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Causal compatibility in
guantum causal models




Quantum-classical hybrid
causal models
a.k.a.

gquantum-latent-permitting causal
models




What probability distributions over
classical variables are compatible with a
given causal structure when the latent
systems can be quantum?
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What probability distributions over
classical variables are compatible with a
given causal structure when the latent
systems can be quantum?
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Classical Bell model Quantum Bell model
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PXYlST = Z/\ PXlS/\PYIT/\PA PXY|ST = TrA(pX|SApy|TApA)

lext|sns Py iTAl = 0

Recall: A distribution is compatible with a model if there exists
parameter choices that yield it
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Classical Bell model

Quantum Bell model
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Pxy st = Tra(px|SAPY|TAPA)
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Recall general form of
“factorization within subspaces”

Ha = Har @ Hyr

Special case of pure factorization
HA = Hpar @ Hpr
dim(Hpz) x dim(Hpr) = dim(Hx)

For arbitrary dimension of A, there is no loss of
generality in taking pure factorization
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Quantum Bell model

PX|SA
PY|TB
PAB

b,

(a8}

Pxyst = TraB(px|saPy|TBPAB)
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Quantum Bell model

PX|SA
PY|TB
PAB

b

(a8}

Pxyist = TraB(px|saPy|TBPAB)

Causal compatibility constraints:

P — =
X|ST — - X|S§ i 2uey Pxvisr(2yl00) + 3 >, Pxy|sr(zy|01)
Py g1 = Py|r : | 1,
1 2oa—y PxyisT(@y|10) + 5 >,y Pxyisr(zylll) < 5 + 55

Tsirelson, Lett. Math. Phys. 4, 93 (1980)
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Quantum Bell model

PX|SA
PY|TB
PAB

b

(a8

Pxy\sT = TraB(px|sAPY|TBPAB)

One can sometimes determine an upper bound on the dimension of AB
But the necessary quantifier elimination problem is nonlinear and infeasible
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The classical Bell model
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PXY|ST a Zf,g 5X,f(S)5Y,g(T)PF,G(f:9)
If X,Y,S,T are binary, A can have cardinality 16

Pxy|st -— PXY|ST($y|3t) dfg = PF,G(f: g)
x,Y, Sat = {Oa 1} f:g = {id:fp7r05r1}

P00]00 = Grg,ro T Gro,id T Gid,ro T 4id,id

P00j01 = qro,r1 T+ Gro,fp T Gid,r; T Gid,fp 0<gqrs <1Vf,g

16 linear equalities + inequalities
Do linear quantifier elimination on the 16 q'’s.
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Quantum Bell model

PX|SA
PY|TB
PAB

‘A

(a8

Pxyist = TraB(px|s4Py|TBPAB)
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Quantum Bell model

PX|SA
PY|TB
PAB

d'/\

(a8

Pxyist = TraB(px|s4Py|TBPAB)

A feasible solution:
The NPA semidefinite programming hierarchy
Navascués, Pironio, and Acin, New J. Phys. 10, 073013 (2008)
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Recall that conditioning on a quantum system that is a mediary within
a causal structure is not meaningful given the impossibility of passive
observation of a quantum system
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Recall that conditioning on a quantum system that is a mediary within
a causal structure is not meaningful given the impossibility of passive
observation of a quantum system

But it is still meaningful to ask:

What conditional independence relations hold among the classical
variables in the quantum-latent-permitting causal model?
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Definition (path blocking) A path between classical node X and classical
node Y is blocked by a set of classical nodes Z if at least one of the
following conditions holds:

1. The path contains a chain whose mediary node is in Z

2. The path contains a fork whose tail node is in Z

2. The path contains a collider whose head node is not in Z and no
descendant of which is in Z.

Definition (d-separation) Given a quantum-latent-permitting model M
with observed classical nodes V, two disjoint set of classical observed
nodes X, Y C V are d-separated by a set of classical observed nodesZ c V
if and only if for every pair of nodes, X € Xand Y € Y, every path between
X and Y is blocked.

Henson, Lal, Pusey, New Journal of Physics 16, 113043 (2014)
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Markov condition for split-node
intervention probing schemes

PXY A Z#X#A# — PY|X#A#PX|Z#A#PA
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X classical

Markov condition for passive observation
of classical X, no intervention on A

pxy|z = Tra(py|xaPx|zAPA)
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Extension of d-separation theorem to quantum-
latent-permitting causal models:

Consider a quantum-latent-permitting causal model on DAG G and three
disjoint subsets of observed variables X, Y and Z.

Soundness
X 14Y|Zin G — VPeCompy:XLY|ZinP

Completeness

VPecCompy : X LY|ZinP — X 1;Y|ZinG

Henson, Lal, Pusey, New Journal of Physics 16, 113043 (2014)
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X1lY|Z

PXY|Z = PX|ZPY|Z

[pX|ZapY|Z] =0
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Quantum Bell model

PX|SA
PY|TB
PAB

—/\I

(a8}

Pxyst = TraB(px|saPy|TBPAB)
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Quantum Bell model

{Em}m for each s
{E i}y for each ¢

(a8}

Pyxy\sr(wy|st) = Trap((E4 2ls © y|t)PAB)
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Quantum Bell model

PX|SA
PY|TB
PAB

b,

(a8}

Pxyst = TraB(px|saPy|TBPAB)
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Quantum Bell model

{Em}m for each s
{E ity for each ¢

(a8}

Pyxysr(zylst) = Trap((E4 2ls © y|t)PAB)
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Quantum Bell model

PX|SA
PY|TB
PAB

b

(a8}

PxysT = TraB(px|saPy|TBPAB)

Causal compatibility constraints:

P — =
X|ST — - X|S§ 1 2wy PxvisT(2y|00) + 5 3° ., Pxv|sr(zy|01)
Py g1 = Py|r : | 1, 1
1 2oa—y PxyisT(@yl10) + 5 >,y Pxyis(zylll) < 5+ 55

Tsirelson, Lett. Math. Phys. 4, 93 (1980)
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