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Abstract: The Lorentzian path sum in causal set theory(CST) can be defined using the discrete Elnstein-Hilbert or Benincasa-Dowker-Glaser(BDG)
action. It has been along standing question in CST whether the path sum is dominated by a class of non-continuum like layered posets -- this
would make it much harder to find a dynamically generated continuum approximation -- or whether the BDG action suppresses this contribution.
In this talk | will discuss a series of results that show that to leading order in the saddle point approximation, this dominating class of layered
posets is strongly suppressed. Moreover this is true for a more general class of actions which include the BDG action. We conclude with some
remarks on the interpretation of these results and related open questions.

Zoom link: https://pitp.zoom.us/j/917941536332pwd=T TFnSOhpQ2s5eFV DM 3k5ZDkxcndkUT09
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Outline

e The Causal Set Partition Function

* Entropy: The Kleitmann-Rothschild and Dhar posets

A g
e ST
g S

* Action: The BDG discrete actions
* Suppression of Entropy: =
* Bilayers - Loomis & Carlip, 2017
¢ Link action and Layered Posets -Anand Singh, Mathur & Surya, 2020
e Link versus BDG Action on Layered Posets

& Open Questions - Carlip, Carlip & Surya, 2022, ongoing

o - Work done in collaboration with Anup A. Singh, Abhishek Mathur, Peter Carlip, Steve Carlip, Page 3/37
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Causal Set Paradigm Bombelli, Lee, Meyer and Sorkin, 1987

1. Causal Sets are the fine grained structure of spacetime

T —

| Acyolic:x <y = v £ 1

i Transitive:
I<yny=I=x=<Z
Locally Finite:

| Fut(x)y n Past(v) | < oo

- Order + Number ~ Spacetlme ~ (M, g)
g‘ * Order « Causal Structure
| ¥ Number < Volume
| Py(n) = ':’ PP g-ov
(N > = _.f)‘r’ p Page 4/37
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€2 : Sample Space of Causal Sets

Lorentzian Path Sum: ‘I
Q

: |
Z, = Z exp(iSpe(c)) ! Z=lim Z,
ced, s i

| State Sum models: e *

| 2,3, : Dimensionally restricted

= Z exp(—/iSppc(c)) ? causal sets
t‘E_& — Surya, 2011

—Surya & Glaser, 2016
] O'Connor, Glaser & Surya 2017

. - Fixed cardinality causal sets,

ir Sequential Growth models: ~ CHEIRTS. Ky e

| Generates

» l" s Ll H Il
rsa: 23030103 D(c,c).  p3(c) € 'y i Q- : Past finite causal sets | pagesr
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2 1T

Lorentzian Path Sum
Z,= Y exp(iSgpe(c))
ceQ,

Q2 :set of all n element posets

Sgpa: Discrete Benincasa-Dowker-Glaser Action

Z=limZ

i—0C0

Large n ~ Thermodynamic limit

rsa: 23030103 Page 6/37
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Discrete Einstein-Hilbert Action — Benincasa & Dowker, 2010,
— Dowker & Glaser, 2012,
— Glaser, 2014

The Benincasa-Dowker-Glaser Action(s)

N; = # of i-element intervals

PARTPZON
AV N\ NO

-
[ ]
j L ]
1 ef s
'S;H}}l.’i(c) - “”(” * Z );N;)
J=0
Sl-lv] - ..4_. n—N.,+ 9N, — 16N, + 8N
BDG — \/a U ! : .
s
llrn ﬁ_1<Sb.f}{.;> p— SLH + bdl‘}’ rerms Page 7/37
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Discrete Covariance = Label Invariance

Q : space of labelled causal sets /\ Ly /\
4 ! # £y "

A relabelling L generates a "gauge” group, ¢, : =0 N‘ lh
Orbits of the group actionLeo¢ , |[¢]~¢

\ l‘Y—‘l '{L'ﬁﬁL"-i

¥, has little group Aut(c): Labelling n elements: there are n! ways modulo Aut(c)

Swapping labels doesn’t produce a new labelled causal set \

At worst overcounting of n! ~ 2" " (sub-leading for our analysis)

rsa: 23030103 Page 8/37
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L

Typ;cal pose‘ts in Q”: En‘tropy - Kleitman and Rothschild, Trans AMS, 1975

Q, : sample space of all n-element causal sets
r:1 in
A+
| €, | ~2¥FT2

Typical causal sets are Kleitmann-Rothschild (KR): ~ nl4

~nl2

B - 3 H 1
© elements of I, form an antichain

~ nl4

n . )

°© Veel,,d~ y no.of ¢’ € I, such that e <. ¢,
!T r f i

e Veel;, d~ 1 no.of e’ € L, such that ¢’ <, ¢

° Veel,,e’el,, e<e
Onset of asymptotic regime n ~ 100

|Q&'H| ~ 2%"‘%"‘”"” - J. Henson, D. Rideout, R. Sorkin and 5.Surya, JEM, 2015
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A KR poset is not continuum-like mnm
-
' : > ~n/l2 (R)~ En*

§ ggé ~ nl4

e Does not arise from a typical Poisson sprinkling into any continuum (M, g)

e Myrheim-Myer Continuum Dimension is fractional :

(Ry T(d+ 1I'(d/2) U(dgp+ 1) (dygp/2) 3
= — - .} = ——= flJIh'H o 25
n? 41'(3d/2) Ar(3dyl2) 16

e Maximal time-like distance Hg, =3

e |Interval Abundances are not like the continuum:

10000 ; 9 450
400 simulated
. analytic
1000
350 +
100 e 300
o 10 T I l 1 of 25“
o . v} I < 200
1 i . 150
rsa: 23030103 1 100 Page 10/37
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e |nterval Abundances are not like the continut
0]

10000
1000

100 |

= = NN W W hse B

01 L

0.00 L—1L 11 - - — L
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Entropy versus action

 Equivalence class of iso-action causal sets ¢ ~ ¢ = Sgplc] = Sppale’]

Z, = Z [[c]]exp(iSgpe(le])
[e]

& )
Entropy Action
n/4+3n/2+o0(n) . 2
| Qxpl ~2 ' Sepc(Cxr) ~ 1

Which one wins?

If Entropy wins then KR posets dominate Z,

= Obstruction to the continuum approximation of the theory

Pirsa: 23030103 Page 12/37
10 of 26
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-D. Dhar, JMF, 1978
- Promel, Steger, Taraz 2001

e K-layered poset: C =L, UL,...[Ly:e<e el el = k<k
= S
W/ b
e : ; N
| QK| ~ 2etnHo) - o(d) < 1/4, d = ordering fraction, “
; \_
e Dominant hierarchy: \Q}f” > |Qf}| o> |Q:f1| > |fo’ S — R T
FIG. 5 o d) in the range [ 003, (.32]
* Action would have to win over ALL layered posets!
¢ Is Q") an obstruction to the continuum approximation of the theory??
Page 13/37
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sk Actlon —Loomis and Carlip, 2017

« 7 =FZ +Z

= “bhilayer rest

L

jj"di
S(C) = u(n + Z )L-N-) = p(n+ 44Ny) =

¢ i)
=0

|so-action reduces to iso-N,

Ny =nn-1)/2 ~ n’/2.

N, =pn% pe[0,1/2]

e € :setof of bilayers with pn> links

P

*%,,nC%E€,,: setofbilayers with filling fraction yand pn? links

y(l—pn*\.
_ 6, | ~ . 4 is maximised by y = 1/2
Pirsa: 2303010% PeYs ;}HE Page 14/37
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 Small Bi-te: the Bilayer Posets

Link Action
L= zﬁ?h’u_\'{'r + er.\'f .

§(C) = p_r(n + Z ’{;N}) = un+ 4Ny =
j=0

» Iso-action reduces to iso-N,

Ny =n(n—-1)/2 ~ n?/2,

» Ny=pn®, pe€l0,1/2]
» €, : set of of bilayers with pn? links

» €,yn C €, setofbilayers with filling fraction y and pn? links

2
y(I =y~ \ o
G ( pn? ) is maximised by y = 1/2
Pirsa: 23030103
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A Clever Bounding Argument

n* + u(njj

| I ! 1
In|6€,,.l = [}-’(] = Plin(y{l = r)} - Eplﬂ(??) = ((;f(l = Eﬂ)ln({?(l -=7) —Eﬂ)

. I:{;}'%%‘.n I = l{gf’-”l o Z “gﬂ'r‘”l ;

¥
|
. Z | €| dominated by y = )
Inl€ = l h(2 2 2
e In|€,,|= 4 1(2p)n- + o(n”),
e Ji(p)=—plnp—(1—-p)n(l — p) — Dhar's Entropy function.
172 w2
o ZpitayerlHs Ap) ~ [ dp |6, ., expliS;(p)) = e "”’J dp exp [”2 (ipdop!2 + h(2p)14) + o(n?)
0 0

Pirsa: 23030103 Page 16/37
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Saddle point contribution

12
o hitayer s Agl ~ f—’”m[ dp exp ln: (iudop/2 + h(2p)l4) + r;(n:)J

0

JHA(] ] 1 i I _ I - 2 2
o« P=——7" 2p=x Zyjuyelp. Al ~ € dxexp || —E(x)n~ | + o(n”)
. 0 4
(,—r'I.U
o Saddle Point: E'(xy)) = 0= x, = :
2cosff
s {’E'”” 2

an'.l’u_\'-:*r ~ o CXp (II[ - fﬂ + In(2 cos ,fj ) ])

. 8 ncosp
| Suppression for:
|

N e e 1 | W A | l';L
: tan(—'tj—u} > ﬁ

L ¢ -

- ™ : 1’ :
: d=4, pu=|—] =21~ 1.4521};
Pirsa: 23030103 R Page 17/37
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s it possible to extend this to all layered orders?
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Next Bi-te: K-layer orders with Link Action
— A.Anand Singh, A.Mathur and Surya, 2021
Yih = a_ux‘tﬁ,m
i : o Z= zft{'ﬁ't’f'ﬁ'{f w Zn st ¢ Cg]L(C:' s (N o A{]NU)
.

van . 0 e N Filling fraction: ¥ = {y}, %2, -- -7k} Z}’; =1,
yin ':_--f‘f’-ﬁ%fﬁ’?’ 55?3 s =

K-1
N;:un - ”(Flnzr ”(?) — Z }{f},t'-l-l

i=l Includes Symmetric Bilayers and KR

1,..(7)=14,y.=1/4=-x1/2,1/14 +x), xe€[-1/41/2,1/4]

ur(;?)n2
. |P;k'.p.n| - ( 3 )
pn?

enn H
Pirsa 23030103 * A similar bounding argument: | P; , w2 |QI”,| SK°|Py | Peccree
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The first bi-te was good .. back to the bilayer case!

1/2

K ' — i
* Zfﬂ'_l'(‘#‘t'ﬂ" e J dp | p.n | eKPUSL(P}) = e “
0 (

[
dp exp [frnm{;?}uj (ipdgp +h(p)) + u(nl)l

' The link action suppresses all K-layer orders for K < < nI

Pirsa: 23030103 Page 20/37
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The last bi-te with the BDG Action — P. Carlip, 5. Carlip and S. Surya, 2022

— P. Carlip, S. Carlip and S. Surya, in preparation

g 1T AT L N

j=0

S@ ——4—(H—N + 9N, — 16N +8N) l \/
§] | 2 3

V77 AV

Pirsa: 23030103 How do we count Iso-action KR posets?

19 of 26
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10000 ¢~

ow many N, are there?

1000

100

0.1

0.01 L— L1 s  LIII]] Figun
0 5 10 15 20 25 30 T

{Nijﬁ} {NEJ,NU:P
5 2.1
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How many N, are there?

10000 —

i 5
1000 { a4
|
100 : < B [m <phigs |
= | - B chiNg = |
.::/;-_— 10 | | 2. '. B <MyiNy> :
1 ; I 1l { 1
| i | [ W
0.1 ’ 0% B
et . | 0.00 0.05 0.10 0.15 0.2
0.01 ° | Figure 10: The ratios (N /Na), (N2/Ng) and {N5/Ny) vs the linking fraction §
0 3 10 15 20 25 30 for n=4000 with §i,. The average is taken over twenty samples
m
<NyiNg= <Nal N>
5 25
4 20
3 1.5
2 1.0

g - 05

3.0 02 04 06 OB l.f”% E.:h.z__u:at 06 08 10

<Ny N>

1.4

1.2

1.0 m B=(1/4 1/2,1/4)
0.8 1 Om=(173,1/3,153)
06 o Y={2/5,1/5 215)
0.4 Bt e i
0.2 '

VN P
U'BD 02 04 06 08 1n°

Figure 9: The ratios (Ny/Na), (N2/Ng) and (N3/Ng) vs the linking fraction p
for n == 400 for three different types of 3-PQL orders §i. §= (1/3. 1/3, 1 /3) and
§F=(2/5,1/5,2/5), The average is taken over twenty samples,

Pirsa: 23030103 Page 23/37
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Counting the N for KR orders
L3 =r;n

p : linking fraction from L, to L, m
P . ; L, | = pon
g : linking fraction from L, to L, W
ILy| =nn

0 _y-‘[l?_h .y-ll.lr
Link matrix: & = 0 0 23 |, '(‘ff:f =]1ee¢< ¢js else 'i/)e';' =

0 0 (0

j 0 0 .:jﬂ{l.?:l‘?l[lﬂ :
F =10 ¢ 0 . ;“/’;F. gives the number of elements between ¢; and ¢,

0 0 0 g

Sl=R= |le.e)l=R-1, 5= ) bgli_p,

L £} E. >
Page 24/37
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Counting the N, for KR orders

f E
?’I‘U}e .")'E* * A~
1 |inking\_\_'fr\a’é'tioh fromL, to L, m ' L P o
ing Jegctio) 2 _ 2
% v g . % R L, | = pon
q: Iinkirﬁiﬁaction from L, to L, W
L[ =rn

0 Ed’n{ 12) 152(‘“,-'“
Linkmatrixx: Z =10 o L@ Zy=1e¢<.¢, elseX;=0

0 0 0

0 0 _y[u!&ﬁ{l.h
Ft =iy 5 0 . f; gives the number of elements between ¢, and €

0 0 0 &

k. '} L »
Page 25/37
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b

|1Q,(P)|

Erob(C has prperty Py ==

¥~ il
Probability for [e;, ¢;] to be a J element interval: Q(J) = (’:‘r ){pq]"ltl — pg)r—

. PN, =R) = (‘Y‘:” ) O()R(1 = QU yym =k

5 A
. A= Ingx|+oin”)
= 2L

Forlargen, P(N,=c¢;n) = A;n’(1 - pg)"

-

2" yan’ \yo(n?
Piﬁ"{; _ _‘.J-'\'_r}ufn} = ( Yi¥a {f'll.f ”Ja;_.u]"f!f‘” e 2—-"}'|J’:J’allltﬂ|u +r-'1iJ'J. where N}u:ru i }I,l:_,:”.‘
| spran? ) | '

Firan

P{‘MJ > .‘I’ij”} i~ J’ ﬂ'l,f:il" .-_}_-'H.r? Inaln’ R 2—.!'1'..—'-|||1r:|:r1
&
Therefore the contribution of N, to the BDG action is sub-leading

Analysis extends to all K-layer causal sets

i S apcla k)~ St
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& & & & & B m ¢

(d) _
SBDG(C) - “(” 2 Z ’IJ'AG) /

g —i(n—N + 9N, — 16N +8N) .
0 | 2 3

BDG_\/B

& & ® @
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What does the Action favour?

Manifold - like
Manifold - like :

i Why d=4 spacetime"?I

' Does the d dimensional discrete Einstein Hilbert action suppress d* # d? I
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Continuum-like contributions

Kinematic Ensemble (M, g) — {c € Q,(M)}

S(c)=(S(M)) + AS, lim AS=0

fi— 00

o0
Z.-w — Z HSIMHAS , Hi(S(M)) J d(AS) (*fj“"'F{ﬁS}
ceQ, (M) e

I 5
F(AS) = |Q,(M)] _\/E o —(ASY
z\ 2

| Zy | ~ 19, (M)]

{.J_.”

|
\/ 27
] ‘ 1 1
IF lim — = 0= lim ——|Z,,| = ‘
n—oo (X n—co |, (M)] V2 R a— bkl s

(N)) :Jz‘(j)”'l—f} +o(n*7)inM? : d # d, be purely oscillatory

f— ———
Pirsa: 2305010 Spacetime-like causal sets may just have a fighting chance.. l Page 2857
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Open Questions

e How do dimension (d=4) and geometry (de Sitter) emerge dynamically?

* Can we calculate expectation values of observables like the dimension?

* Do these results extend to the double path integral/ Decoherence functional
formulation?

e What is a "graviton”? Can it be a non-geometric fluctuation, for example AN,?

* Interpretational questions..

Pirsa: 23030103 Page 30/37
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Open Questions

* How do dimension (d=4) and geometry (de Sitter) emerge dynamically?
N
e Can we calculate expectation values of observables like the dimension?
® Do these results extend to the double path integral/ Decoherence functional
formulation?

e What is a "graviton”? Can it be a non-geometric fluctuation, for example AN,?

* Interpretational questions.
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A Clever Bounding Argument

n:+r;(n:}

] 1 ] 1
Iﬂl(t‘?f,_y_nl = \;z(l —pin(y(l —y) —E;Jln(gp) — ({}f(l —}f)—Ep)ln((;z[] —y}—Ep)

L
. 1Bl 1Bl S 2 1%l
I
. 2 | €, | dominated by y = =
c ] o) 3

e In| ,{Ml — II:(Z;:JH‘ + o(n~),

e J(p)=—plnp — (1 —p)n(l — p) — Dhar's Entropy function.
112 R |

o Lhitaverl s Ap) ~ [ dp |6, , | exp(iS;(p)) = c”‘”J dp exp Inj (iudgpl2 + h(2p)/14) + o(n?)
() 0}

Pirsa: 23030103 Page 32/37
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Saddle point contribution

142
Zpiaver s Ap] ~ {*"“”“ dp exp [n: (ipAop!2 + h(2p)/4) + u(n:}]
0

- I - -
LA . | : .
e P=— % 2p =X, Zpjayedtts Al ~ c,:,rm{ dxexp {(IEH} n“) + n(u‘]‘
(

]

| ] (,—;'ﬁ
.+ Saddle Point: E'xg) =0 xp =5

-

Z .3 (”Ll 6+ In(2 mj)
TR, — cX | e NniL Cos
RyEr 8 ncospf 4 4

Suppression for:

A
tan(—%'} 2 ﬁ

.

Pirsa: 23030103 T SN
- d=1, P":(_) = [~ 1452,
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; I I ] I 5 5
In|€,,,| = ’?’{l = PinG(1 =) = =p lﬂ(;::*) — (("f(l —7) = Eﬂ)lﬂ ({:f{l — 1) - EJF)I n*+ o(n?)

® [[i‘f;}.-]:-.wrl 5 Igﬁ'.ni -E: E I%?_p.;.r.nl i
3 | 1
' Z Iﬁf;_g,nl dominated by y = ;
r 2
1| B, | = ~h(2p)n? + o(n?)
. nlé,,|=—nip)n-+on-),
p.h 4 P
e h(p)=-=plnp—(1—-=p)in(l = p)— Dhar’s Entropy function.
112 R : ..
o ZLpitayerltts Aol ~ [ dp |6, | exp(iS (p)) = e”‘”[ dp exp [”2 (ipdop/2 + h(2p)/4) + n(nz}J
0

N ot RO DAL
e.,,..xgzn ¥

N
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The layered hierarchy

iff;i'_-‘w-a o

K-layered poset: C=L,UL,..Ly:e<ee€l el = k<k

| QUK | ~ 20l (d) < 1/4,  d = ordering fraction,

Dominant hierarchy: [ﬂl:fq > | £ ”3 lthl = Iglqﬁl

Action would have to win over ALL layered posets!

s Q%) an obstruction to the continuum approximation of the theory??

-D. Dhar, JMP, 1978

- Promel, Steger, Taraz 2001

%

eldl in the range [ 005, 032
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4 . tn _LI3 . — Beni & Dowker, 2010,
Discrete Einstein-Hilbert Action e

— Glaser, 20714

The Benincasa-Dowker-Glaser Action(s)

N; = # of i-element intervals

g

(el) - 5
Sepctl) = ;.*(u + Z "'xN;')

=0

_._1
g4 4 (,! — Ny + 9N, — 16N, + SN_;)

BDG — \/E

-

&
lim A—(Sgpc;) = Spy + bdry terms

P00 P
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i ' iNn-Hi i — Beni & Dowker, 2010,
Discrete Einstein-Hilbert Action Ry iy ience oo

— Glaser, 2014

The Benincasa-Dowker-Glaser Action(s)

N; = # of i-element intervals

¥ fi‘- v A 3 T
Spnc(C) = ;.*(r: + E ,»'.j:'\;-)

=0

l
S”: o (H 2 ."\'I” + (};Vl — ]{L'?\.': + 8\!",')

BDG —
V6

.

lim A—(Sgp;) = Sgy + bdry terms

P00 P




