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Abstract: We study the behavior of errors in the quantum simulation of spin systems with long-range multibody interactions resulting from the
Trotter-Suzuki decomposition of the time evolution operator. We identify a regime where the Floquet operator underlying the Trotter
decomposition undergoes sharp changes even for small variations in the simulation step size. This results in a time evolution operator that is very
different from the dynamics generated by the targeted Hamiltonian, which leads to a proliferation of errors in the quantum simulation. These
regions of sharp change in the Floquet operator, referred to as structural instability regions, appear typically at intermediate Trotter step sizesand in
the weakly interacting regime, and are thus complementary to recently revealed quantum chaotic regimes of the Trotterized evolution [L. M.
Sieberer et a. npj Quantum Inf. 5, 78 (2019); M. Heyl, P. Hauke, and P. Zoller, Sci. Adv. 5, eaau8342 (2019)]. We characterize these structural
instability regimes in p-spin models, transverse-field Ising models with all-to-all p-body interactions, and anaytically predict their occurrence
based on unitary perturbation theory. We further show that the effective Hamiltonian associated with the Trotter decomposition of the unitary
time-evolution operator, when the Trotter step sizeis chosen to be in the structural instability region, is very different from the target Hamiltonian,
which explains the large errors that can occur in the simulation in the regions of instability. These results have implications for the reliability of
near-term gate based quantum simulators, and reveal an important interplay between errors and the physical properties of the system being
simulated.

Zoom link: https://pitp.zoom.us/|/920455821272pwd=WDUxcnlleXdnVWM3WGJoSFV MNDE2dz09
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NISQ-era Quantum Simulation

* Noisy intermediate scale quantum (NISQ) era: ~100 of
quRits, no fault-tolerant error correction.
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NISQ-era Quantum Simulation

* Noisy intermediate scale quantum (NISQ) era: ~100 of
quRits, no fault-tolerant error correction.

* Quantum simulation: less demanding than universal
quantum computing. Small errors unlikely to affect
macroscopic properties.

tedede

Antiferromagnetic

« Can we trust analog quantum simulators ?": ° e

* Interplay between physical properties of the system and Q“anlzum iimu!?tion of
. . asc transition
how errors accumulate in the simulator? P

J. Simon et al, Nature 2011

2

* Hauke, Philipp, et al. Reports on Progress in Physics 75.8 (2012): 082401.
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Quantum Simulation

Hamiltonian-based simulation (emulation):
« System in the lab 1s engineered to obey target

Hamiltonian :
. Accessible models platform-deper_ldent: e Z W, Z 5O )
trapped ions < 1D Long-range Ising, etc. i —jjo%x

J. Zhang et al Nature 2017

2. Gate-based simulation:

* Discrete set of unitaries as building blocks
and the target Uparger = [1; w;
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Simulation Using Trotter-Suzuki Decomposition

Target
dynamics:

m
* Hey = z Hj,
=

Access to gates
{elH]_Tj ngZT, - eleT}

_ i HyarT
Ugar = € 'tar
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Simulation Using Trotter-Suzuki Decomposition

Targc?t U, = i HearT
m dynamics: ar
* Higr = Z Hy
ot % Trotter step size, 7 =T /n
Access to gates Simulated - - _
{eiHlT,oein", . eHmt] ‘:> dynamics: = (¢ithi7 gitaq . oifm7)
1st order _ n
Trotter-Suzuki _ (U5 (T))

* Trotter error scales as
“Utrot - Utar” =0

(Tz %4l [Hi Hj] ||)
n
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Trotter Errors

* NISQ-era devices have shallow depth circuits, n 1s small ( or equivalently
moderate to large values of 7)

Uiror = (Us (D))" Trotter step size, 7 =T /n

* Errors in simulation from Trotter-Suzuki decomposition:

” o ° \ Target
Target e ) =, output

| evolution (0),
ar

1) @D
%) 33

Error = (0)ar - (O)trot

Simulated Relate the behavior of these errors
|:> output to physical properties and get new
insights beyond the error bound.
(O)trot

simulation (WUs(T)" Psim (t

Q"
' Quantum O
=&

5
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p-spin Models

.....
-------
--------
. -
", *
- .
Ry

* p-spin Hamiltonian: e
N RO N JRCYIN IR Ny WSS
p .

H(S)=—<1‘S)Z 2 p Z oINPT ®
i=1 i1,i2;---ip=1 ::.. ., ‘..... ...“-
@ i @

° PR A I ¢
» Completely-connected transverse Ising model with|p-body interactions
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p-spin Models
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- .
Ry

* p-spin Hamiltonian: e
N RO N JRCYIN IR Ny WSS
p .

H(S)=—<1‘S)Z 2 p Z oINPT ®
i=1 i1,i2;---ip=1 ::.. ., ‘..... ...“-
@ i @

° PR A I ¢
» Completely-connected transverse Ising model with|p-body interactions

(k) 5
* Collective spin-operators, J; = X, 0‘2 : [H(s) =—(1—5)J; — pJp—1 1j:

control parameter, 0 <s <1
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p-spin Models

.....
-------
--------
. -
", *
- .
Ry

* p-spin Hamiltonian: e
N RO N JRCYIN IR Ny WSS
p .

H(S)=—(1‘S)Z 2 p Z oINPT ®
i=1 i1,i2;---ip=1 ::.. ., . ‘..... ...‘.-
@ i @

° PR A I ¢
» Completely-connected transverse Ising model with|p-body interactions

(k) 5
* Collective spin-operators, J; = X, 0‘2 : [H(s) =—(1—5)J; — pJp—1 1j:

control parameter, 0 <s <1

 Symmetries: dynamics in the symmetric subspace: [H,J?] =0. H;=N+1

parity operator, [H,ei”]Z] = 0 for even p.
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Lipkin-Meskov-Glick (LMG) Model

* p = 2: Lipkin-Meshkov-Glick (LMG) model
H(s)=—-(1-9)], - %Jf;

(=]
* “Toy model” for many-body physics: phase
transitions of various kinds™.

* Ground-state quantum phase transition (GSQPT):

* For s = 0, the ground state is | TTT --- T)
* For s = 1, the ground states are | »—— -+ =)

and | e )
* Zhang et al. Nature 5§51, 601-604 (2017)

* P. Jurcevic ef al. PRL 119, 080501 (2017)
* M. H. Muiioz Arias, ef al., Phys. Rev. A 102, 022610 (2020).
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Lipkin-Meskov-Glick (LMG) Model

* p = 2: Lipkin-Meshkov-Glick (LMG) model
H(s)=—-(1-9)], - %Jf;

o Paramagnetic | Ferromagnetic

- 1.0
 “Toy model” for many-body physics: phase -
transitions of various kinds™. 0.5 51T
w  0.01 -
* Ground-state quantum phase transition (GSQPT): o ==
* For s = 0, the ground state is | TTT --- T) ==
* For s = 1, the ground states are | »—— -+ =) —1.0
and | e« )
Critical point, sI7° = %

* Zhang et al. Nature 5§51, 601-604 (2017)
* P. Jurcevic ef al. PRL 119, 080501 (2017) 7
* M. H. Muiioz Arias, ef al., Phys. Rev. A 102, 022610 (2020).
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Mean Field Description

* Mean-field description is exact in the
Thermodynamic limit (N — o0)/ classical
limit.

* Mean-ficld equations of motion:

((AB) = (AXB))

X=(1-95Y
Y=—-1-95)X+sXZ
7 =—-sXY

1
(X,Y,2) = 7((1x>, (Jy) {Jz2))
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Mean Field Description

* Mean-field description is exact in the
Thermodynamic limit (N — o0)/ classical

limit. p=2H()=~1-9, -1

() s <@ (i) s=so05 (i) 5> s

* Mean-ficld equations of motion:

((AB) = (AXB))

X=(1-95Y
Y=—-1-95)X+sXZ | - |
Z’ = —s XY Paramagnetic Phase transition Ferromagnetic

1
(X,Y,2) = 7((1x>, (Jy) {Jz2))
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Mean Field Description

* Mean-field equations of motion:

X=(01-5)Y
Y=—1-5)X+sXZ
7 =—-sXY o

* Connection to double well using
Schwinger representation.

Pirsa: 23040086

p = 2: LMG Model

(ii) s = sEP_ o5 (iii) s > St(:gpt)

Vi(z) Vs(x) Vs(z).

ARV

Paramagnetic Phase transition Ferromagnetic

9
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Higher p-spin models

e Mean-field equations of motion:

X=(1-9)Y p=4
I Pz (i) S < Sepino (i) Sepino < 5 < s (iii) s = s
Z = —sXPly * i i

* All models with p = 3 have
first-order GSQPT as opposed
to second-order GSQPT for
p = 2.

Paramagnetic = Paramagnetic Phase transition Ferromagnetic

10
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Chaos

* In classical mechanics, chaotic systems are

characterized by exponential sensitivity to
initial conditiorss.
180} =118 (0] ¢

§5(t) = 8(0)e™ (1)

11
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Trotter-Suzuki Decomposition in p-spin Hamiltonians

Target dynamics

Hy, = H, + Hy = _0(1 - S)]z -

— ,—IiT(H,+H
Utar = e ( Z x)

S
pJP~1

I

Simulated dynamics

Pirsa: 23040086

Utrot = (U5(r))n = (einr oiHxT )n

H(S(t) = Htar + g(t)Hx

g.(t) = TZ 5(t—nt)—1

12
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Poincare Sections

Separatrix
e =0
s=0.8
Jz<0

14

Haake, Fritz, M. Kus$, and Rainer Scharf. Zeitschrift fir Physik B Condensed Matter 65 (1987): 381-395.
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Trotter Errors in p = 2 Hamiltonian

Target dynamics Simulated dynamics

s Usot = (Us(1))" = (e'Hz7 giHxt )"
Hyr =H, + Hy = —(1—5)], — p]'p—1]9% ot ( ) ( )
Hs(t) = H, + Hy + g(t)H,

g.(t) = TZ 5(t—nt)—1

— ,—IT(H,+H
Utar = e (H;+H,)

0.00 | —— S =

- el o

1. L. Sieberer et al., NPJ Quantum Information ~ —0.25 - é’f
S, 1-11 (2019) 8

2. M. Heyl et al., Sci. Adv. 5 eaau8342 (2019) 5 050
3. C.Kargiet al., arX1v: 2110.11113 (2021)

U S is
chaotic

—0.75

Ué' 1s |
regular

2 . 4
Trotter step size, T

15
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High Error Regions

(1—S)Jz+#]f)l'"

(
Utar = € ~ Ugror = (Us (D))" °

* High-error regions: determine the regions where
the eigenstates of Uy, are very different from
those of Usg.

16
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High Error Regions

i(ﬂﬂ)]ﬁ#]ﬁ)l"

Utar = € ~ Ugror = (Us (D))" °

* High-error regions: determine the regions where
the eigenstates of Uy, are very different from
those of Usg.

e Husimi distribution

Qi(6,¢) = -—|<9 ¢|§,>I

U= el gl
J

16
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Structural Instability Regions

* Average dissimilarity: how
different are the eigenstates
of U, are from those of Uy.

1—1IPR
1 —IPR¢og

with average inverse
participation ratio (IPR),

1 .

_ Q)

PR=3 [l
[,j

D(Utar, Us) =

)
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Structural Instability Regions

* Average dissimilarity: how
different are the eigenstates

of U, are from those of Uy.

1—1IPR
1 —IPR¢og

with average inverse
participation ratio (IPR),

| NREE
=33 ok |
Lj

D(Utar, Us) =

Pirsa: 23040086

0.8

0.6
Average .,

dissimilarity ©°4
0.2

Trotter step size,

0.8

Classical 0.6

Lyapunov * _,

exponents
of Ug

Trotter step size, 7

10

-08

0.6

0.4

0.2

0.0

=05

= 0.4

0.3

0.2

0.1

0.0

2 4
Trotter step size,

chaos

Trotter step size, 7

17
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Structural Instability Regions

1.0

* Average dissimilarity: how

-0.8

different are the eigenstates 08
of U,y are from those of Us. = Average ., °° 06
dissimilarity ©°4 0.4
1 — IPR 0.2 0.2
D U ’ U - ——— 0.0

( tar 6) 1 — TIPRog
with average inverse
participation ratio (IPR), s :s
Classical 5 0-3
w0 X
IPR = - (i) f(j) g Lyapunov ™ ,, N
T d tar|5§ exponents .
LJj of Ug

0.0

Trotter step size, 7 Trotter step size, 7

17
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Unitary Perturbation Theory

 Unitary perturbation theory to identify points Whe1;e the eigenvectors change
significantly.

_ . ST .p
For small s (paramagnetic), Us = e!(1=5)7/z e PP

19
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Unitary Perturbation Theory

 Unitary perturbation theory to identify points Whe1;e the eigenvectors change
significantly.

_ . ST p _
For small s (paramagnetic), Uy = ei(1-9)7z ¢'p1p~7x > | Perturbation

i ()t m

p]p—le—i(l—s)rm’ (ei(l—s)rm _ ei(l—s)rm’)

(Jymg =—] +m'|p) =

2T

T;’q :m q = {p,p—Z, ,2(1)}

= Structural instability regions:

19
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Unitary Perturbation Theory

 Unitary perturbation theory to identify points where the eigenvectors change
significantly.

Perturbation

v

_ . ST .p
For small s (paramagnetic), Us = e!(1=5)7/z e PP

i ()t m

p]p—le—i(l—s)rm’ (ei(l—s)rm _ ei(l—s)rm’)

(Jymg =—] +m'|p) =

27
= Structural instability regions: 7, , = m q={{Ppr-2.,2(1)}
T i STt s Bifurcation  Bifurcation
= p=2:7,, =— where Us = ez ¢ pyp- 1% e S
22 T ams T O T I i i
eigenstates are N | J,m,) + NG | [, —m,) cigenstates | | eigenstates | | eigenstates
- >
12,2 R
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Magnetization Errors

* Error in long-timelaverage of J, (s K1)
820 (T) = 7 |@tar - mtr0t|

20
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Magnetization Errors

* Error in long-time average of J, (s < 1)

1 _
8;0(1.) = 7 |(]Z>tar - (]z)trot'

* Perturbation theory expression for error

&7 (1) = T

q=p-p_212(1)

Pirsa: 23040086

sq \ 2 (q(l—s)r
—Ttcot| ——
q S

T._ —
057 . Pert. theory A
0.0

W5 =3

’ 0.5 ... Pert. theory

| -

)

| .

—

W 0.0
0.5{— p=4 :

......... Pert. theory
0.0

Trotter step size, T

* 2 .
Tio= kq(l—’js) with g = {p,p — 2, ...2(1)]

20
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Magnetization Errors

* Error in long-time average of J, (s < 1)

1 — _— _ p=2 *
— T ot —
820 (T) - 7 |(]z>tar - (]z>tr0t| Uior i, Pert. theory 2=
0.0
* Perturbation theory expression for error W5l P=3
il B Pert. theory
o
- sq 2 q(1 -9t © =
&0 plaa—s Tz )OO oo
q=p,p=2,..2(1) 05— p=2a |
--------- Pert. theory
= Structural instability region — large errors
" As p is increased, large error regions occur at U0

smaller values of 7. Trotter step size, T

. . 1
. — * 2 .
* Tradeoff: width of the error region - T = kq(l—:) withq = {p,p — 2,...2(1)]

20
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Effective Hamiltonian

* For small s (paramagnetic), around the instability regions (7 = 7, ; + A7)

. (0,q)
(Ug(z))7 = e Heft "

e 22) |
e p=2: (Us)? = e 2(T2t00)He with Hé?f’z) =—(1—Seip) J, — sze—;f],% where sqp > 0.5
; _ » Ferromagnetic
Target evolution Trotter evolution™
. BEEYER T=15,+0.35)
Paramagnetic =
Hear ~ J2

Seoff = 0.55 21 J
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Effective Hamiltonian

1 (0.9)
(Us(1))T = e~ Herr a7

* In the general p-spin model and given g,

q_l P
AT S 21 21T
(r.q) _ .
Hy' =—(1-25) = Ar Iz — g 71 E (jx cos (n—q ) + ]y sin (n—q ))

P4 n=0 <

* 21

where 7, , = g’ withg ={p,p — 2,...2(1)}

23
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Subharmonic Response

ST

— > §(t—n0)J¥
pJP 1;

* Time translation symmetry: H(t + 1) = H(t)

H=-(1-s),-

p=4

* * \
T="Ty, (@ =2) T="Ty4(q=4)

* Subharmonic response: fy(t + mt) = fp(t) with
m> 1

where fo (t) = (Y (O)[0[ (D))

Munoz-Arias, Manuel H., Karthik Chinni, and Pablo M. Poggi. Physical Review Research 4.2 (2022): 023018. £t

Pirsa: 23040086 Page 35/40



Subharmonic Response

ST -
H=-(1-5)],— 5t —no)j¥

pli="

* Time translation symmetry: H(t + 1) = H(t)

* Subharmonic response: fy(t + mt) = fp(t) with
m> 1

where fo (t) = (Y (O)[0[ (D))

* Behavior robust to small variations in parameters

and the behavior persists for infinitely long times. -

Munoz-Arias, Manuel H., Karthik Chinni, and Pablo M. Poggi. Physical Review Research 4.2 (2022): 023018.
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p=4

= T;,z (g =2)

. N
T=Ty4 (g =4)

24
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Scrambling

ST
H=-(1-5)], _pjp‘1;6(t_nf)]£

* Infinite temperature square commutator:

1 ™
c(t) = N—_l_l(l[]z(t):]z(o)]lz) —%;‘”
(.) represents infinite-temperature thermal average. h 0o
3.00 3.25 ‘3.50 3.75
T, > +AT
0.06

* Saddle point scrambling

(4,4)
Asagdle(AT)

o

)

B

* In chaotic regime and in the presence of saddle
points, c(t) ~ e?saddlet . I

Ty 4 +AT

o
o
N

N =128 26
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Summary

* Found a new physical mechanism that leads to
Trotter error proliferation.

* In this region, Trotterized dynamics 1s very
different from the target dynamics.

» We characterize structural instability regions

using unitary perturbation theory and relate them
to degeneracies.

* Time-crystal like behavior: in these high error

regions system develops a subharmonic response,

showing time-crystal like behavior.

Pirsa: 23040086

o 0.5{— p=4
tu- ......... Pert, theory *
§ Tp= 4q/ “(Q? )
G 0.0 ““"’"““""""ka
0 1

Trotter step suze T

ZT_’Y
X

Thank you .
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