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All the equality constraints
for

causal models




Causal structure :: > Constraint on observed
probability distribution

Violation of constraint on
observed probability
distribution

Falsification of
causal structure
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Observe P such that

S L C|T
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A distinction among interventional
probing schemes

irsa: 23030072 Page 6/97



Observe P such that

S L C|T
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Split-node intervention

Observe and
reprepare new
random version
with flag
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Split-node intervention
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Observe and
reprepare new
random version
with flag

Observe and
reprepare with
fixed value x

Intervention

Marginalize and
reprepare new
version with flag

Marginalize and
reprepare with
fixed value x
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Plain intervention

Py xz\x#=2 = 2N Py|anx#=2Px|n2PNPz
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Latent-free causal models




In this context, latent-free means no unobserved variable
having more than one observed variable among its causal
descendents
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Interventional equivalence and
dominance in latent-free causal

models




For a causal structure, we define the behaviours under all
possible interventions:

For each valuation of the parameters in the model, find the
tuple, ranging over subsets S of the full set V of nodes, of
distributions over V arising from an intervention on the
subset S.

Interventional equivalence of two causal structures: having
the same behaviours under all possible interventions
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Observational equivalence and
dominance in latent-free causal

models




Pirsa: 23030072 Page 20/97



Pirsa: 23030072

Definition (path blocking) A path between node X and node Y is
blocked by a set of vertices Z if at least one of the following
conditions holds:

1. The path contains a chain whose mediary node isin Z

2. The path contains a fork whose tail node isin Z

2. The path contains a collider whose head node is not in Z and
no descendant of which is in Z.

Definition (d-separation) Given a DAG G with nodes V and
three disjoint sets of nodes, X,Y,Z c V. Xand Y are d-
separated by Z if and only if for every pair of vertices, X and
Y, from the sets X and Y, every path between Xand Y is
blocked by Z.
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The d-separation theorem:

Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

Soundness

d-separation between Xand Y givenZin G
implies X LY | Z in all distributions P compatible with G

Completeness

X LLY | Z in all distributions P compatible with G
implies d-separation between Xand Y givenZin G
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The d-separation theorem:

Consider a causal structure G and three disjoint subsets of variables X, Y and Z.

Soundness
X1,;Y|ZinG = VPecCompg:XLY|ZinP

Completeness
VPe Comps: X LY|ZinP — X1,;Y|ZindCG
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If all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation
relations are all the constraints on the distribution

Proof:
Recall the Markov condition characterizing all compatible distributions
for a latent-free DAG

We saw that this set can also be characterized by the set of conditional

independence relations described by the local Markov condition
together with semi-graphoid axioms
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If all the variables in a DAG are observed,
the conditional independence relations implied by the d-separation
relations are all the constraints on the distribution

Proof:
Recall the Markov condition characterizing all compatible distributions
for a latent-free DAG

We saw that this set can also be characterized by the set of conditional
independence relations described by the local Markov condition

together with semi-graphoid axioms

This set is equivalent to the one obtained from all d-separation
relations
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Collider f ‘ Chain O%fC)

Interventional _
. Saturating
dominance order
§ Fork

2| 1-Factorizing g O

Factorizing O O o
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Observational | ¢
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Observational 1 €
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Domlance Order No CI relations ‘B;
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Some examples of 4-node latent-free causal structures

g (there are 31 in all)

3 R W
%@%/

A Y Yy 4
A Y A s

Pirsa: 23030072



IC* algorithm and PC algorithm

Set of Feasible and
conditional ::> infeasible latent-
independence free DAGs
relations
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Entropies




Shannon entropy

H(X):=—-)_  Px(z)logPx(x)

Conditional entropy

H(X|Y):= HXY) - HY)

Mutual information

I(X:Y)=HX)+H(Y)—-H(XY)

Conditional mutual information

I(X:Y|2)=H(XZ)+ H(YZ)- HXYZ) - H(Z)
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Def’n: A and B are marginally independent

Pap = PaPB Denote this
Ppja= Pp (A L B)
PjB = Pa

I(A:B)=0
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Proof:
H(AB) = Za,b PAB(CLb) log PAB(CLb)
If A and B are marginally independent

Pysp = Py Pp

H(AB) := —%_,, Pala)Pp(b)(log Pa(a) + log Pp(b))
= —)_, Pal(a)log Pa(a) — >, Pp(b) log Pp(b)
— H(A) + H(B)
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Def’n: A and B are conditionally independent given C

Papic = PajcPB|c
Pplac = Pp|c
Pyapc = Pajc

Denote this
(A E B|C)

Papc = PacPp|cfc
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X 1Y|Z

> Pxy|z = Px|zPy |z

I(X:Y|Z)=0

U

I(X:Y)< H(Z)




Latent-permitting
causal models




The conventional type of
latent-permitting causal model:

unrestricted cardinality of
latents
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Causal structure Parameters

Px15A
Py

© P
(a) Pr

Pxy st = XA PyiraPx | sanPAPsPr

A of arbitrary cardinality
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Causal structure Parameters
Psa0
P piar

Peoira

Papc = Y PanePpjarPoraPaPaoPr
AQT

A,I’ . of arbitrary cardinality
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Note: Upcoming causal inference workshop at Perimeter has
as a focus the case of latent variables with restricted
cardinality

Pirsa: 23030072 Page 44/97



Interventional equivalence
classes of latent-permitting

causal models




For a causal structure, we define the behaviours under
possible interventions on observed nodes:

For each valuation of the parameters in the model, find the
tuple, ranging over subsets S of the full set V of observed
nodes, of distributions over V arising from an intervention
on the subset S.

Interventional equivalence of two latent-permitting causal

structures: having the same behaviours under possible
interventions on observed nodes
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Different interventional behaviours

/!
\T >
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Rules for proving
interventional equivalence
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Exogenization rule

~~

interventionally
equivalent
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Exogenization rule

~~

interventionally
equivalent
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Eliminating redundant latents rule

~~

interventionally
equivalent
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Definition: An abstract Simplicial Complex over a
finite set V is a set B of subsets of V such that

e {vi€BforallveV

o fSETEVandTEB,thenSEB
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Definition: an mDAG is a pair (D, B), where D is a
latent-free DAG and B is an abstract simplicial
complex
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Some classification results




Interventional strict dominance:

Dropping a directed edge in the directed graph

>
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Interventional strict dominance:

Reducing the abstract simplicial complex to a subcomplex
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Directed structures

d

Simplicial complexes
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Interventional dominance order

o

01
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Observational dominance order

09
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Three node mDAGs
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Extending the d-separation
theorem to latent-permitting

causal models




Extension of d-separation theorem for
latent-permitting causal models:

Consider a latent-permitting causal structure G and three disjoint subsets of
observed variables X, Y and Z.

Soundness
X1;Y|ZinG ©—=— VPecCompg:XLlLY|ZinP

Completeness
VPe Comps: X LY|ZinP —= X 1,;Y|ZinG
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IC* algorithm and PC algorithm

Set of conditional Find .Iatent-free DA.Gs that have
independence :> the right d—separajclon re_Iatlc_ms,
relations on but these DA.GS mlght still fail to
Sbervedariapies be compatible with the full
distribution
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IC* algorithm and PC algorithm

Set of conditional Find .Iatent-free DA.Gs that have
independence :> the right d—separajclon re_Iatlc_)ns,
relations on but these DA.GS mlght still fail to
Sbervedhariables be compatible with the full
distribution

Example: Cl relations of quantum-realizable Bell correlations
yield classical Bell model
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@ Pagcp = ZPDWC’PC|BPB|AMPAPM

L
Gy
- ZPD|MCPB|AMPH PcoipPa
o i

(A = QppjacPc|BP 4
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QBD|AC @
Is compatible with
the subgraph: e

irsa: 23030072

Papcp = z PpiucPcoPpla P aP,

L
= (Z PpucPplanP
L

= QpplacPc|BPa

) Pc1pPa
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O] B

Qeplac B

Is compatible with
the subgraph: o

Pirsa: 23030072

Papcp = z PpiucPeoPpja P aP,
L

= (Z PDWC’PBAMPLL) Pe1sPa

n

= QpplacPc|BPa

This subgraph has d-separation relations implying
D 1 A|C orequivalently, QD|AO = QD\C
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O] B

QBD|AC @

Is compatible with
the subgraph: o
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Papcp = z PpiucPcoPpja P aPy
L

= (Z PDWC’PBA;LP;,L) Pe1sPa

n

= QpplacPcBPa

This subgraph has d-separation relations implying
D 1 A|C orequivalently, QD|AO = QD\C

This implies equality constraints on Qg ,c and hence
equality constraints on Pygcp, /P gPs
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Qeplac

Is compatible with
the subgraph:

Pirsa: 23030072

Papcp = z PpiucPcoPpja P aPy
L

= (Z PDWC’PBAMP;,L) Pe1pPa

n

= QpplacPcBPa

This subgraph has d-separation relations implying
D 1 A|C orequivalently, QD|AO = QD\C

This implies equality constraints on Qg ,c and hence
equality constraints on Pygcp, /P gP,

Verma constraints
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PABcDE = (Z PDMCPB|AMP;¢\

1L
X (Z PEADPCBAPAAPA)
A

— QBD|AGQACE|BD G
Qppjac Qace|BD

Is compatible with @ Is compatible with e
the subgraph: G the subgraph:
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PapcpE = (Z PDMCPB|AMP;¢\

()
@ " x (;PEADPCBAPMPA)
@) = QppjacQacEeBD
(&)

Qpplac

QacEeBD

Is compatible with
the subgraph:

Is compatible witp
the subgraph:
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PaBcpE = (Z PEwDPD;LCPCw)\BPA)\prPuPA) Ppla
BNTID

= QacpeBPB|A

QAGDE|B
Is compatible with
the subgraph:
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PapcpE = (Z PEwDPD;LCPCw)\BPA)\prPuPA) Ppla
BNTIDN

= QacpreBPB|A

QAGDE|B
Is compatible with
the subgraph:

d-separation implies
B1A

or equivalently, \@
Qaip =Qa

This implies equality constraint on Q¢ 5 and hence
equality constraints on Pygcpe /Pg)a
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Definition of a district

@@J@

3 districts: 2 districts: 2 districts:
BD, A, C BD, ACE ACDE, B
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Algorithm for identifying all nested Markov constraints

Proceeds recursively as follows:

- identify the districts within a DAG, relative to which the full distribution
factorizes into conditionals of districts given their parents. Demand that
each factor satisfy any equality constrains implied by the subgraph
associated to the corresponding district and its parents

- For each childless variable in the DAG, identify the subgraph obtained by
eliminating it from the DAG and demanding that the distribution obtained
by marginalizing over the childless variable satisfies any equality constraint
implied by the subgraph

See: R. Evans, Annals of Statistics 46, 2623 (2018)
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Next lecture: Inequality
constraints for latent-

permitting causal models




