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Inequality constraints for
latent-permitting causal models




Seeing that there must be
inequality constraints
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@ No CI relations
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Depicted dominances are consistent with edge and
hyperedge dropping, but one needs to show that they
are not strict

That is, one needs to show observational
inequivalences
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@ No CI relations
Evans @ No CI relations

- ® No CI relations
Instrumental p
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Factorizing O O O
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No CI relations

Triangle

Collider
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Note:
There are no nested Markov constraints beyond
conditional independence relations at the level of 3
nodes

Therefore, the constraints that separate these
observational equivalence classes must be
inequalities
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Some simple examples establishing the separations
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0 Compatible set does not include:

YD per oo+ 2pm
e ()

o

Triangle

Steudel and Ay, 2012
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0 Compatible set does not include:

W © o, = 1[000] + £[111]
OO

@ Proof: The marginals of the target state are:
Pgy" = P§gr = PRE = 3[00] + 3[11]

Papc = Z PaaoPBjarPoiraPaPaPr
AQD But then:

Pig= P P PAPqP

AQD

Ppiro =dB,0 = (Z 5A,QPQ) (Z POAI‘PAPF)
Q AT

Pa =3[0+ 411

So that PAB = (Z 5A’Q5319PQ) ZPA Z P[‘
Q A T

= 1[00] + 3[11]
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Compatible set does not include:

Pfliggl = (3[00]ac + 3[11])ac) [0]5
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Saturating

Triangle

]
Instrumental
Chain & Fork

2| 1-Factorizing

Factorizing

Collider
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Compatible set does not include:

Pfliggl = (3[00]ac + 3[11)ac) [0]5

Evans

Proof:
Require: Ppgjar = 0]

Which implies  Pasc = Y _PajasPparPoirsPaPr
AT

— (Z PA|ABPA) (Z PC‘|1"BP1“) 0]
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Compatible set does not include:

Pfliggl = (3[00]ac + 3[11)ac) [0]5

Evans

Proof:
Require: Ppgjar = 0]

Which implies ~ Pasc = Y PajasPpiarPoirsPaPr
AT

— (Z PA|ABPA) (Z PC‘|1"BP1“) 0]

= PAoPc O]
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Compatible set does include:

PSR, = 1[000] + 3[111]

Evans

/A is random
A and B copy A
C copies B
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PR = (1]00]ac + 3[11]ac) [0]5 P = 3[000] + [111]

Triangle
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PR = (1]00]ac + 3[11]ac) [0]5 P = 3[000] + 3[111]

. Instrumental
Triangle
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Proof:

Pirsa: 23030073

Compatible set does include:

Pp|ar = 0B, A@T
Paipa = 04,00B,0 +04,00B,1

Pei1r = dc,rdB,o +90,00B,1

PEEG” = 3 (3[00)ac + 3[11]40) [0]5 + 3[00]ac[1] 5
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Compatible set does not include:

PEEG” = 3 (3[00)ac + 3[11]4c) [0]5 + 3[00]ac[1] 5

Instrumental
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Compatible set does not include:

PEEG” = 4 (3[00)ac + 3[11]a0) [0]5 + 3[00]ac[1] 5

Instrumental

| don’t know of a simple way to prove this.
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Instrumental
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Instrumental
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Proof:

Pirsa: 23030073

Compatible set does include:

Pp|ar = 0B, A@T
Paipa = 04,00B,0 +04,00B,1

Peipr = dc,rdB,o +90,00B,1

PEEG” = 4 (3[00)ac + 3[11]ac) [0]5 + 3[00]ac[1] 5
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PR = (1]00]ac + 3[11]ac) [0]5 P = 3[000] + 3[111]

. Instrumental
Triangle
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Inequality constraints
for causal models




Inequality constraints for
structural causal models on two
binary observed variables with

binary latent variables by
quantifier elimination




Observed variables are binary
All latent variables are binary

“ N,
SN N
A v v /“\J) i
l J zg/ \B . o ‘4"/5\5
A B \/ *\1/
VANERVZN
NP
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Observed variables are binary
All latent variables are binary

ﬂ
/ \ A
A B

]

N,
.7

1%

1%

VaN

A B

-—D

A\V/B

Note: conditional independence techniques can only determine
whether A and B are causally connected or not
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Different choices of the functional dependences of A and B on
the latent variables

v [ A

A B
A=vdu B=\&u
A=véepudl B= dudl
A=rvpu B = A\u

A=vue1l B=A\udl
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PooP11 = Po1P1o

(11l
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PooP11 = Po1P1o

(11l
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B

B=v
Poo = 4142
Po1 = 4142
P10 = 4142
P10 = 4192
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Poo = 4192
Po1 = G192
P10 = 4142
P1o = 4142

This system of polynomial
equations defines an algebraic
variety in 6d

Pirsa: 23030073

Poo = 4192

Po1 = q1q2
P10 = 4192
D10 = 4192

This system of polynomial

o
IAIA

QR

IA A

pd =

equalities and inequalities defines a
semi-algebraic set in 6d
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This system of polynomial
equations defines an algebraic

Pirsa: 23030073

Poo = 4192
Po1 = G192
P10 = 4142
P1o = 4142

variety in 6d

Project onto 4d subspace of
Poo,Po1,P10,P11
By Tarski-Seidenberg theorem,
this is also a semi-algebraic set

Poo = 4192

Po1 = q1Q2
P10 = 4192
D10 = 4192

This system of polynomial

o O
IAINA
QR

IA A

pd =

equalities and inequalities defines a
semi-algebraic set in 6d
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Poo = 4142 Poo = 4192

Po1 = G192 Por=¢q1q2 0<q <1
P1o = 4192 Plo=q1q2 0<¢g2<1
P10 = 4142 P10 = 4192
This system of polynomial This system of polynomial
equations defines an algebraic equalities and inequalities defines a
variety in 6d semi-algebraic set in 6d

Project onto 4d subspace of
Poo,Po1,P10,P11
By Tarski-Seidenberg theorem,
this is also a semi-algebraic set

\4

PooP11 = PoiP1o
0 < Pab < 1 VCL, b

Tapa=1 =

Implicitization
a.k.a
Quantifier Elimination

o0
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Poo = 41G2 PooP11 = Po1P10

g(l](l) i %g; imply because
P10 = 4142 (9192)(G132) = (9132)(G1¢2)

and Eab Pap = 1

0<q <1

imply onl 0< < 1Va.b
0<q <1 ply Yy = Pab > a,
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[01]

PooP11 =~ Po1P10

Inequality constraint

[00]
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=

S
<>

A= pv B = pA

pwlv | Al A=uv | B=pu

0000 0

0]0 L]0 0

0[1]0]0 0

0110 0

1]0]0]0 0

1[0]1]0 1

T]1]0]1 0

1]1]1]1 1

= (1 = 0) Poo = g1 + 419293

= PlH= Po1 = 419243
g2 = p(v = 0) P10 = 414293
g3 = p(A = 0) = G0

P10 — 414243

Pirsa: 23030073 Page 41/79



Poo = q1 + q19293 Poo = ¢1 + 19293 ¢ <1

Po1 = q19243 Po1 = 14243

_ = = — A 0<g2 <1
P10 — 4142493 P10 — 4142493

_ = = = e 0<¢g3 <1
P11 — 4142493 P11 = 414243

This system of polynomial
equalities and inequalities defines a
semi-algebraic set in 7d

This system of polynomial
equations defines an algebraic
variety in 7d

Project onto 4d subspace of

PoosPo1,P10/P11
By Tarski-Seidenberg theorem, 01)

this is also a semi-algebraic set

\ 4
PooP11 = Po1P10
0 < Pab < 1 VCL, b

Zab Pab = 1

> (0]

[11]
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Let k[z1,...,x,] denote the polynomials on z1,...,x, over the field &k
DN SRR 10 =R T (1 T o |, R ey

mn ?

An algebraic variety is the solution set of a system of polynomial equations

V(fl-‘"‘?fs)z{(ala'--yan) e k" :
Filay,....8:) =0 V.1 <3 < 5}

A subset I C k[xy,...,x,]is anideal if it satisfies:
1. 0el,

2 Iff.gel, then f +qg €1,

3 Iffelandh € k[xi1,...,zy), then hf € I.
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Let k[z1,...,x,] denote the polynomials on xz1,...,x, over the field &
SN R 10 = T (1 T o, R ey

n ?

An algebraic variety is the solution set of a system of polynomial equations

V(fl-‘"‘?fs)z{(ala'--yan) Ekn:
Filay,...,0.) =0, V.1 <3 < 5}

A subset I C k[xy,...,x,]is anideal if it satisfies:
1. 0el,

2 Iff.gel, then f +qg €1,

3 Iffelandh € k[xy,... zn) then hf € I.

An ideal defines an algebraic variety
W) =llm. e ) E R flmy gy =0 NfE 1)

ideal generated by f,...., f.
i) — {Zhif-i 4 THENES W = k[Il’---aIn]}-
i=1

V(I) = V(fi,---. fs)
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Poo = q1 + q1G2q3

Po1 = 414243
P10 = q19293
P11 = 9149293

Theidealis (Poo — 41 — 719293, Po1 — §192Q3, P10 — §1G293,
P11 — 41G2q3)-

The Groebner basis for the ideal ® is given by

91 =¢q2q1 —q1 —q2 —p1o — P11 +1

92 =93q1 —q1 — g3 —por —pnn +1

g3 = q3p10 + q3pP11 — P10

94 = g2Po1 + g3P11 — Poi

95 = poo + Po1 + P10+ P11 — 1

g6 = P11 + DPo1P1o + P11P1o — P11 + Po1P11 + P1141.

The semi-algebraic set we seek are the sol’ns to:

N=92=93=9g1=9s =96 =0
Under the constraintthat 0 < ¢; < 1
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91 =091 —q¢1—q—po—pn+1

92 = 4391 —q1 —q3 —Ppo1 — P11 + 1

g3 = q3p10 T+ 43p11 — P10

94 = q2Po1 T q3P11 — Po1

g5 = poo + Po1 + P10 +p11 — 1

g6 = P11 + Po1p1o + P11P10 — P11 + Po1Pi1 + P11di-

gs =0 = Ppoo+po1+pio+pi=1

g6 =0 = pu (pm + Po1 + P11 — 1) + po1p1o +Pp11q1 =0

_ P11Poo — P1opPo1
P11

— q1

g1 >0 = poopi1 = Po1P10
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Poo = q1 + q1G2q3

Po1 = lefp% Po1 = 4149293
P1o = qltptp P10 = 414293
P11 = 419293 P11 = q142q3

This system of polynomial
equations defines an algebraic
variety in 7d

Project onto 4d subspace of

Poo,Po1,P10,P11
By Tarski-Seidenberg theorem,

this is also a semi-algebraic set

The nontrivial constraint is a/v

polynomial inequality
We must intersect the tetrahedron
with a semi-algebraic set

Pirsa: 23030073

Poo = q1 + q192q3

PooP11 = Po1P10
0< Pab < 1 VCL, b

Zab Pab = 1

0<q <1
Uisigo <]
0<g3 <1

This system of polynomial
equalities and inequalities defines a
semi-algebraic set in 7d

[01]

\ 4

[00] (10]

[11]
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(Po1 — p11)(Poop11 — Po1P10) < O
(Po1 — p11)(P10P11 — Po1PO0) < O

[00] ~&= [10]
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# | Algebraic variety generated by the class Test for feasibility of the class Minimal causal model of the class
M ]
// \“\_
/// \\\ ,
2 1 LB
#14 (Po1 + 2p10 + 2p11 —2)” > 4poo Y e
[lu] 5 hS ,‘ o
A=p®rv, B=wédpudbv
Id, f, fa, faB, faBSX, fpXS, XS, faXS, SX, fgSX, faSX, fapSX
4(p10 — P11)(PooP10 — Po1P11) < N 8
(p11(2po1 + p11)— v Y
. N
415 P1o(2poo + plo)) ) A - Y. i
4(p10 — p11)(Po1P10 — Poop11) < LY
v
(P11(2po1 + P11)—
2
p10(2poo +P10)) A—pan B0
Id, fapS, faX, fgX, faS
1 0
[4(p10 — P11)(Poop10 — po1p11)| < W
(p11(2po1 + 2p10 + Poo)— s & L
2 AN o~
#16 P10(2po0 + 2p11 + po1)) s

[10]

11

PooP11 > poi1Pi1o

A=vy, B=povs

Same as #13
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BUT: Nonlinear quantifier
elimination scales very badly
with the size of the problem
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Bell scenario

P
@ Pg
(») Pr

Pxy|sT = 2APyiTaPx|sAPA
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Bell scenario

Px1sA
Py 1A

O, P
) Pr

Pxy|sT = 2APyiTaPx|sAPA

But the cardinality of A is unrestricted!

irsa: 23030073 Page 52/79



&me\«
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Prita

X= (5, 1)

Y=5(TA |

TN

()

7.

| :%L'{\
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Pxy|sT = 7 40x,1(5)0v,90) Prc(f, 9)
If X,Y,S,T are binary, A can have cardinality 16

Pzy|st = PXY|ST('Ty|St) dfg -— PF,G(fa g)
Cl?,y,S,t = {07 1} fag = {id7fp7r0:r1}

P00[00 = Gro,ro T qro,id T Gid,ro T 4id,id

P00|01 = Grg,r; T Gro,fp T Gid,r; T 4id,fp 0<4qsg <1V}, g

16 linear equalities + inequalities
Do linear quantifier elimination on the 16 g’s.
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This yields the conditional independence relations and
the 8 CHSH inequalities

Pxis7 = Px|s 1 22—y Pxyisr(zy|00) + 3 3., Pxy|sr(zy|01)
Py|\st = Py|r T 2aey Pxyisr(zyl10) + 3 32, Pxy|sT(zyl1l) < 3

+ 7 others

Clauser, Horne, Shimony and Holte, Phys. Rev. Lett.23, 880 (1967)
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This yields the conditional independence relations and
the 8 CHSH inequalities

PxisT7 = Px|s 122y Pxyisr(zy|00) + 3 3=, Pxy|sr(zy|01)
Py|\st = Py|r T 2amy Pxyisr(zyl10) + 3 32, Pxy|sr(zy/1l) < 3

+ 7 others

Corresponding to the 8 frustrated four-node networks

%
A
!
!
%

X
A
A
X

A

03

!
4
)
!
)
4

Clauser, Horne, Shimony and Holte, Phys. Rev. Lett.23, 880 (1967)
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The triangle scenario is not gearable

Nonetheless, there are other techniques for
determining sufficient cardinalities of the latent
variables

Triangle

See: D. Rosset, N. Gisin, and E. Wolfe. Quantum
Inf. & Comp. 18, 0910 (2018)

E.g. If A, B, C are binary, then it is sufficient if the
the latent variables are 6-valued
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Causal structure Parameters
P a0
Ppiar

Peoira

Papc = Y PanePpiarPoiraPaPaoPr
AQT
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Shannon entropy

H(X):=—-)_  Px(z)logPx(x)

Conditional entropy

H(X|Y):= HXY) - HY)

Mutual information

I(X:Y)=HX)+H(Y)—-H(XY)

Conditional mutual information

I(X:Y|2)=H(XZ)+ H(YZ)- H(XYZ) - H(Z)

irsa: 23030073 Page 60/79



irsa: 23030073

Entropy vector

For the joint distribution of the random variables X,, ... X, , the
components of the entropy vector are the entropies of the
marginals for all possible subsets of variables:

(H(X1),H(X2),...,H(X,), H(X1X3), H( X1 X3),..., H(X1, X2, -+, X))
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Entropy vector

For the joint distribution of the random variables X,, ... X, , the
components of the entropy vector are the entropies of the
marginals for all possible subsets of variables:

(H(X1),H(X2),...,H(X,), H(X1X3), H( X1 X3),..., H(X1, X2, -+, X))

The entropy vector is a coarse-grained description of the joint
probability distribution
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An outer approximation to the entropy cone:
the Shannon cone

Monotonicity
H(XA) = H(X)
for every variable A and sets of variables X

Submodularity

H(X) + H(XAB) < H(XA) + H(XB)
where A and B are variables not in the set X
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Inequalities describing the Shannon cone are
termed Shannon-type

Valid inequalities for the entropy cone that are not
Shannon-type are termed non-Shannon-type
(R. Yeung, IEEE Trans. Inf. Th., 43, 1997)
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Example: for distributions on X, Y, Z, the linear equalities
defining the Shannon cone are

Pirsa: 23030073

O = O = O O O

O == OO OO

|
[

[ H(X)
H(Y)
H(Z)

H(XY)
H(XZ)

H(YZ)

\ H(XY Z)
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So far, these are statements about a joint
distribution, with no causal content

What are the constraints on the
entropies of observed variables for a
given causal structure?
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The entropic technique for deriving inequality constraints:

The set of all constraints on observed and latent variables are the conditional
independence relations among these
These imply linear equalities on the components of the entropy vector for
observed and latent variables

Add the linear inequalities of Shannon-type

Implicitize all entropic quantities that refer to latent variables
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The entropic technique for deriving inequality constraints:

The set of all constraints on observed and latent variables are the conditional
independence relations among these
These imply linear equalities on the components of the entropy vector for
observed and latent variables
Add the linear inequalities of Shannon-type

Implicitize all entropic quantities that refer to latent variables

The result is the marginal Shannon cone, described by linear inequalities on
entropies over observed variables only
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Triangle
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Entropic constraint for the triangle scenario
T. Fritz, 2012

AL Blp X1 pv
ALCIA pl v
B1LClv v 1\
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Entropic constraint for the triangle scenario
o T. Fritz, 2012
ALBlp N1 pv
O (8) ALCIAN pl v
@ B1LClv v 1\
Triangle

AJ_B|;L :>I(A:B|u):0 — I(AZB)SI(A5ﬂ) By Shannon-type

inequalities
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Entropic constraint for the triangle scenario

@ o @ T. Fritz, 2012
ALBlp N1 pv
O (8) ALCIAN pl v
@ B1LClv v 1\
Triangle

AL Bljp = I(A:Blu)=0 = I(A:B)<I(A:p) By Shannon-type
ALCIN = I(A:CIN)=0 = IA:C)<I(A:)\ inequalities

I(A:B)+1(A:C)<I(A:p)+1I(A:N
_ By Shannon-type
< H(A)+1(p:A) inequalities
pl A = I(p:A)=0
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This is linear quantifier elimination
(Fourier-Motzkin elimination)

The key: products of probabilities
become sums of entropies
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::> I(A:B)+I(A:C) < H(A)

Triangle Note that this inequality detects
the incompatibility of

Papc = £[000] + $[111]
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—> I(A:C)< H(B)

Note that this inequality detects the
incompatibility of

PR = (1[00]ac + 2[11]4c) [0]5

irsa: 23030073 Page 74/79



Instrumental
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@
0‘ —> I(A:BC)< H(B)
)

Instrumental Note that this inequality also detects the
incompatibility of

PR = (1[00]ac + 2[11]4c) [0]5

But not our example separating Evans and instrumental

PEEE” = 5 (3100)ac + 3[11]ac) [0]5 + 5[00]ac[1]5
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Triangle

I(A:B)+I(A:C) < H(A)

Note that this inequality detects
the incompatibility of

Eapcl— %[000] + %[111]

But it fails to detect the
incompatibility of

Papc = 3(001] + £(010] + %[100]
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The move to entropies has
thrown away too much
information to witness
certain incompatibilities
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Next Lecture:
The inflation technique




