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The inflation technique
for causal inference




The marginal problem
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Example 1:

PEERt — 1(00] + L[11
pPet = 101] + 1[10]
Pt = L{01] + 1[10]
Question: JPxyz
Pxy = PLeet Pxy :=) , Pxyz
such that Py gz = piaset where Pyz:=) x Pxvyz

target —
PXZ:PXZg PXZ - ZYPXYZ
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Example 1:

Py = 3[00] + 3[11]
target
P = 3[01] + 3[10]
Pt = 1[01] + 2[10]
Question: dPxyz
Pxy = PLeet Pxy =), Pxyz
such that Pyy = Pioget where Pyz:=) yx Pxyz
PXZ:P}G{&Eget PXZ = ZYPXYZ
Answer: yes!

Pxyz = £[001] + 1[110]
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Example 2:

prarget — TIO0TL] = 1[01] + L[10]

pet = 101] + 1[10]

=2
P = 1[01] + £[10]

Question: dPxyz

Pxy = PLeet Pxy =), Pxyz
such that Pyy = Pioget where Pyz:=) y Pxvz
PXZ:P}G{&Eget PXZ = ZYPXYZ

Answer: nol

consider [000], [001], [010], [011], [100], [101], [110], [111]
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Example 3:

Py = (3001 + 31D (5[0 + 5[1])
tar et
7 = 3[00] + 1[11]
tar et
7 = 3[00] + 3[11]
Question: ElPXYZ
PXY — P;:(a}l;get
such that Py gz = piaset where
Pxz = P;t?;get
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Pxy :=) ., Pxyz
Pyz: =)y Pxyz

Pxz =) v Pxvz
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Example 3:

Py = (5100 + 31D (310] + 3[1])

target %[ 0] 4 1[11]
target _ % [OO] 41 [ ]
Question: JPxyz
Pxy = P35 Pxy =), Pxvyz
such that Py gz = piaset where Pyz:=) yx Pxvyz
Prz— B E Pxz =) v Pxvz

Answer; no!l  ptarget _

Y £
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5[00] + 3[11]  excludes [010], [110], [001], [101]
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Example 3:

Py = (5000 + 31 (5[0] + (1)
tar et
7 = 3[00] + 3[11]
target _ %[OO] + 1 [ ]
Question: JPxyz
Pxy = plaeet Pxy =), Pxvyz
such that Py gz = piaset where Pyz:=) x Pxvyz
sz—P?gget PXZ = ZYPXYZ
Answer:no!  piveet = 1i00) + 1[11]  excludes [010],[110], [001], [101]
PR = 1100] + 1[11]  excludes [001],[011],[100], [110]
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Example 3:

Py = (5100 + 31D (310] + 3[1])

target %[ 0] 4 1[11]
target _ % 00] 4 1 [ 1]
Question: JPxyz
Pxy = Pyy™ Pxy =27 Pxvz ?
such that Py gz = piaset where Pyz:=) x Pxvyz '
Prz— BE Pxz =) v Pxvz

Answer:no!  piveet = 1i00) + 1[11]  excludes [010],[110], [001], [101]
P = 1[00] + 3[11]  excludes [001],[011],[100], [110]

Therefore only [000],[111] X and Y must be correlated
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Consider binary X, Yand Z

EIPXYZ with PXij,Pz,ny,Pyz,PXZ as marginals

N

Marginal compatibility constraints
Px =) vPxy =) ,Pxz
Pr=) v Pxy =) ,FPrz
Prz=> «Pxz=> v Pz
Px+Py +Pz —Pxy —Pyz —Pxz <1

Page 11/96



How this is proven:

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Vz,y : Pxy(zy) = )., Qxvyz(zyz)
Vy,z : Pyz(yz) = )., @xvz(zyz)
V,z : PXZ($z> = >, Qxvyz(zyz)
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =Y, , Qxvz(zyz) Linear quantifier

elimination
Vz:Pz(2) =3, ,Qxyz(zyz) g

R ) = Ve : Px(z) = T, Pxy (ay) = ¥, Pxz(a?)
Vy: Py(y) =2, Pxy(zy) =2, Prz(yz)
Vz: Pgz(z) = >, Pxz(zz) =}, Prz(yz)

(

Vz,y,2 1 Px(x) + Py (y) + Pz(z2) — Pxy(zy) — Prz(yz) — Pxz(zz) <1
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Example 2 revisited:
PRy =31 +500]  PX =
e %[01] + é[lo] PR = 10] + 31
Py =1[01] + 1[10] ppreet =1

The equality constraints are satisfied

Consider the inequality constraint for (x,y,z) =(0,0,0):
Px (0) + Py (0) + Pz(0) — Pxy(00) — Pyz(00) — Pxz(00) < 1

Pirsa: 23030074
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Example 3 revisited:

Py = (3101 + 3[11)(3(0] + 3[1])
Py = 5[00] + 3[11]

Pt = L{00] + 1[11]

Consider the inequality constraint for (x,y,z) =(0,0,1):

Px(0) + Py (0) + Pz(1) — Pxy(00) — Pyz(01) — Pxz(01) <1
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Example 4 (example 1 with symmetry constraint):
Py = 5[00] + 3[11]
1

target
P = 3[01] + 3[10]
P = 1[01] + £[10]

Question: dPxyz symmetric under exchange of Y and Z

Pxy = plareet Pxy :=) , Pxyz 5
such that Pyz = Phaset where FPyz:=) s Pxvyz '
PXZ:P;?;get PXZ = ZYPXYZ
Answer: No!

Pxyz = %[001] + %[110] is not symmetric under exchange of Y and Z
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Incorporating symmetry constraints

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Va,y: Pxy(zy) = ), Qxvyz(zyz)

Vy,z: Pyz(yz) = )., @xyz(zyz)

Vz, 2 : Pxz(zz) = ), Qxyz(zyz)
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =2, . @xvz(zyz)

Still linear
V2 Pp(2) = 2y @xvz(Ty?) quantifier
Va,y,2:0 < Qxyz(zyz) <1 elimination!

Va,a' : Qxyz(xad') = Qxyz(xd a)
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Finding all constraints for a set of distributions on specified
subsets of variables to be the set of marginals of some joint
distribution

VS.
For a particular set of distributions on specified subsets of

variables, testing whether or not it is obtainable as the set of
marginals of a joint distribution
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ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Vz,y : Pxy(zy) = ), Qxvyz(zyz)

Vy,z: Pyz(yz) = )., Qxvyz(zyz)

Vz, 2 : Pxz(zz) = ), Qxyz(zyz)
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =2, . @xvz(zyz)
Vz: Pz(z) = Zm,y Qxvyz(zyz)

V:c,y,z 20 < QXYZ(myz) < 1
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?

A linear program can determine if
there are any solutions to this
system of linear equations

If not, the linear program can
return a witness of infeasibility---a
single inequality that is violated by

the set of dist’ns
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Inflation DAGs
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/ A\Y }l rN

/ \\ X2, ‘B

/Cx——2 ——/B Z3

The Triangle Scenario

At

Y2
X Yy

¥ {

/Cy By

Cut Inflation Large Inflation
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Sameness up to copy-indices
Let X € Nodes(G), X’ € Nodes(G’)

X~X
denotes that X’ contains exactly one copy of every
node in X

SubDAG_G’ (X" ) ~ SubDAG_G (X)
Denotes that X ~ X’ and that an edge is present
between two nodes in X’ iff it is present between
the two associated nodes in X.
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/ A\Y jl roN

i N S R YN

y C'—<—Z+B Za

The Triangle Scenario

/Ay

Y2
Xy Yy

¥ {

/Cy By

Cut Inflation Large Inflation
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model M on DAG G M’ =G — G’ Inflation of M

/A P A=
/,./A‘-\\\ B Al XY \ P B1|X12,
/ \ PB|XZ Y2 PCl Y12,
= 5 Peyyz X b Px,
/ \ PX Y * PYl
A A Py Ch B, Py
/CN—e— Z —)ﬁ"/B\\_ a2 7 > 2
. N / 1 PZ PZ
1

with symmetry constraint:
Py, =Py,
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model M on DAG G

/ \ Ppixz
Peyz
X Y
Px
A / \/ \ P Y

y C\‘ \_(_ Z _)ﬁ/ B\:\
/ b \ P Z
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M’ =G — G’ Inflation of M

(22 PA1|X1Y1 PA2|X1Y2

/Al'\\ Ppiivizi Psviz
o P

“x Y,
X1 Yq PCI|XIZI PC’lezZl
% Y *(\ Px, Px,
'Cl'_ / Bl.'.
=B\ Py, Py,
Pz, Pz,

Z9
with symmetry constraints:
Pa,ix,vi = Pasxivs
PB1|Y12'1 — PBQ|Y122

Peiixiz: = Peax.2,

Px, =Px,
Py, =Py,
Pz =Pz,
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suppose G’ € inflations(G)
then
M’ = Inflationg_, ¢ (M)
if and only if

VA;, Aj € nodes(G’) : P, pag, (4s) = Pa,|Pag (4;)-
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Recall: A dist’'n P on observed variables is compatible with a

DAG G if there exists parameter choices that yield P

Paixy

7R Pp|xz
Poyz

Papc = Z PaxyPBlyzPoxzPxPyPz
XYZ

Pac = Z PaxyPpyzPxPyPz
XY Z
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Injectable sets of observed variables
in the inflation DAG
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{A5C} is an injectable set
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{B1 B>} is not an injectable set
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{B>C5} is not an injectable set

Pirsa: 23030074 Page 33/96



Pirsa: 23030074

/\“ o S
A € ~

model M on DAG G

/,/2\ Paixy /A1
AR Pgixz / \\
Peolyz
X Y iXe

Px
/‘\/ \/\ Py / !
AN /C

{A;C1} is an injectable set

M’ = G — G’ Inflation of M

Pa,1x.vs
PBl |X1 VA
P vz
Px
Pyl

Py

2

150

1

1
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model M on DAG G

/\‘\\ A
b Paixy A,
VAR Pgixz / \
Peoyz Y,
X e X3 Yi

SN
/f\ / /\\ P Y C' | Bl :

A 75\ P A >

VA

{A;C1} is an injectable set

Pa,c, = E PA1|X1Y2P01|X121PX1PY2P21
X1Y22,

Pac = > PuxyPoxzPxPyPz
XYZ

M’ = G — G’ Inflation of M

Pa,1x.vs
PBl |X1 VAl
Peoilviz
Px
Pyl

Py

2

Pz

1

1

Page 35/96



Pirsa: 23030074

model M on DAG G M’ =G — G’ Inflation of M

/o Paixy /Ay Paixiv
AN ' ' P
Ppixz / \ Bilxice
Poiiv,z
PO’|YZ Ys C11Y1 2,
% Y p X1 Y Px,
X
’\/ \/\ Py Y * Py,
/ E y \
/ v L - £ \ C B .
/(_\ N 4 = B \‘3 P 7 : e Zl 7 - PYZ
Pz

{A1B1} is not an injectable set

Pap, = (Z PA1|X1Y2PY2PX1) (Z PBﬂﬂZlPYlPZl)

X1YQ ZLYI
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model M on DAG G M’ =G — G’ Inflation of M

' P

/\ P ajxy /Ar\ e
/TY\ Ppixz / \ ZalG
Poyyz Y2 Pamz

X Y Xl Yl PX

o f x |

f C, < Z > - ’B PZ 1 S Zl oz 1 PY2

Pz

Injectable sets: {A:},{B1},{C1},{A1C1}, {B:1C1}
(PAaPBaPO)PAO)PBC) (PAla-PBl!Pola-PAlOl’PBlOl)

compatible with M : compatible with M’

where Pa, =Pa4 Pa,c, = Pac
PBl = PB PBlol — PBC
Pc, =Pe
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model M on DAG G M’ =G — G’ Inflation of M

A

P

Injectable sets: {A:},{B1},{C1},{A2}, {B2}, {Cs},
{A1B1},{A1, B2}, {B1C1},{B1,C2},{C1, A1}, {C1, A2},
{AlBch}
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X % is incompatible

/ \\ with

Papc = £[000] + 2[111]

Strategy: assume compatibility and derive a contradiction
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Causal model M

2 Paxy
Ppixz
Poyz
X Y
Px
/\/ \\ 2
£ VA >R P,
(Pac, Psc)
where P,c = 1[00] + 1[11]

Ppc = 3[00] + 3(11]
is compatible with M
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Causal model M M’ =G — G’ Inflation of M

‘ P
/\ Paixy A\ AL Xuts
/AN . VA Ppx,2
B|XZ \
/ \ P / Poy vz,
= % C|lyz Ya =
PX Xl Y] X1
A / \/’\_\ P Y f * . P b
pian —< Z F—>— B\ P, | (35 - - B, | PYZ
Al le
(PACaPBC) (PA1015P3101)
where Pjc = 1[00] + 4[11] where Py,c, = Pac
Ppc = $[00] + 1[11] — Pp ¢, =Ppc
is compatible with M is compatible with M’
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Causal model M

A

& P
;%\ A|XY
X Y
/N w
" ) P
/ /C —<— Z —>— B\\\ P,
(Pac, Psc)
where Pyc = 3[00] + 3[11]

Pac = 3[00] + 3[11]
is compatible with M

Ppixz

Poyz

ki

where

M’ =G — G’ Inflation of M

/ A1\
/ v
X1 Y

Paxivs
Pp |x, z,
Pc, vz,
Px
¥ Py,
Bl' PYZ
Pz

1

1

(Pa,c,, Ps,c:)
Pa,c, = 5[00] + 2[11]
Pp,c, = 5(00] + 3[11]

is compatible with M’
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If Pa,c, = 5[00] + 3[11]
Pp,c, = %[OO] + %[11]

PaB, = %[OO] + %[11]

(recall example 3 of
marginal problem)

M’ =G — G’ Inflation of M

A Pax.vs
7]
' \ PBl|X1Z1
Pe, vz
Y>

X] Yl PXI

M \. Py,

Cl S L Bl.' PY2

Z1 le

(Pa,c,, Ps,c:)

where  Pa,c, = 5[00] + 3[11]

¢, = £[00] + $[11]

is not compatible with M’
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If Pa,c, = 3[00] + 3[11]
Pp,c, = %[OO] + %[11]

PaB, = %[OO] + %[11]

(recall example 3 of
marginal problem)
But this violates A1 L B

which is required by the
d-separation relation A1 L4 By

M’ =G — G’ Inflation of M

A P 1x.vs
1
' \ Pp,1x, 2,
Po, vz,
Y>
Xl Yl PXI

Y { Py,

Ci B\ Py,

Zl ' PZ

1

(Pa,c,, Ps,c:)

where Pa,c, = %[00] + %[11]
Pp,c, = 5(00] + 3[11]

is not compatible with M’
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Causal model M

(Pac, Ppc)
where Pyc = 3[00] + 3[11]

Pac = 3[00] + 3[11]
is compatible with M

/\ Paxy
" Ppixz

Peyz

U

where

M’ =G — G’ Inflation of M

/ A1\
/ v
X3 Yy

Paxivs
Pp, |x, 2,
Pc,iviz,
Px
Y Py,
Bl'.. PYZ
Pz

1

1

(Pa,c:: Peicy)
Pa,c, = 5[00] + 2[11]
Pp,c, = 5(00] + 3[11]

is compatible with M’
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Causal model M M’ =G — G’ Inflation of M

\ Paxy A - Pailxar
/AL A 1 PBl|XlZ1
Ppixz \
/7\ p / B e
g ” Clyz %) b
PX X] Yl X1
YAV I S O
//C\ NI e B\\ p Ci\ B\ Py,
~ Pz T
1 le
(PACaPBC) (PA1015P3101)
where Pac = 1{00] + 1[11] where  Pa,c, = 3(00] + 3[11]
Ppc = 3[00] + 1[11] = Pp,c, = 3[00] + 3[11]
is not compatible with M is not compatible with M’
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Causal model M

Paixy
Ppixz

Poyyz

Papc = 3(000] + 5[111]
is not compatible with M

‘\ (Pac, Psc)

where Pyc = 1[00] + 1[11]
Pgc = [00] + 3[11]
is not compatible with M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G')

{Pvr V' e S’}
where Py = Py for V.~V
is compatible with M’

{PV :Ves } :>
is compatible with M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G')

{Pvr V' e S’}
where Py = Py for V/ ~V
is not compatible with M’

{vaES} ¢

is not compatible with M
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Let Is be an inequality that acts on
the family of distributions {Py : V € S}

Whenever

{Py:V eS8} ; Is is satisfied for
is compatible with M {Py :V €&}
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Let Is be an inequality that acts on
the family of distributions {Py : V € S}

Whenever

{Py:V eS8} ; Is is satisfied for
is compatible with M {Py :V eS§}

we say that

Is is a causal compatibility inequality for model M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility inequality for model M’

{Pvr : V' e S,}
where Py = Py for V. ~ V
is compatible with M’

|

I/ is satisfied for
{Py:: V' € 8’}
where PVf = PV for V' ~V

{PV 'V = S } :
is compatible with M

Is i1s satisfied for —
{PV .V E S}
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility inequality for model M’

{PV 'V = S }
is compatible with M

|

Is is satisfied for
{PV .V E S}

Is is a causal compatibility inequality for model M
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M’ =G — G’ Inflation of M
S C ImagesInjectableSets(G) S’ C InjectableSets(G’)

Is/ is a causal compatibility
inequality for model M’

Is is a causal compatibility

inequality for model M :
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binary A, Band C

a / N
s Y X, Yi
S\ t .
/C € Z > f_."B\\\ __-Cl e i B __
VA
Pa+Pp+Pc—PaPp—Ppc—Pac <1 Pa,+Pp,+FPc,—Pa, Pp,—PB,c,—Pa,c; <1
is a causal compatibility is a causal compatibility
inequality for M inequality for M’
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(Pascy, Picyy Payp)  — (Pa,cy, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

Ay
/ \\Y (Pa,c,,PB,c,, Pa,B,)
2
Xl Yl

is compatible with M’

! )

— AlJ_Bl — PA1B1:PA1PB1

(Pa,cy, PB,cys Pa B, )

j PAl +PBl +P01 _PAl PBl _PBlCl_PAl(Jl S ]-
is compatible with M’
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(Pascy, Picyy Payp) — (Pa,c,, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

A
/ \\Y (Pa,c,,PB,c,,Pa,B,)
2
Xl Yl

is compatible with M’

! )

— AlJ_Bl — PA1B1:PA1P31

(Pa,cy, PB,cys Pa B, )

j PAl +PBl +P01 _PAl PBl _PBlCl_PAlOl S ]-
is compatible with M’

is a causal compatibility

PA1+P31 +P01 _PAI PBI _PBlcl_PAlcl <1 inequality for M’
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binary A, Band C

A \
/ A\ A \\
a /N
« Y X, Yi
PPN D
C \— Z o -\ _.-Cl e 7 o B _-
is a causal compatibility is a causal compatibility
inequality for M inequality for M’
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(Pascy, Picyy Payp) — (Pa,c,, PB,c,, Pa,B,) satisfy
is a valid set of marginals P, +Pp,+Pc,—Pa,B,—Pp,c,—Pa,c, <1

A
/ \\Y (Pa,c,,PB,c,, Pa,B,)
2
Xl Yl

is compatible with M’

P

— AlJ_Bl =4 PA1B1:PA1PB1

(Pa,cy, PB,cys PaB,)

j PAl +PBl +P01 _PAl PBl _PBlCl_PAlOl S ]-
is compatible with M’

is a causal compatibility

PA1+P31 +P01 _PAI PBI _PBlcl_PAlcl <1 inequality for M’
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X v is incompatible

/ with
/ \‘ \ / r/.. \-.
F 4 C‘ ~\\7 / \\.\‘

Test causal compatibility inequality for (a,b,c) =(0,0,1)
P4(0)+Pp(0)+FPc(1)—Pa(0)Pp(0)—Ppc(01)—Pac(01) <1

Papc = 5[000] + 5[111]
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X v is incompatible

with
/N v\

Test causal compatibility inequality for (a,b,c) =(0,0,1)
Pa(0)+Pp(0)+FPc(1)—Pa(0)Pp(0)—Ppc(01)—Pac(01) <1
LHS=3+1+1-31-0-0=32

Papc = 5[000] + 5[111]

4
2

O
4 ﬁ 1 violated!
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Correlator-based causal compatibility inequalities
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{+-}-valued A, Band C

X 14
/(>/< 7 ‘;:B\

(AC) + (BC) < 1+ (A){B)
is a causal compatibility
inequality for M

/a\
/ v
X1 Vg

A W
/C1\ /B1\
SR N - —
(A1C1) + (B1C1) < 1+ (A1)(Bq)
is a causal compatibility
inequality for M’
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(PAlclﬂ-PBlCl?PAlBl) : (PA1017P81017 PAlBl) Sa:tiSfy
is a valid set of marginals (A1C1) + (B1Cy) — (A1B1) < 1

/a\
/ \\Y (Pa,c,,PB,c,, Pa,B,)
2
X, Y;

is compatible with M’

f \ — A1 L B1 = (A1B1) = (A1)(B1)
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v is incompatible

\ with
ﬂ/\\
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Papc =3[+ ++] + 5[— — -]

Test causal compatibility inequality:

(AC) +(BC) <1+ (A)(B)

LHS = (+1) + (+1) = 2

RHS=14+0=1
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f'\\\
/A
X v is incompatible

with
. /\ / /‘-\\

Test entropic causal compatibility inequality
I(A:C)+I(C:B)<H(C)

Papc = 3[000] + 5[111]
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A harder case

X v is incompatible

/ \ with

Papc = 3[001] + £[010] + +2[100]
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Kon

Py (1)Pp(1)Pc(1)
< Pap(11)Pc(1) + Ppc(11)Pa(1)
+ PAc(ll)PB(l) + PABc(UUO)

Pirsa: 23030074

Spiral inflation

Pa,(1)Pg,(1)FPc,(1)
= Ba,ps (1) ey (1) ohBrie (11} P (1)
+ PAZCL (]']')PBZ(]') + PAIBLCL (000)
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PA(1)Pg(1)Pc(1)
< Pap(11)Pc(1) + P (11)PA(1)
+ PAc(ll)PB(l) + PABc(UUO)

rules out

Papc = 3[001] + £[010] + + % [100]

Pirsa: 23030074

Spiral inflation

Pa,(1)Pp,(1)Pc,(1)
< P, B,(11) P, (1) + Pg,c,(11) P, (1)
+ Pa,c, (11)Pg, (1) + Pa, B,c, (000)
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Pa,B,c, (111) < Pa, By, (111) + P ¢y 4, (111) + Pa,c, B, (111) + Pa, B, ¢, (000)

Holds for marginals of any distribution over A,B,C,A,B,C,

A1 By 1 4Cs
B1Cy14A
AxC1 1 gBo
Azl gBa 1 4Ch
7
Pa,(1)Pp,(1)Pc,(1)

Causal structure

Ll

Pa. B,c,
R aA:
Pa,c, B,
Py, B, 0,

= Py, B, Pc,,
= Pp,c, Pa,,
= Pp,c, Pg,,
= Pa, Pp, Pc,

= PAle(ll)Pcz(l) = PBlcQ(ll)PAz(l) o PAQCI (II)PBQ(I) = PAlBlcl (000)

Holds for marginals of any distribution compatible with this structure

Pirsa: 23030074
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Expressible sets
of observed variables
in the inflation DAG
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Causal model M M’ = G — G’ Inflation of M

/ﬂ\\ PA|XY / Al PA1|X1Y2
/’A\\ . \ P
. PB|XZ / \ Bl|X1Z1
Poiviz
PO’|YZ Ys 1|12,
s Y p X Y Px,
X
/ \ PY Y * PYl
/’\ /\ / /- \
.‘/' i < > £ \‘-.\ Cl Bl P
Z

{A1B;} is not an injectable set but it is an expressible set

Pap, = (Z PA1|X1Y2PY2PX1) (Z PBﬂﬂZlPYlPZl)

X1YQ ZLYI

Pa=) PaxyPxPy Pp=> PpyzPyPz
XY YZ

Pap compatible with M ——  Pa;p, = PAPp compatible with M J
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Causal model M M’ = G — G’ Inflation of M

Paixy A1 P x.vs
PB\XZ / \ PBl|X1Z1
PC|YZ Y2 P01|Y1Z1

e P X3 Y PXl

X
/C1\ /B\
VA > B 450 A /B1\ P
PZ ‘ N Zl > o \ PY2
Zy

{A1B1C1} is neither an injectable set nor an expressible set
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Causal model M M’ = G — G’ Inflation of M

. 4 P4, 1x, v,
£ Paixy £ |
A=) \ PB1|X1 Z
\ Pgixz
/ / Y; Poimaz,
Peolyz :
X ya X1 Y PX1
Px
/ \ Y * PY1
A\ W Py C B P
C . < 7 > ' 'B \ PZ 1 - Zl - 1 Yo
Pz,
images of injectable sets expressible sets:
{ALA{B}EA{C}H{ACHA{BC} {A1},{B1},{C1},{A1C1},{B:1C1}, {A1, B1}
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Causal model M

A \
X Y
Px

/ C x—= Z >—/ B\
F ' P,

images of injectable sets
14}, {B},1CHL1AC} {BC}
(PAapBa-PC:PACaPBC)
compatible with M

Pirsa: 23030074

—

M’ = G — G’ Inflation of M

fa Paxv,
\ PB1|X121
Yy PC71|Y121

Xl Yl PX1

Y Y By

B B P
= N - Yz
Z1

expressible sets:
{A1},{B1},{C1},{A1C1},{B:1C1},{A1,B:1}

(Pa,, PB,, Pc,, Pa,c,, PB,c,,Pa,B.)
compatible with M’
Pa, =Pa Pac, =Pac
PBl = PB PBlc’l — PBC
Pe, = Pe Pa,B, = PaPg

where
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Note: the scheme described for deriving causal
compatibility inequalities requires
marginal compatibility inequalities

that refer only to expressible sets
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(PAlclﬂ-PBlCl?PAlBl) : (PA1017P81017 PAlBl) Sa:tiSfy

is a valid set of marginals Pp,+Pp,+Pc,—Pa,B,—Pp,c,xPa,c, <1
\\ expressible sets
- (PAlc‘pPBlClaPAlBl)
X, Y, : is compatible with M’

/! !

— AlJ_Bl — PA1B1:PA1P31

(Pa,cy, PB,cys Pa B, )

j PAl +PBl +P01 _PAl PBl _PBlCl_PAl(Jl S ]-
is compatible with M’

is a causal compatibility

PA1+P31 —|_P01 _PAI PBI _PBlcl_PAlcl <1 inequality for M’
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Pa, By, (111) < Pa, By, (111) + Pp,cy 4, (111) + Pa,c, B, (111) + Pa, B, ¢, (000)

Holds for marginals of any distribution over A,B,C,A,B,C, \

/_/;1 \\
/ 2\\ Causal structure
7;_/’;4{\
X5 ){/ \\ Y, AlBQJ-dCQ — PAIB2G2
;(1 Y; BlCQJ—dAQ — PBl CaAs
E; P\ AsC11gBy = Pa,c, B,
y. .\\ il \ /—\; 1)\ /\‘" é
'{f'/CQ\‘R—;‘ Zy 7 E A2—LdBQ—LdCZ PAszcz
Z>
PAz(l)PBz(]')PCQ (1)

expressible sets

= Pa, B, Pc,,
= Pp,c,Pa,,
= Pa,c, PB,,
= Pa, Pp, Pc,

= PAle(ll)Pcz(l) o PBlcQ(ll)PAz(l) o PA2C1 (11)P32(1) = PA131C1 (000)

Holds for marginals of any distribution compatible with this structure

Pirsa: 23030074
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Recall the derivation of linear inequalities for marginal compatibility

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

v,y : Pxy(zy) = )_, Qxvyz(zyz)
Vy, DA Pyz(yZ) = Zm Qxyz(xyZ) We can always
Vz,z: Pxz(zz) =Y, Qxyz(zyz) eliminate more
parameters
Vz: Px(z) =3, ,Qxvz(zyz)
Vy: Py(y) =Y, , Q@xyz(zyz) Linear quantifier

elimination
Vei Pale) = X, Quvalav)

0 < <
Vz,y,2: 0 < Qxyz(ryz) <1 Vr: Px(z) =), Pxy(zy) =), Pxz(zz)

Vy: Py(y) =2, Pxy(zy) =2, Prz(yz)
Vz: Pgz(z) = >, Pxz(zz) =}, Prz(yz)
(
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Polynomial inequality

constraints for causal

compatibility with the
original DAG

Pirsa: 23030074

Polynomial equality constraints for
causal compatibility with the
inflated DAG
(from d-separation relations)

4

Linear inequality constraints for
marginal compatibility
(from linear quantifier elimination)

Page 80/96



Technique for deriving causal compatibility inequalities:

- Choose an inflation of the DAG and find the expressible sets based on its structure

- Derive linear inequalities for marginal compatibility of the distributions over the
expressible sets by eliminating the parameters in the distributions over every
nonexpressible set. This is achievable by linear quantifier elimination

- For each expressible set, rewrite the distribution thereon as a function of the
distributions on the injectable sets that make up the expressible set---a polynomial
equality

- Substitute these polynomial equalities into the marginal compatibility inequalities

- Drop the copy-indices to obtain causal compatibility inequalities for the original DAG
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0 < 1—(AC) — (BC) + (A)(B) (x12)
0 < 3—(A) — (B) — (C) + 2(AB) + 2(AC) + 2(BC) + (ABC)

+ (A)(B) + (ANC) + (B)(C) — (AN(BC) — (BY(AC) — (C)(AB) + (A)(B)(C) )
0< 4+ 2(C) — 2(AB) — 3(AC) — 2(BC) — (ABC) (x24)
+ 2(A)N(B) + (A){C) — (AN(BC) — (CAB) + (AB)(C)
0 < 4—2(AB) — 2(AC) — 2(BC) — (ABC) (x8)

+ 2(A)(B) + 2({A)(C) + 2(B)(C) = (AN(BC) — (B){AC) — (C)(AB)
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Dag #16 from Henson Lal and Pusey
A
.4 R
X
C
N . . 4

Shannon-type entropic inequalities could
not prove that this was interesting

I~

Sy
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It was proven interesting in J. Pienaar, arXiv:1606.07798

A
is incompatible with
. O\ X g
\ [0000] 4 [0110] + [0001] + [1011]
+ + Papcy = 2
C B o : :
~ ¥ despite it having all the Cl relations
Z implied by d-separations
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Pp,c,v,v,(0010) < Pp,c,v,v,(011) + Pa, c,v,v,(1010) + Pa, c,v, v, (0010)

Holds for marginals of any distribution over A,B,C,C,Y,Y,
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Pp,c,v,v,(0010) < Pg,c,v,v,(011) + Pa,c,v,v,(1010) + P4, c,v,v,(0010)

Holds for marginals of any distribution over A,B,C,C,Y,Y,

/ » Causal structure
X 4 = \3 " BC1YalyYT = Ppcivav, = Pryoiva Py
¢ y \+ ByCoYo 1 qYr = Pp,c.vay, = P.cyy, Py,
A A AC1Y1L4Ys = Pacviy, = Pajoiv, Py,
C \ / B, A CoY1 1Yo = Pa,c,vyy, = Pa,c,v, Py,
\ , /
Pp,c,v,(000)Py, (1)

< PB,c,Y,(01) Py, (1) + Pa,c,v, (101) Py, (0) + Pa, c,y, (00) Py, (0)

Holds for marginals of any distribution compatible w)*h this structure

Not injectable
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PB:zCle(OOO)PY1(1)
< P52C'2Y2 (Olo)Pyl(]') + PA1C'1Y1(101)PY2 (0) + PAchYI (OOI)PYZ (0)

TN
[N
oz\i\ /;1/32

Z

Pa,cyvi(acy) =) Pa,c,B,v, (abey)
b

FasyveresBiv

A 14 Co|B1YT = Pa,0,B,Y, = Pry
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PBzclyz(OOO)PY1(1)
< P52C'2Y2 (Olo)Pyl(]') + PA1C'1Y1(101)PY2 (0) + PAchYI (OOI)P}C_,(O)

TN
[N
oz\i\ /;1/32

Z

Pa,cyvi(acy) =) Pa,c,B,v, (abey)
b

FasyveresBiv

A 14 Co|B1YT = Pa,0,B,Y, = Pry

Pg,c,v,(00) Py, (1)

P 0b1)P 0b1
< Pp,cyv, (010)Py, (1) + Pa,c, v, (101) Py, (0) + > A1, (001) P, ¢, v, (001)
b

Pp,y, (b1)

Py, (0)
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Pirsa: 23030074

A2

Ea RN
N
\i\/j{B

C

N7

\ Co
7
Ppcy (00) Py (1)
Papy (0b1) Pgey (0b1
< Ppey (010) Py (1) + Pacy (10) Py (0) + ABY(PB})/&C)'Y( )Py(o)

b

violated by

0000] + [0110] 4 [0001] + [1011]
1

Papcy =
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Causal model M

A
£
VA

/ / A ..\\
X e

/

£ Cv \_\_(_ Z _)_’/B ‘.\

M’ =G — G’ Inflation of M

Ao\

AN
X Y Y;

{A1, Ao, B} and {A;, Ay, B} are notinjectable sets

But they satisfy additional equalities due to symmetries of the inflation

Pirsa: 23030074
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Causal model M M’ =G — G’ Inflation of M

/‘/.\‘_‘ AQ \
A 5N A
NN
Xo A Y
X Y % %, h
/ \\ - 1}\ 2
,-‘/.Ci."\\. 7 : / B\'\_ : 02 —(— Zl / B2- \

{A1, Ao, B} and {A,, Ay, B} are notinjectable sets

But they satisfy additional equalities due to symmetries of the inflation

P4, 4,8, (aa'b) = P4, 4,5, (aad’b)
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Pirsa: 23030074

Causal model M M’ = G — G’ Inflation of M

. N A\
AN
Xy 7 % Ys
X Y % i i
,/ \ \ o g > B>\ \
.-‘/IC'\“-_—<— Z —)—:B\ : C: : = / /Ba\

{A1, Ao, B} and {A,, Ay, B} are notinjectable sets
But they satisfy additional equalities due to symmetries of the inflation
Pa, 4,8, (aa’b) = P4, a,p,(aa’d)
P, a,B, (aa'b) =Py, a,B,(a'ab)

PAlAsz (aa,b) - PA2A1 By (aa,b)
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Recall effect of symmetries in deriving marginal compatibility constraints

ElQXYZ with PX,Py,Pz,ny,Pyz,PXZ as ma,rginals

Vz,y: Pxy(zy) = X, Qxvyz(zyz)

Vy,z : Pyz(yz) = 3., @xyz(zyz)

Vz, 2 : Pxz(zz) =), Qxyz(zyz)
Vz: Px(z) =), ,Qxvz(zyz)
Vy: Py(y) =2, . @xvz(zyz)

Still linear
V2 i Pp(2) = 2y @xvz(Ty?) quantifier
Va,y,2:0 < Qxyz(zyz) <1 elimination!

Va,a' : Qxyz(xad') = Qxyz(xd a)
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Pirsa: 23030074

Causal model M M’ = G — G’ Inflation of M

. \-._‘ A2 by
/‘f A \“-‘ . FAN
AN
5 _ /T N B
X Y % ;( . Yj{
v N . ,\\
-./.)/' C“‘\'-A_.\-_ﬁ Z %I/B\.\_:’ . O‘Z , € Zl / Bz \

Z3

{A1, Ao, B} and {A;, Ay, B} are notinjectable sets
But they satisfy additional equalities due to symmetries of the inflation
Pa, 4,8, (aa’b) = P4, a,p,(aa’b)
Pa. a,B, (aa'b) =Py, a,B,(d'ab)

PAlAsz (aa,b) - PA2A1 By (aa,b)
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Polynomial inequality

constraints for causal

compatibility with the
original DAG

Pirsa: 23030074

Polynomial equality constraints for
causal compatibility with the
inflated DAG
(from d-separation relations)

+

Linear inequality constraints for
marginal compatibility, potentially
including symmetry constraints on

the joint distribution
(from linear quantifier elimination)
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Next lecture: More on inflation
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