factors such
as aptitude
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Causal structure Parameters

Pxinz
Py \ax

Pxy|z = 2A Py xaPxzn PN

A distribution is said to be compatible with a given
causal structure if there are parameters that yield it
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Causal structure Parameters

Pxinz
Py ax

Pxy|z = 2A Py xaPx1znPA

Example of causal compatibility constraint:

Pxy17(00]0) + Pxy|z(01]1) <1
Pearl, 1993
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Pi

IIIII

The evidence

--o TR
- 0.79 0.21
X=1 0.43 0.57
7o IR
X=0 0.59 0.41

X=1 0.39 0.61

: 23040103

The hypotheses
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The evidence The hypotheses

AW (Y=o [y=t
- 0.79 0.21

X=1 0.43 0.57 , int:
ol (Y=0  [Yy=1 | Pearls’s instrumental inequality
0.59 0.41

X=1 0.39 0.61

Violates Pearl’s instrumental inequality!
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John Stuart

Bell
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. Left

Left outcome Right outcome

—_

Right

setting setting
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Left outcome and
Right outcome

S Loand0] oana? | Tena0 | et
43% 7% 7% 43%
'—eftasned“ing 43% 7% 7% 43%
Right setting m 43% 7% 7% 43%
7%  43%  43% 7%
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The evidence The natural hypothesis

Right
outcome

Left outcome and Right outcome Left
N L= =T =T BT outeome
Lef w6 TH % 4%

setting 43% 7% 7% 43%

and 0 0 0, o Right
setting 1and1 7% 43% 43% 7%

Common
Cause
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The evidence

Left outcome and Right outcome

O KT KT KT
s 43% 7% 7% 43%

setting n Left . Right
and outcome outcome
Right n B -
setting n D l
Left Right
setting setting
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The natural hypothesis

Left Right
outcome outcome
Right
setting

Common
Cause
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The evidence The natural hypothesis

Right
outcome

Left outcome and Right outcome Left
B LECT = T =T N S
Lef 96 TH % 4%

setting 43% 7% 7% 43%

and 0 0 0, o Right
setting 1and1 7% 43% 43% 7%

Common
Cause

Implies a constraint:
Bell Inequalities
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The evidence

Left outcome and Right outcome

om0 [ oo [ramo tmt_

setting 43% 7% 7%
and
Right
seting IECCEN 7% 43%  43%

43% 7% 7%

Violates Bell inequalities
(up to Tsirelson bound)

The natural hypothesis

Left Right
outcome outcome

Right

setting

Implies Bell inequalities

Common
Cause

Incompatible
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The evidence The natural hypothesis

Left outcome and Right outcome

om0 [ oo Lramo tmat_

setting 43% 7% 7% 43%

e 43% 7% 7% 43%
Right
setting |kl 7% 43% 43% 7%

Cause

Violates Bell inequalities | _ 3
(up to Tsirelson bound) Implies Bell inequalities

Incompatible
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Causal structure Parameters

Px1sA
Py |TA

o

PxyisT = 2A Py|raPx|sanPA

Pirsa: 23040103 Page 24/145



Causal structure Parameters

Px1sA
Py |TA

o

PxyisT = 2A PyiraPx|sanPA

Examples of causal compatiblity constraints:

PxsTt = Px\s i Yooy Pxyisr(zyl00) 4+ 1 >0, Pxy|sr(xyl01)
PyisT = Py|r i Samy Pxvyisr(zy|10) + 3 3., Pxv|sT(zylll) < 3

Clauser, Horne, Shimony and Holte, Phys. Rev. Lett.23, 880 (1967)
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The evidence The 2nd possibility

Right
outcome

Left outcome and Right outcome Left
|| memti]] ot | derdo | dewd outeome
Lef 9o TH % 4%

setting 43% 7% 7% 43%

and 0 0 0, o Right
Right W | T 7% 43%
setting 1and1 7% 43% 43% 7%

Common
Cause
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Causal structure Parameters

Px|sA

Py |sTA
P

PxyisT = 2A Py|sTaPx|sAPA
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Causal structure Parameters

Px|sA

Py |sTA
P

PxyisT = 2A Py sTaPx|sAPA
Causal compatibility constraints:

& e =EE s But the data also satisfies Py’ |s7 = Py

Reproducing this requires fine-tuning
Wood and RWS, New J. Phys. 17, 033002 (2015)
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The evidence The 2nd possibility

Right
outcome

Left outcome and Right outcome Left
|| weto | ot | e | dewd outeome
Lef w6 TH % 4%

setting 43% 7% 7% 43%

and 0 0 0, o Right
Right e | 7% 43%
setting 1and1 7% 43% 43% 7%

Common
Cause
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The evidence The usual suspects

Right
outcome
Right
setting

Left outcome and Right outcome Left
outcome
oo Jommat [remwo [amt Other

setting il ™ 43% structures
a.nd 43% 7% 7% 43%

Right

Setting 1and 1 7% 43% 43% 7%

Wood and RWS, New J. Phys. 17, 033002 (2015)
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The evidence The usual suspects

Left outcome and Right outcome

I N R R

setting 43% 7% 7% 43%

e 43% 7% 7% 439
Right
setting |kl 7% 43% 43% 7%

Wood and RWS, New J. Phys. 17, 033002 (2015)
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The evidence A new possibility

Right
outcome

Left outcome and Right outcome Left
B LEZT = T =T R outeome
Lef 96 TH % 4%

setting 43% 7% 7% 43%

and 0 0 0, o Right
setting 1and1 7% 43% 43% 7%

Quantum
common
cause
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Quantum causal model

PX|SA
PY |TA
PA

@ lox|sns pyiTAl = 0

Pxy st = Tralpx|saPy|TAPA)
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Quantum causal model

PX|SA
PY|TB
©

Pxy s = TraB(px|sAPY|TBPAB)
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Quantum causal model

9

x|s

{E |t}y for each ¢

}. for each s

LA PAB

(a8

Pxysr(zyl|st) = T"AB((EQS ® EB)pap)

ylt
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Quantum causal model

PX|SA
PY|TB
©

Pxy s = TraB(px|sAPY|TBPAB)
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Quantum causal model

E* L. for each s
{ m|s}
{E |t}y for each ¢

@ PAB

Pxysr(zyl|st) = TrAB((E:f’S ® y|t)PAB)

Leifer and RWS, PRA 88, 052130 (2013)

Costa, Shrapnel NJP 18(6) (2016)
Allen, Barrett, Horsman, Lee & RWS, PRX 7, 031021 (2017)

Barrett, Lorenz, Oreshkov, arXiv:1906.10726
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Quantum causal model

PX|SA
PY|TB
©

PxysT = TraB(px|sAPY|TBPAB)
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Quantum causal model

PX|SA
PY|TB
©

Pxy s = TraB(px|sAPY|TBPAB)

Causal compatibility constraints:

P = P
Py1sT = Py|r 1 , o

Tsirelson, Lett. Math. Phys. 4, 93 (1980)
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The evidence A new possibility

Left outcome and Right outcome

N KN A KL

setting 43% 7% 7% 43%

e 43% 7% 7% 43%
Right
setting |kl 7% 43% 43% 7%

cause

Compatible
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Violation of Bell
inequalities
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Violation of Bell
inequalities

Witnessing

% quantumness
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Witnessing need for
different structure

Violation of Bell
inequalities

Witnessing

% quantumness

%\d%



Witnessing need for
different structure

Violation of .

Instrumental
Inequalities % .
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Witnessing need for
different structure

Violation of

Instrumental
Inequalities %
Witnessing
% quantumness
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Witnessing need for
different structure

Violation of

Instrumental
Inequalities %
Witnessing
% quantumness

Van Himbeeck et al., Quantum 3 (2019): 186
Chaves et al., Nat. Phys. 47, 291296 (2018)
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Witnessing need for
different structure

Violation of certain

causal compatibility
inequalities
Witnessing
% quantumness

Fritz, New J. Phys. 14, 103001 (2012)
Polino et al, Nature Comm. 14, online (2023)
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Some causal structures that admit of quantum-classical gaps:

It is likely that such gaps are generic!
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Applications for

Quantum Technology
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QUANTUM
THEORY
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Relativistic
Notions of Space
and Time

Quantum
Causation and Inference

Classical PreRelativistic

Causation and Inference Notions of Space
and Time
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Deriving causal compatibility
inequalities




Strategy 1:
implicitization of
parameters referring

to hidden variables




Bell scenario

Px1sA
Py 1A

O, P
) Pr

Pxy|sT = 2APyiTaPx|sAnPA

One needs to bound the cardinality of A

irsa: 23040103 Page 58/145



&me\«

Pirsa: 23040103

Prira

X= 65, 0

Y=5(TA |

TN

(U

7.

| Y 7:-%['(\

Page 59/145




?xwl\«

Pirsa: 23040103

Prita

TIN5

X Y
GRS Y3y
A
T
S

()

7.

I N :%L‘(\

/A can be taken to range over choices of fand g

PXY|ST = Zf’g 5X,f(3)5y,g(T)PF,G(fa 9)
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Pxy|sT = 7 40x,1(5)0v,9) Prc(f, 9)
If X,Y,S,T are binary, A can have cardinality 16

Pzy|st = PXY|ST('Ty|St) dfg -— PF,G(fa g)
Cl?,y,S,t = {07 1} fag = {id7fp7r0:r1}

P00[00 = Gro,ro T ro,id T Gid,ro T 4id,id

P00|01 = Grg,r; T Gro,fp T Gid,r; T 4id,fp 0<qsg <1Vf,g

16 linear equalities + inequalities
Do linear quantifier elimination on the 16 g’s.
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DAGs for which one can deduce the cardinalities of latent
variables in this manner are termed gearable
(R. Evans, Annals of Statistics, 46, 2623 (2018))

Pirsa: 23040103 Page 63/145



The triangle scenario is not gearable

Nonetheless, there are other techniques for
determining sufficient cardinalities of the latent
variables

Triangle

See: D. Rosset, N. Gisin, and E. Wolfe. Quantum
Inf. & Comp. 18, 0910 (2018)

E.g. If A, B, C are binary, then it is sufficient if the
the latent variables are 6-valued
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Evans’ scenario Triangle scenario

Pr Po
o 5
Papc = ZPA|BAPC|BI‘PBAI‘PAPI‘ Papc = Z PaaoPBjorPoiraPaPaPr
AT AQT

With more than one latent variable,
we require nonlinear quantifier elimination
which scales badly

Pirsa: 23040103 Page 65/145



Entropy cone technique

R. Chaves and T. Fritz, Phys. Rev. A 85 (2012)
T. Fritz, New J. Phys. 14 103001 (2012)
R. Chaves, L. Luft, D. Gross, New J. Phys. 16, 043001 (2014)
R. Chaves, L. Luft, T. O. Maciel, D. Gross, D. Janzing, B. Scholkopf, Proceedings of UAI 2014
M. Weilenmann and R. Colbeck,Proc. Roy. Soc. A 473.2207 (2017): 20170483.
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Entropy vector

For the joint distribution of the random variables X;, ... X, , the
components of the entropy vector are the entropies of the
marginals for all possible subsets of variables:

(H(X1),H(X2),...,H(X,), H(X1X2), H(X1X3),..., H(X1, X2, -+, X))

Shannon entropy

H(X):=->_, Px(z)log Px(x)
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Entropy cone

The closure of this set of vectors is called the
entropy cone

It is a convex cone
therefore characterized by linear inequalities
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An outer approximation to the entropy cone is
the Shannon cone

Monotonicity
H(XA) > H(X)
for every variable A and set of variables X

Submodularity

H(X)+ H(XAB) < H(XA) + H(XB)
where A and B are variables not in the set X
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Inequalities describing the Shannon cone are
termed Shannon-type

Valid inequalities for the entropy cone that are not
Shannon-type are termed non-Shannon-type
(R. Yeung, IEEE Trans. Inf. Th., 43, 1997)
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Example: for distributions on X, Y, Z, the linear equalities
defining the Shannon cone are

(0O 0 0 0 0 -1 1) / H(X) \
0o 0 0 0 -1 0 1
o 0 0 -1 0 0 1 H(Y')
1 1 0 -1 0 0 0 H(Z)
1 0 1 0 -1 0 0 H(XY) >0
0 1 1 0 0 -1 0 H(XZ) o
-1 0 0 1 1 o0 -1
o -1 0 1 0 1 -1 H(Y Z)
o 0 -1 0 1 1 -1\ H(XYZ) |

Weilenmann and Colbeck,Proc. Roy. Soc. A 473.2207 (2017): 20170483.
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The entropic technique for deriving inequality constraints:

The set of all constraints on observed and latent variables are the conditional
independence relations among these

These imply linear equalities on the components of the entropy vector for
observed and latent variables

Add the linear inequalities of Shannon-type
Implicitize all entropic quantities that refer to latent variables

The result is the marginal Shannon cone, described by linear inequalities on
entropies over observed variables only
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Entropic constraint for the triangle scenario

@ o @ T. Fritz, 2012
ALBlp N1 pv
O (B) ALCIAN pl v
@ B1LClv v 1\
Triangle

AL Bljp = I(A:Blu)=0 = I(A:B)<I(A:p) By Shannon-type
ALCIN = I(A:CIN) =0 = IA:C)<I(A:)\ inequalities

I(A:B)+1(A:C)<I(A:p)+1I(A:N)
; By Shannon-type
< H(A)+1(p:A) inequalities
plA = I(p:A)=0

I(A:B)+I(A:C) < H(A)
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Entropic constraint for the triangle scenario
T. Fritz, 2012

::> I(A:B)+I(A:C) < H(A)

Triangle
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However, the constraints obtained by entropy
cone techniques generally do not succeed at
distinguishing quantum and classical models
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Strategy 2:
Implicitization of
parameters referring

to counterfactual
possibilities




Example 1:

PEE™t — 1(00] + L[11
pet = 101] + 1[10]
Pt = Lo1] + 1[10]
Question: JPxyz
Pxy = PLeet Pxy =), Pxyz
such that Py gz = piaset where Pyz:=) x Pxvz

target G
PXZ:PXZg PXZ - ZYPXYZ
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Example 1:

Py = 5[00] + 3[11]
target
P = 3[01] + 3[10]
Pt = 1[01] + £[10]
Question: dPxyz
Pxy = PLeet Pxy =), Pxyz
such that Pyy = Pioeet where FPyz:=) y Pxyz
PXZ:P}G{&Eget PXZ = ZYPXYZ
Answer: yes!

Pxyz = £[001] + 1[110]
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Example 2:

prarget — TIO0TL] = 1[01] + L[10]

pyet = 101] + 1[10]

=2
Pt = 1[01] + £[10]

Question: dPxyz

Pxy = PLeet Pxy =), Pxyz
such that Pyy = Pioeet where Pyz:=) y Pxvz
PXZ:P}G{&Eget PXZ = ZYPXYZ

Answer: nol

consider [000], [001], [010], [011], [100], [101], [110], [111]
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Consider binary X, Y and Z

EIPXYZ with PXij,Pz,ny,Pyz,PXZ as marginals

A7

Marginal compatibility constraints
Px =) vPxy =) ,Pxz
Pr=) v Pxy=) ,FPrz
Pz=> «Pxz=> v Pz
Px +Py +Pz —Pxy — Pyz —Pxz <1
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How this is proven:

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Vz,y : Pxy(zy) = )., Qxvyz(zyz)
Vy,z : Pyz(yz) = )., @xvz(zyz)
Vz, 2 : Pxz(zz) = ), Qxyz(zyz)
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =Y, , Qxvz(zyz) Linear quantifier

elimination
Vz: Pz(2) =3, ,Qxyz(zyz) g

(R R = Ve : Px(z) = T, Pxy(ay) = ¥, Pxz(a?)
Vy: Py(y) =2, Pxy(zy) =2, Prz(yz)
Vz: Pgz(z) = >, Pxz(zz) =}, Prz(yz)

(

Vz,y,2 1 Px(x) + Py (y) + Pz(2) — Pxy(zy) — Prz(yz) — Pxz(zz) <1
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How this is proven:

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Vz,y : Pxy(zy) = )., Qxvyz(zyz)
Vy,z : Pyz(yz) = )., @xvz(zyz)
Vz, 2 : Pxz(zz) = ), Qxyz(zyz)
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =Y, , Qxvz(zyz) Linear quantifier

elimination
Vz:Pz(2) =3, ,Qxyz(zyz) g

e Ve : Px(z) = T, Pxy(ay) = ¥, Pxz(a?)
Vy: Py(y) =2, Pxy(zy) =2, Prz(yz)
Vz: Pgz(z) = >, Pxz(zz) =}, Prz(yz)

(

Vz,y,2 1 Px(x) + Py (y) + Pz(z2) — Pxy(zy) — Prz(yz) — Pxz(zz) <1
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The inflation technique

Wolfe, RWS, Fritz, J. Causal Inference 7(2), (2019)
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C —= VA >—/ B
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G’ € inflations(G)
if and only if
VA; € nodes(G”") : ansubgraph, . (A;) ~ ansubgraph(A).
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Ay SN

i N ez B\

/C—— 2 ——/B Z3

The Triangle Scenario

/Aj

Y2
Xy Yy

¥ {

/Cy By

Cut Inflation Large Inflation
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model M on DAG G M’ =G — G’ Inflation of M

P /Ay Pax v,
’//A\\\ AlXY \ PBl [Batz:
— \
P
/ \ BlYZ i Poxiz
PC|XZ X3 Y PXl
X Ve p
/ \ X Y * PYl
A PY C'l Bl P
/./ CN——{ 7 _)_,/ B .\: P ™~ Zl > 2
\ : 7 le

with symmetry constraint:
Py, =Py,
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model M on DAG G

A Paixy
/ \ Pplyz
Poixz
2X3 )G P
/ \\ Py
y (—(— Z —)—/ B P

Pirsa: 23040103

M’ =G — G’ Inflation of M

% PA1|X1Y1 PA2|X1Y2

/Al \\ PBl|Y1.Zl Pleyle
X5 'y

“x Y,
X1 Yy PCI|XIZI PC’lezZl
> N Pn Py
_ Ci\ /BN
eN=~ Y B\ Py, Py,
Pz, Pz,

Z9
with symmetry constraints:
Pa,ix,vi = Pasix.vs
PB1|Y12'1 — PBQ|Y122

Peiixiz: = Peax.2,

Px, =Px,
Py, =Py,
Pz =Pz,
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suppose G’ € inflations(G)

then

M’ = Inflationg_, ¢ (M)
if and only if

VA;, Aj € nodes(G’) : P, pag, (4;) = Pa,|Pag(4;)-

Pirsa: 23040103 Page 92/145



Injectable sets of observed variables
in the inflation DAG
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{A5C} is an injectable set
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{B>C5} is not an injectable set
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model M on DAG G M’ =G — G’ Inflation of M

A PA|XY A PA1|X1Y2
PN P i LN P
/ AN\ PB|YZ \ Bl|Y1Z1
P
b Y, o2z
X Y 2 X Yi Px,
P
/ \ Py ¥ " v
/N /\ / £ P
Jo\—— 7z ——/B\ Pz £ g A5 .
F A 4 . Zl PZl

{A;C1} is an injectable set

Pa,c, = E PA1|X1Y2P01|X121PX1PY2P21
X1Y22,

Pac = > PuxyPoxzPxPyPz
XYZ
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model M on DAG G M’ =G — G’ Inflation of M

' P
A PA|XY Y. A1| XY
yo Pplyz \ Ppiviz,
P
/—X PCIXZ Y2 Cll-XlZl
X a PX X] Y] PXl
P
/ \ Py Y * iy
H /4/ \_\. P C' B \ PY2
/o7 ——/B\ Pz N\, Bt

{A;C1} is an injectable set

Pa,c, = E PA1|X1Y2P01|X121PX1PY2P21
X1Y22,

Pac = > PuxyPoxzPxPyPz
XY Z

Pjc compatible with M ——> Pj,c, = Psc compatible with M’
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model M on DAG G M’ =G — G’ Inflation of M

/ﬂ PA|XY .. Al A X1 Yo
/ A\ Ppiyz | \ Pp vz,
P
S Y, oz
X Y 2 X Yi Px,
\/ Py f * PYl
/C'\\ P 7 — B\ PZ /Cq - = B, 2

{A1B;} is not an injectable set

PA]_B]_ - E PAl|X1YQPBl|Y121PX1PY1PY2PZI
X\YiYe 2,

Pirsa: 23040103 Page 98/145



model M on DAG G M’ =G — G’ Inflation of M

' P
A\ PA|XY Y. A1] XY
/ A\ Ppiyz | \ Ppiviz,

P
/—X PCIXZ Y2 Cll-XlZl

P

;,/ \ . // \ P C B PYQ
y @ i < VA > ‘ B "-‘\; VA ‘1 N~ 7 1

{A1 B} is not an injectable set

PaB, = (Z PA1|X1Y2PY2PX1) (Z PBﬂﬂZlPYlPZl)

X1YQ ZLYI

Pap= ) PaxyPpyzPxPyPz
XYz

Pap compatible with M ;&\? Pa,p, = Pap compatible with M’
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model M on DAG G M’ =G — G’ Inflation of M

Pajxy Ay Py
/AN PB|YZ \ PBl|lel
ﬂ Peoixz Yy Paz,
X % Py Xa Yi Px,
VAPV A
.._/ ".‘\ 4/‘\_\ / P
/cN——{z —>—'B\ Pz o g , £ =2
Injectable sets: {A:},{B1},{C1},{A1C1},{B:1C1}
(PAaPBaPO)PAO)PBC) (PAla-PBl!Pola-PAlOl’PBlOl)

compatible with M : compatible with M’

where Pa, =P4 Pa,c, = Pac
PBl = PB PBlol = PBC
Pc, =Pe
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model M on DAG G M’ =G — G’ Inflation of M

X Y
Injectable sets: {A:},{B1},{C1}, {A2}, {B2}, {Cs},

{AIBI}': {A1~, BQ}? {BICI}: {81702}': {CI:Al}a {017 A2}1
{AlBlCl}
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X Y is incompatible

/ \\ with

Papc = £[000] + &[111]

Strategy: assume compatibility and derive a contradiction

Logic first given in:
Henson, Lal, Pusey, New Journal of Physics 16, 113043 (2014).
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Causal model M

/A\ Paxy

ﬁ\ Ppiyz

g = Peoixz
Px
/C\/< Z >\/B\ PY
dt=S0N / \ PZ

Papc = 3(000] + 5[111]
is compatible with M

\& (Pac, Prc)

where Pac = 5[00] + 3[11]
Ppc = 3[00] + $[11]

is compatible with M
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Causal model M M’ =G — G’ Inflation of M

/'/;1\“\-\ Paixy /Ar\ Paixive
N e N e
Peixz Ys Peix 2,
4 5 PX Xl Yl PX1
//‘/ \\ Py ! ) i
/C\—= Z —f PZ C1 o - B, Py2
VA
P
(PACaPBC) (PA1015P3101)
where P,c = 1[00] + 1[11] where Py, o, = Pac
Ppc = 1[00] 4 1[11] — Ps,.c, =Prc
is compatible with M is compatible with M’
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M’ =G — G’ Inflation of M

/a\ Paxiy,
\ PB1|Y121
Y; PCl|X1Z1
X3 Y, PX1
Y * PYI
¢ B P
Pz,
(Pa,c1s Picy)

where  Pa,c, = 5[00] + 3[11]
Pp,c, = 5[00] + 3[11]

is not compatible with M’
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Pirsa: 23040103

If Pa,c, = 3[00] + 1[11]
Pp,c, = %[OO] + %[11]

PaB, = %[OO] + %[11]

(recall example 3 of
marginal problem)

M’ = G — G’ Inflation of M

..Al _ PA1|X1Y2

\ PB1|Y121

Y; PCl|X1Z1
X1 Y Px,
Y X Py,

¢ Bi\ P

o Z1 g o
Pz,

(Pa,c., PB.c,)
where  Pa,c, = 5[00] + 3[11]
Pp,c, = 5(00] + 3[11]

is not compatible with M’
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Pirsa: 23040103

If Pa,c, = 3[00] + 1[11]
Pp,c, = %[OO] + %[11]

Pa,B, = %[OO] + %[11]

(recall example 3 of
marginal problem)
But this violates A1 L B

which is required by the
d-separation relation A1 14 By

M’ =G — G’ Inflation of M

Al PA1|X1Y2
\\ PB1|Y1Z1
Y, Peoix.2

X, Y PX1

¥ \ Py,

(Pa,cy: Peicy)
where Pa,c, = %[00] + %[11]
Pp,c, = 5(00] + 3[11]

is not compatible with M’
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Causal model M M’ =G — G’ Inflation of M

//A\ PA|XY | Al PA1|X1Y2
1\ . . P
/7—\\ PB|YZ / \ B1|Y1Z,4
Poixz Ya Peiixiz,
2 i PX X] Y] PX1
J \\ o ¥ Py
(S @\ .\ P
Zy
P,
(PACaPBC) (PA1015P3101)
where Pyc = 3[00] + 3[11] where  Pa,c, = 5[00] + 5[11]
Ppe = 300+ 3[11] Pp,c, = [00] + 3[11]
is not compatible with M is not compatible with M’
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Causal model M

5 Paixy
Ppiyz
Peoixz

Papc = 3(000] + 5[111]
is not compatible with M

‘\ (Pac, Psc)

where P4c = 1(00] + 1[11]
Pgc = [00] + 3[11]
is not compatible with M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G')

{Pvr V' e S’}
where Py = Py for V.~V
is compatible with M’

{PV :Ves } :>
is compatible with M
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Deriving
causal compatibility inequalities
by the inflation technique
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Pirsa: 23040103

Let Is be an inequality that acts on
the family of distributions {Py : V € S}

such that whenever

{Pv:VeS) ; Is is satisfied for
is compatible with M {Py :V eS§}
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Pirsa: 23040103

Let Is be an inequality that acts on
the family of distributions {Py : V € S}

such that whenever

{Pv:V eS8} ; Is is satisfied for
is compatible with M {Py :V eS§}

we say that

Is is a causal compatibility inequality for model M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

{Pvr : V' e S,}
where Py = Py for V. ~ V
is compatible with M’

{PV 'V = S } i
is compatible with M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility inequality for model M’

{Pvr : V' e S,}
where Py = Py for V. ~ V
is compatible with M’

|

I/ is satisfied for
{Py:: V' € 8’}
where PVf = PV for V' ~V

{PV 'V = S } :
is compatible with M
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Pirsa: 23040103

M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility inequality for model M’

{Pvr : V' e S,}
where Py = Py for V. ~ V
is compatible with M’

|

I/ is satisfied for
{Py:: V' € 8’}
where PVf = PV for V' ~V

{PV 'V = S } :
is compatible with M

Is is satisfied for —
{PV .V E S}
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility inequality for model M’

{PV 'V = S }
is compatible with M

|

Is i1s satisfied for
{PV .V E S}

Is is a causal compatibility inequality for model M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility
inequality for model M’

Is is a causal compatibility

inequality for model M :
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binary A, Band C

/\
/ A\

VAN /N
AR LA

>
.. > 7
L

- {7 )"
is a causal compatibility is a causal compatibility

inequality for M inequality for M’
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(Pascy, Picyy Payp)  — (Pa,c,, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

Linear quantifier elimination

/ \\Y (Pa,cy»PBicy» PaB,y)
2
X] Yl

is compatible with M’

f {

— AlJ_Bl — PA1B1:PA1P31
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(Pascy, Picyy Payp)  — (Pa,c,, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

Linear quantifier elimination

/ \\Y (Pa,c,,PB,c,, Pa,B,)
2
X] Yl

is compatible with M’

f x

= AlJ_Bl = PA1B1:PA1P31

(Pa,cy, PB,cys Pa B, )

j PAl +PBl +P01 _PAl PBl _PBlCl_PAl(Jl S ]-
is compatible with M’
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binary A, Band C

A A\
\ / =
X Y:

G Y
/ \\ P A
A
is a causal compatibility is a causal compatibility
inequality for M inequality for M’
rules out

Bire — %[000] - %[111]
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/\
X W
Pa(1)Pp(1)Pc(1)

< Pap(11)Pc(1) + P (11)PA(1)
+ Pac(11)Pp(1) + Papc(000)

is a causal compatibility
inequality for M

Pirsa: 23040103

Spiral inflation

R e EECI @)
< PAle(ll)Pcz(l) i PBlc'z(ll)Pflz(l)
+ Pa,c, (11)Pg, (1) + P4, B,c, (000)

is a causal compatibility
inequality for M’
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PAQBzc'Q(lll)
< PAlecz(lll) + P3102A2(111)
+ PAzcle(lll) &l PAlBlcl (000)

(PayByCas PAyBoCyy PayBiCyy PayBycyy PayBioy)
is a valid set of marginals —

Linear quantifier elimination

/‘ \\ (PAQBZCQ ) PAlB2CQ 3 PAZBlcQ? PA23201 ’ PA13101)
/ Al . . . !
APV e N 7 is compatible with M
e Y,
fl j{ A1B2 1 4Co = Pa,B,c, = Pa,B,Pc,,
Cz_(l- Zl i BZ A201 J—dBQ — PA‘ZC[BQ — PAgcl PBQ.‘
7 A2 lgB214Co = Pa,B,c, = Pa, P, FPc,
Pa,(1)Pp,(1)Pc, (1)
P 2 R P P 2 2 2
( Ang?zv AlBQC?a A2lec'23 1:1232013 A1 B, Ol) ; < PAle(ll)Pcz(l) 4 PBlcz(ll)PAz(l)
is compatible with M + Pa,c,(11)Pg,(1) + P4, B, ¢, (000)
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Pa(1)Pp(1)Pc(1) P4, (1)Pg,(1)Pc,(1)

< Pap(11)Pc(1) + Ppc(11)Pa(1) < Pa,,(11)Pc, (1) + Pp,c, (11) P4, (1)

+ Pac(11)Pp(1) + Papc(000) + Pa,c, (11)Pp, (1) + Pa, B, ¢, (000)
rules out

Papc = £[001] + £[010] + 3[100]
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Polynomial inequality

constraints for causal

compatibility with the
original DAG

Pirsa: 23040103

Linear inequality constraints from
marginal compatibility
(from linear quantifier elimination)

4

Polynomial equality constraints
from causal compatibility with the
inflated DAG
(e.g., from d-separation relations)
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The technique defines an algorithm for deriving causal
compatibility inequalities and for testing compatibility

Proof that this provides a convergent heirarchy of tests:
Navascués & Wolfe, J. Causal Inf. 8(1) 70 (2020)
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Pirsa: 23040103

Approaches to Bell arguments that follow essentially
the logic of the inflation technique:

Fine’s proof of CHSH inequalities
Hardy’s proof of Bell’s theorem
The Greenberger-Horne-Zeilinger proof of Bell’s theorem
Bell’s theorem by way of Kochen-Specker noncontextuality
Braunstein-Caves entropic inequalities
Symmetric extensions / shareability of local correlations
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Causal compatibility in
guantum causal models




o &S
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Quantum triangle model

PA|XY
PB|Y Z
PC|XZz
PX
PY
Pz

pAxY,PBlYz] =0

PBlY 2> Pcixz] =0

PAXY>Pclxz] =0

Papc = Trxyz (pajxy PB|Y ZPC| X ZPX PY PZ)

Pirsa: 23040103
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Quantum triangle model

PA|XAY
PB|YsZzp
PC|XcZo
PXaXc

PYAYB

PZgZc

Papc = TX X, XpYaYBZaZ5 (pA|XAYApB|YBZBpC|XchpXAchYAYBpZBZC)
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Conventional assumption:
dimension of latent quantum system is
arbitrary
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Entropy cone technique
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Pirsa: 23040103

Von Neumann entropy

H(X) := —Trx(px log px)

satisfies
Submodularity
H(X) —— H(XAB) = H(XA) -+ H(XB)

where A and B are systems not in the set X

does not satisfy
Monotonicity

H(XA) > H(X)

for every system A and sets of systems X

Instead, it satisfies a weaker condition (weak monotonicity)
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@

Triangle

irsa: 23040103

Cut inflation of
Triangle

Spiral inflation of
Triangle

Non-fan-out Fan-out
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Quantum triangle Cut inflation of
Quantum Triangle

Spiral inflation of
Quantum Triangle?

Non-fan-out Fan-out
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(Pascy, Picyy Payp)  — (Pa,c,, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

(PAlcl ) P81(71 3 PAlBl)
is compatible with M’

— AlJ_Bl — PA1B1:PA1P31

which is quantum valid

(Pa,cy, PB,cys Pa By )

j PAl +PBl +P01 _PAl PBl _PBlCl_PAl(Jl S ]-
is compatible with M’
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Classical Triangle model

Quantum Triangle model

Td
OO
{3

Ps+Pp+Po—PsPg—Ppc—Pac <1

Pa+Pp+Po—PaPp—Ppc—Pac <1

This inequality was obtained from a non-fanout inflation and
therefore holds for both quantum and classical latents

irsa: 23040103
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Classical Triangle model Quantum Triangle model

&)
& O
® ﬁ@
122
PA(1)Pp(1)Pc(1)
< Pap(11)Po(1) 4+ Ppe(11)Pa(1) ?
+ Pac(11)Pp(1) + Papc(000)

This inequality was obtained from a fanout inflation and therefore
. holds for classical latents, but might not hold for quantum latents
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Inflation-adjacent technique:
interruption a.k.a. single-

world intervention graph
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Quantum inflation technique
Wolfe, Pozas-Kerstjens, Grinberg, Rosset, Acin, Navascueés,
Phys. Rev. X 11, 021043 (2021)

Generalization of NPA semidefinite programming hierarchy for
Bell scenario
Navascueés, Pironio, and Acin, New J. Phys. 10, 073013
(2008)
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Quantum inflation technique
Wolfe, Pozas-Kerstjens, Grinberg, Rosset, Acin, Navascueés,
Phys. Rev. X 11, 021043 (2021)

Generalization of NPA semidefinite programming hierarchy for
Bell scenario
Navascueés, Pironio, and Acin, New J. Phys. 10, 073013
(2008)

For convergence result, see:
Ligthart, Gachechiladze, and Gross, arXiv:2110.14659 (2021)
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Thanks
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