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Quantum causal models
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“[...] our present Quantum
Mechanical formalism [...] is a
peculiar mixture describing in part
realities of Nature, in part
incomplete human information
about Nature all scrambled up by
Heisenberg and Bohr into an

omelette that nobody has seen

how to unscramble.”

E.T. Jaynes, 1989
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We must unscramble the omelette of
causation and inference in quantum
theory
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Statistical
paradigm

-

Causal
paradigm

Operational
paradigm

-

Realist
paradigm



Perhaps the notion of realism we should seek
in order to salvage in quantum theory is just this:

Statistical correlations have causal explanations
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Quantum causal theory




Proposal for how to define A
causes B classically

PB|doA #PB

Reason to reject it:
Vernam cypher

= (C + K)mod2
o‘ = (T + K)mod2
PK %[0] + %2[1]

Pcidot = [0]c + %2[1]c = Pc

Yet T is a cause of C
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Proposal for how to define A
causes B quantumly

Ep|a(*) # pB Tra(")

Reason to reject it:

Classical is a special
case of quantum
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Focus on deterministic
evolution in closed systems:
Unitary evolution
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invertible function

| Y
-p?w

E

For | X| = |Y|
fiv.x 5Y
oz V()
where f"V is an invertible function
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Unitary channel

v
U

B

For dim(Hx) = dim(Hy)
U:LHx) = L(Hy)
A U(A) (= UAUT
where U is a unitary operator
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general function Reduced unitary

‘Ym ‘Y‘ Y, ‘Y( ‘Y{ ) Y,
P = U \ = U
e e R eI
For | X1||Xs| = |Y1]|Y>] For dim(Hx, ® Hx,) = dim(Hy, ® Hy,)
f:Xlx):(Q%Yl V:L(Hx, ®Hx,) = L(Hy,)
fi= vy, Vi=Try,old

where f"V is an invertible function where U is a unitary channel
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Classical

variable X has no influence on
variable Y if Y has a trivial
dependence on X

for an invertible function finv

7
P’M\l

x [3

Y Y

....................

I

>

™y (X, X) = g(X)

Quantum

system X has no influence on
system Y if Y has a trivial
dependence on X

for a unitary channel U

\“(‘Y Y

...................

=
1
<

Pas

Try olUpy | xx = Wy x ® Trx
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Classical

variable X has no influence on
variable Y if Y has a trivial
dependence on X

for a general function f

.................

1=
I
It
e

DS

Quantum

system X has no influence on
system Y if Y has a trivial
dependence on X

for a reduced unitary channel V

.................

<
I

It
<

x
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A only influences C
B only influences D

®» ©

Quantumly: C‘

U - U] WU

el e
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A, only influences B4,
A, influences B, and B,

Classically B ‘

=g
4+
Il
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A, only influences B4,
A, influences B, and B,

Classically B ‘

=g
+-
Il

But there is no cloning in quantum theory
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A, only influences B4,
A, influences B, and B,

Quantumly: ' ‘ | 2\ %, Y

o
1!

a
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A is the complete common ONONO
cause of Band C ""

Classically

one can express
the function as

Ml
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A is the complete common
cause of Band C b"‘
(A)

®) ®)
B £ ¢ B |F c
Quantumly
? |
Is it always the case TA =
that we can find a
decomposition \
b A E b ﬁ‘ £
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A is the complete common ONONO
cause of Band C ""

@ & ©
B F C B C
But we can always U = |
find a decomposition
b A t b E

See: Allen et al., Phys. Rev. X 7, 031021 (2017)
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. . B C
B

A7y (Al
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ny)

The dot describes a
“factorization within subspaces” for A

Ha =@, Har @ Hyr

See: Hayden et al., Comm. Math. Phys. 246, 359 (2004)
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Special cases of
“factorization within subspaces”

Ha=@D; Har @ Hyr

Pure factorization
Ha=Har Q Hyr

dim(H gz) x dim(H 4r) = dim(H 4)

Coherent copy
Ha=D,; Har @Hyr
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. . B [
B

A7y (Al
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ny)

The dot describes a
“factorization within subspaces” for A

Ha=@; Har @ Hyr

See: Hayden et al., Comm. Math. Phys. 246, 359 (2004)
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Hp ® (D, Har @ Har) ® H

YV is block-diagonal across
the / sectors and is
nontrivial only on H 4z
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More complicated case

B

Lorenz and Barrett, Quantum 5, 511 (2021)
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A circuit decomposition is causally faithful if
influences are given by structure of diagram
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Hp ® (D, Har @ Har) ® H

YV is block-diagonal across
the / sectors and is
nontrivial only on H 4z
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A circuit decomposition is causally faithful if
influences are given by structure of diagram

It is an open question whether every multipartite unitary
channel admits a causally faithful decomposition
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Quantum inferential theory




A, only influences B4,
A, influences B, and B,

Classically 8 ‘

L

A, A,

But there is no cloning in quantum theory
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A is the complete common
cause of Band C b"‘
(A)

®) ®)
B £ ¢ B |F C
Quantumly
? |
Is it always the case TA =
that we can find a
decomposition \
b A E D ﬁ‘ =
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A is the complete common OONO
cause of Band C ’ "
@ ® &
B F ¢ B C
But we can always U = |
find a decomposition
D A \E 5 .

See: Allen et al., Phys. Rev. X 7, 031021 (2017)
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Classical

variable X has no influence on
variable Y if Y has a trivial
dependence on X

for a general function f

.................

1=
I
It
e

DS

Quantum

system X has no influence on
system Y if Y has a trivial
dependence on X

for a reduced unitary channel V

.................

<
I

It
Z

<
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A is the complete common &) &) ©
cause of Band C ’ "
@ ® &
B F ¢ B C
But we can always U = |
find a decomposition
D A \E 5 .

See: Allen et al., Phys. Rev. X 7, 031021 (2017)
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. . B C
B

A7y (Al
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ny)

The dot describes a
“factorization within subspaces” for A

Ha =@, Har @ Hyr

See: Hayden et al., Comm. Math. Phys. 246, 359 (2004)
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State of knowledge

Normalization

Joint state

Marginalization
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Classical

Py
2.aPa=1
Psp

P =), Pap

Quantum
PA

Tra(pa) =1

PAB

pB = Tra(paB)
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Joint states for systems that are common-
cause connected
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Quantum marginal independence

Denote this
= 0%
PAB PA Y PB ( AL B)
I(A: B)=0
where

I(A: B) = S(A) + S(B) — S(AB)
S(X) = —Tr(px log px)

Page 38/87



Is there a quantum state on A, B, C that has the following marginals?

paB = 3|0)a(0[ ®10) (0] + 3|1) a(1| ® [1) p(1
pac = 510) (0] ® [0)c (0] + 511) a(1] ® [1) (1]
pc = 310)5(0| ® [0)c (0] + 3[1) (1| ® [1) (1
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Quantum marginal problem
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Is there a quantum state on A, B, C that has the following marginals?
@) Ap(®7|
|(I)+>AB — %|00>AB + %|11>AB

pac = 314 ® 31c
pc = 31 ® i1c

PAB
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Is there a quantum state on A, B, C that has the following marginals?

paB = |®7)ap(®7]|
|(I)+>AB — %|00>AB -+ %|11>AB

pac = 314 ® 31c
pc = 315 ® L1c
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Classical marginal inequality
0<1-Px—-—Py—-—Pz+Pxy+Pxz+Pyz<1
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Is there a quantum state on A, B, C that has the following marginals?

PAB =
PAC =
PBC —

No!

Pirsa: 23040001

(I)-|—>AB<(I)-I—
(I)-i—)AC(q)-I—
‘I)+>BC<(I)+
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Classical marginal inequality
0<1-Px—-—Py—-—Pz+Pxy+Pxz+Pyz<1

Quantum marginal inequality
0<I—-ps—pB—pc+pa+pac+pec <1

Butterley, Sudbery, Szulc, Found. Phys. 36, 83-101 (2006)
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Classical belief propagation Quantum belief propagation

Pp =T'p|a[P4] pB = Epja(pa)

Stochastic map preserving Completely positive trace-
positivity and normalization preserving map
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Classical belief propagation
Pp =T'g|a[P4]

Stochastic map preserving
positivity and normalization

In terms of a conditional
Pp = ZA PB|APA

> g Pea=1
Pgia 20

Quantum belief propagation

PB = 5B|A(;0A)

Completely positive trace-
preserving map

In terms of a conditional

pB = Tra(ppjapa)
Tre(ppja) = 1a

PETA >0
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The Choi-Jamiolkowski isomorphism
PB|A = ((I)B|A’ ® idA)(Zj,k 7)(klar & |k)(j]a)
Ppia(-) = Tra(ppla)

oot Tra(ppapa) = X, ®1a(13) (klar) Gl )

irsa: 23040001 Page 48/87



The Choi-Jamiolkowski isomorphism

PB|A = ((I)B|A’ ® idA)(Zj,k 7){kla ® [k){j]a)
®pia(-) = Tra(ppja)

proof:  Tra(ppapa) = X, ®iar(15) (kl.ar) Giloalk)
— B 514 (X, 0 1) (Gl apa ) (K]a)
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The Choi-Jamiolkowski isomorphism

PB|A = ((I)B|A’ ® idA)(Zj,k 7){k|a ® [k){j]a)
Ppia(-) = Tra(ppla)

proof: Tra(pp1apa) = 3, @ ar(4) (kL) (iloal )
=®p1a(Q ;1 7){Jlapalk)(k|a)
= ®pla(pa) aeD
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The Choi-Jamiolkowski isomorphism

PB|A ‘= ((DB|A’ ® idA)(Zj,k 7)(klar @ |k)(j]a)
®pia(-) = Tra(ppla)

® |4 is trace-preserving <> Trp(ppja) = Ia

proof: - Tr(ppja) = Trs |(@ia @1da)(X; 5 19) (kL @ (k) ()]
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The Choi-Jamiolkowski isomorphism
PB|A = ((I)B|A’ ® idA)(Zj,k 7)(klar & |k)(j]a)
®pia(-) = Tra(pp|a)

® |4/ is trace-preserving <> Trp(ppja) =14

proof.  Trp(ppia) = Trp |(@p1ar ©ida)(X;, 1)kl @ k) (ila)]
=D i Irp o ®par (|7)(klar) |k)(jla
— Zj,k; Trar (|)(klar) |k)(j|a
=2 .k 05.klk)(j|a
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The Choi-Jamiolkowski isomorphism

PB|A ‘= ((DB|A’ ® idA)(Zj,k 7)(klar @ |k)(j]a)
®pia(-) = Tra(pp|a)

®p|a is completely positive <> pg‘i‘ 420
pB|a is PPT

Proof: ppia = (@p1a ®ida) |(; 17 klar ® |7) (k| a)™]
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The Choi-Jamiolkowski isomorphism

PB|A ‘= ((DB|A’ ® idA)(Zj,k 7)(klar @ |k)(j]a)
®pia(-) = Tra(ppla)

®p|a is completely positive <> pg‘i‘ 420
pB|a is PPT

Proof: pp1a = (@p1a ®ida) (. 17)klar ® |7) (k| a)™ ]
= (@455 ®idA) (@A T aa(THN™ e
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Born’s rule

Ensemble
averaging

Action of quantum
channel

Composition of
channels

Pirsa: 23040001

Conventional
expression

Vy : Py(y) = Tra(E; pa)

pa =Y. Px(z)ps

pB = Epja(pa)

Ecia=E&cipo€&p|a

In terms of
conditional states

py = Tra(py|apa)

pa=Trx(paxpx)

pe = Tra(es|apa)

ocia = Trg(oc|BoB|a)

f\&LA
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A and B are conditionally independent given C

PAB|C — PA|CPB|C Denote this
(A L B|C)
where

I(A: B|C) := S(AB) + S(AC) — S(ABC) — S(A)

_ ,Ic 1
for PABC-PABW%

= Tre/ [PABIC’(|(I)+>CC'<(D+|)]
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A and B are marginally independent

PB|A = PB

I(A:B)=0
where
I(A: B) = S(A) + S(B) — S(AB)

for PAB = (PBIA)TAi
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Puzzles:

What is a joint state over systems
that are cause-effect related?

What is a conditional state
between systems that are
common-cause or common-effect
related?
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. —1/2 —1/2
R.e.latlon of | PB|A _ Pas PB|A = P4y / PABP A /
conditional to joint Py 1/2 1/2
PAB:PB|APA PAB = PA PB|APA
Normalization _ _
condition > 5 Pa=1 Tre(ppja) =14
Belief propagation 5= PpiaPa p = Ira (P_B|APA)

See: Leifer, PRA 74, 042310 (2006)
Leifer & Spekkens, PRA A 88, 052130 (2013)
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A and B are marginally independent

PAB = pA® PB A % A
PB|A = PB - =
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Joint states for systems that are cause-
effect connected
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A necessary condition for any claim that the omelette of
causation and inference in quantum theory has been
unscrambled
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| ‘i?/u@?

/N /N
NORROV.N

Bayesian updating
PB —" PB|SX
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r@D

o

A A Given:

PAB

Ao QA PX|SA

Bayesian updating
PB —" PB|SX



X Y

£, . %

Bayesian inversion
Px145PA
Pajsx = =Py g /X\ /v\ ~Given:

A o oA PX|AS

Bayesian updating

Pp — Pp|sx

irsa: 23040001 Page 65/87



X Y

' A B fﬁg

Bayesian inversion

Px14s5PA
Pajsx = =Py g /X\ /v\ Given:
Conditional from joint
PXAS
fiona o A® FA Py
B|A Py

Bayesian updating

Pp — Pp|sx
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X Y

- -

__ PxjasPa
PA|SX = BT A A Given:

Conditional from joint

Py A® A e

PB|A — P,
Belief propagation

Ppisx = 2APBlaPaIsx

Bayesian updating

Pp — Pp|sx
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r@D

T

A A Given:

PAB

Ao QA PX|SA

Bayesian updating
PB —" PB|SX



X Y

£ . . %

Bayesian inversion

_ = .
PAIXS = PX|AS * PAPx|s A /y\  Given:
PAB

Ao QA PX|SA

Bayesian updating
PB —" PB|SX

Conditional from joint
PB|A = PAB * pzl
Belief propagation
PB|SX — t"A(PB|APA|SX)
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Interplay of causal and inferential
theories




= P b § v
A 2 %
'\(
Raxa X
b
K! Puian
2
= 2
N

Markov condition
Pxy|z = ZPY|XAPX|ZAPA
A
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= X -
P‘)ﬁ‘k’\% %
\(
R [ | X
A
K! Petan
2
= Maybe there is a 2 Nothing like this
A Quantum analogue guantumly

Markov condition
Pxy|z = ZPY|XAPX|ZAPA
A
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Rt EN

Markov condition for split-node
intervention probing schemes

Pxyizx# = »_ Pyix#aPx|zaPa
A
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8 Px“f \%)(m %

Pirsa: 23040001

Quantum analogue
exists

Markov condition for split-node
intervention probing schemes

Pxyizx# = »_ Pyix#aPx|zaPa
A
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structural equation Bayesian causal structural equation Bayesian causal

model model model model
Y
LI L Y
i ¥ ¥ y
Y= £(X,A) Pyix. \7~<\></\ /QY\K
A
& @{7 X s X A X
. S (1N X
Y =9(X,0) Py x Vy|xA PY|X
) PA
A A
X X X X
Py\x = DA PyTxAPA | py|x = Tra (pijApA)

where P&T&A — 5Yf(X A) where p?ﬁf,m is CJ-isomorphic to Vy|xa
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If A and B have no common ancestry, then

Al B
PAB = pA X PB
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If A and B have no common ancestry, then

Al B
PAB = pA X PB

i.e., need a reason to

% posit correlated
statistical sources
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variable X has no influence on
variable Y

_________________

e

f(X,X) = g(X)

>

Pdet _ __ pdet
Y|XX ™ "Y|X

Y L X|X

system X has no influence on
systemY

‘ Y Y

....................

<,
I
I
Z,

.............................

det _ det
Py|xX — Py|X

Y L X|X
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) A
B T¢ ¢ B C B C
Ti il
™ = | = v ] [w
\._ b A o b A t
v O o = v NV
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det o
PBC|ADE ‘=

)/ is block-diagonal across
the i sectors and is nontrivial
only on ,HAP

1

1- Hp® (@ZHA,{' ®HAf) R HE

—

v\:
Upclap' e ®1dapE) (2, 4 1) {kla D e ® |k)(j|aDE)
det det det

PBC|ADE = PB|ADPC|AE
det _ det
PBlAD = D i pBe|DAf ® IA:?

det _ det
PGlaE = 2ilan ® PclARE
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det

Py z x = E Py 7oy as Pavaz
o
det
P YZ| XAy Az N 2
det det
= Pyxny Pzix s

Y5 W

det
Y| XAy

Pyzix= ) P

Ay Az

/\y AZ
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_ (z P&T;MPAY) (z Pl P,

det
Z|X)\ Py Py,

)

— det

det 8

PBC|AXBAc 3 c

det det l l
= PB|AAgPC|AXc N
B

Prsic = Prp @ Prc ‘—v

A

przix = Toamre (PFarsPEiure (Prs ® P2c))

= Trag (p%efA)\B PXB )Tr)\c (P%%AC p)\c)
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P det
YZ|X T ZlXAy)\Z

Ay Az

det
P YZ| XAy Az

det det
PY|X)\YPZ|X)\Z

YR S £

det
Pyzx = E - Pyixa,
Ay, ,Az

Ay

= Py|x Pz|x

Pirsa: 23040001

Py, x,

Az P)\YP)\Z

det
Z PZ|X/\ZP)\Z

_ (z Pit B,

— det

det

PBC|AXgAc 3 c

det det l l
= PB|AXgPC|AXc N
B

Prsic = Prg @ Prc ‘—v

A

przix = Toamre (PFarsPEurc (Prs ® P2c))

= Trag (p%efA)\B PXB )Tr)\c (P%%AC p)\c)

= PB|APC|A
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Generalizing to arbitrary
causal structures



Reichenbach principle

If Z is a complete common cause If Cis a complete common cause
of Xand Y, then of A and B, then

Pxy|z# = Px|z# Py|z+ PAB|C# = PA|C#PB|C#
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B H 8““ By Let Pa(B;) = {A; : A, influences B;}
n
\) Then P%it...Bnml...Ak — H p%iﬁPa(B@)
A Ao [ A =

where [P%e:ipa(si):l)%iﬁpa(_aj)] =0 V1,7
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Markov condition for split-node
intervention probing schemes

PXYA|Z#X#A# = PY | X#A#PX|Z#A#PA
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Next lecture:
Causal compatibility in

guantum causal models




