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How to define causation




“We have no other notion of cause and effect, but that of
certain objects, which have always conjoin'd together, and
which in all past instances have been found inseparable. We
cannot penetrate into the reason of the conjunction. We only
observe the thing itself, and always find that from the constant
conjunction the objects acquire an union in the imagination.”
---David Hume

/BN O
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First candidate definition of A causes B
Ppia # PB
Equivalent to:
Py # Pa

Pap # PaPp

Problem: the condition is symmetric between A and B




FP(crows|sunrise) # P(crows)

P(sunrise|crows) # P(sunrise)

correlation is a symmetric relation

irsa: 23030070 Page 5/77




Second candidate definition of A causes B

Ppia # PB
where is A is antecedent to B in time

But correlation can be achieved even though A does

not cause B

@

O/ BN O
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Actual world Counterfactual

ecovery

Standard conditional “Do conditional”
k

Prir = ZPRITGPG’lT PRidoT = ZPR|TGPG
G @

O/ BN O
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Third candidate definition of A causes B

Pgidoa 7# PB

Q/ BNOO
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Actual world Counterfactual

Standard conditional “Do conditional”

Prir = Z Prirctar PRridor = ZPR|TGPG
G G

Q/ EBNOO

Pirsa: 23030070 Page 9/77



Actual world Counterfactual

ecovery

Standard conditional “Do conditional”

Prir = Z PrireFa|r PRidoT = ZPR|TGPG
G G
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Vernam cypher

C = cyphertext C = (T + K)mod2
T = plaintext
K = key Py = %[0] + %[1];

CQ/ ENDO
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Vernam cypher

C = cyphertext C=(T+ K)mod2
T = plaintext
K = key P ="[0] + ¥2[1],

Pclaot = 72[0]c + 74[1],

_p vet T causes C!
- 'C

If not, we could not

o D = decoded text
decode T from C o‘
(D) (KO

using K D =(C+ K)mod?2

O/ ENDO
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Here, we take:

causal relationships between systems to be
facts about the world (ontic)

probabilities to be the degrees of belief of a
rational agent (epistemic)
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Definition: Probability Distribution on variable A
Let A denote the variable and its set of values
Py:A—R::a— Pyla)

Va € A:0< Py(a) <1
2_acA Py(a) =1

Let P4 denote the set of distributions on A.

A distribution defines a vector on the reals
ﬁA c R4l
Pa = (Pa(0), P4(1),...,Ps(JA]))
O/ BN®O
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Definition: Probability Distribution on variable A

Let A denote the variable and its set of values
Py:A—>R:a— Pyla)
Va € A:0< Py(a) <1
>acAPala) =1

Let P4 denote the set of distributions on A.

Some notation:

P4 = [0] 4 shorthandfor Pa =640

O/ BN O

irsa: 23030070 Page 15/77



A distribution defines a vector on the reals
ﬁA - R|A|
Py = (P4(0), P4(1),..., Ps(JA]))

P (6la

%i['ﬂp‘ ¥ % tﬂ‘\

(4],

1 1
@/ ENDO Pa(1)
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/ S
i b Lo PAn)
PA(D
O/ BN®O
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LB 00a* 557,

[1A

& E‘?J A

Q/ EBNDO
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Definition: Joint Probability Distribution on variables A and B
Pap:Ax B —R: (a,b) = Pyp(ad)
V(a,b) € Ax B:0< Pyg(ab) <1

>acAbeB Paplab) =1

O/ BN O
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Definition: Marginal Distribution on A of a joint distribution on AB

Va € A Py(a) == X pe Pap(abd)

Definition: Marginalizing over B

ZB:¢M8_+PA:IQBF+FH

O/ BN O
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What is marginalization geometrically?

Cotdag Pag <.\ DA(,CB’-'%(

O/ BN O
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Analogous to coarse-graining

Palc) — D;\CL} DP‘LO\ (PA('io‘fQ —'(Pﬁf o)+ &( 1>

Q/ EBNDO
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Definition: Conditional Probability Distribution for A given B
Pyp:AX B —R: (a,b) = Pyplalb)
k

V(a,b) € Ax B : OSPA|B(a|b) <1
Vb e B : ZaEAPA|B(a|b) =1

O/ BN O
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The conditional that is defined by a joint distribution

Py = PapPg"

C/ BNDO
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Taking Products

Papc = RapcSaplc
means

Va,b,c: Papc(abc) = Rapc(abe)Sap(ab)Tc(c)

O/ BN O
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The conditional that is defined by a joint distribution
PA|B = PABP§1 Note: defined only for b : Pg(b) > O

Check:

Pip(ab Pap(ab
Py p(alb) = }“%ﬁgb)) = Za%i;(gb)

0 < Pyp(alb) < 1
R PA|B(a|b) =1

O/ ENOO
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The conditional that is defined by a joint distribution
— —1
Pﬁw'—PMBRB
The joint distribution that is defired by a conditional and a marginal

Pap = Py pPB

O/ BN O
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For any ordering of variables, one can write:

PapcDE = PalBepePB|IcDEc|DEPD|EPE
L3

O/ BN O
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For any ordering of variables, one can write:

PapcpE = PalBepePB|IcDEc|DEPD|EPE

Proof:
PaBcpE = Py pcpeEPBCDE
PpcpE = PricperCDE
Pepe = Po\pEPDE
Ppg = Pp|gPE

O/ BN O
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Bayesian inversion

Pg|aPa
BalB = Pg

O/ BN O
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Simple example

Disease variable Test result variable
D e {0,1} T &k~
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Simple example

Disease variable Test result variable
D e {0,1} T e{+—}

Accuracy of test

Prp(+[1) = 0.95

False positive rate
Prip(+|0) =0.02

O/ BN O

irsa: 23030070 Page 32/77



Simple example

Disease variable Test result variable
D e {0,1} T & 4=

Accuracy of test

PT|D(_|_| 1) =0.95 You get a positive result. What

False positive rate probability should you assign to
having the disease?
Pr p(+4/0) = 0.02 .
Q/ BN O
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Simple example

Disease variable Test result variable
D e {0,1} T &4=—1]

Accuracy of test

PT|D(+| 1) =0.95 You get a positive result. What

False positive rate probability should you assign to
. _ 5
PT|D(-|—|O) = 0.02 having the disease”
PripPp
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Simple example

Disease variable Test result variable
D e {0,1} Te{+, -}

Accuracy of test

PT|D(_|_| 1) =0.95 You get a positive result. What
probability should you assign to

False positive rate : _
having the disease?

Prp(+]0) = 0.02

Base rate for disease PrpPp
B Fpir=—"p

Pp(1) = 0.0001 5

CQ/ EBNOO

Page 35/77
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Ppr p(+[1)Pp(1)
PD|T(1I+) = TDPT|(+)D

Prp(+[1)Pp(1)
Pr p(+[1)Pp(1)+Pr|p(+|0) Pp(0)

0.95x0.0001
0.95x0.0001+0.02x0.9999,

Accuracy of test
Prp(+[1) = 0.95

False positive rate
Prp(+]0) = 0.02

Base rate for disease
Pp(1) = 0.0001

CQ/ ENDO
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P p(+|1)Pp(1)
Pr(+)

P p(+(1)Pp(1)
Pp p(+[1) Pp(1)+Prp(+]0) Pp(0)

0.95x0.0001
0.95%x0.0001+40.02x0.9999

Ppir(1|+) =

Accuracy of test

False positive rate

~ % x 0.0001

Ppp(+40) = 0.02 ~ 50 x 0.0001
Base rate for disease ~ 0.005
Loy
Pp(1) = 0.0001 570
O/ BEBN®O
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Def'n: A and B are marginally independent

Pap = PaPp, Denote this
Ppja = PB (A L B)
Py = Pa

Expressed as a set of polynomial equality constraints on Pyg:

Va,b: Pap(ab) (Z Pap(ab’ ) (Z apl(a b)

O/ BN O
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Va,b: Pyp(ab) = (3" Pap(ab))(X, Pap(ab))

3 independent constraints on the 4 parameters
(P4p(00), P4p(01), P4p(10), P4p(11))

[01]

@/ TN O i
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Def’n: A and B are conditionally independent given C

Papic = PajcPB|c
Ppiac = Pp|c
PaiBc = Phc

Denote this
(A L B|C)

Expressed as a set of polynomial equality constraints on Pyg

Va,b,c: Pypc(abe) (Z Papc(a't'c) ) — (Z P_.qg(r(ab’(:)) (Z Pg,B(?(a’bc))
b’ a’

a’b’

Q/ ENOO
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Marginal problem

Is there a distribution on A, B, C that has the following

marginals?
. 1[I}yl 171117
PA-B = 5__00__ + 5:11__
Fae: = %_OOi =} %-11.
Ppc = 5[00] + 5[11
C/ BN O
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W. Salmon’s flagpole example Lfjagpole __ tan(6)
. -Lshadomf
- O g _ Lflagpole
— Lshadow = tan(0)

L

Inferential relations

O/ BN O
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W. Salmon'’s flagpole example Lflagpole _ tan(8)
. Lshadow
- O g . Lﬂagpole
— Lshadow = tan(9)

Inferential relations

L’K"S\”\'

| | shadowd

__ Lfiagpol
Lshadow = taa,-?(pgo)e

o
R\g} o | [Lawgpie

QMQw .
causal relation

O/ BN O
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Newton’s second law

F=ma
a=F/m
Inferential relations

Q

<
&/? a=F/m
@

M N2

Causal relation

O/ BN O
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Law of projectile motion

B

O/ BN O
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Causal laws warrant inferences about
counterfactuals




Causal theory

A
i - ) set

function T \\\D

Kinematics: sets
Dynamics: functions

O/ BN O
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There can be other causal parents besides X

Y
B
x| |z

O/ BN O
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Definition: X has no influenceonY

The function f that determines Y from its causal
antecedents has a ftrivial dependence on X

4=
i
v

|
111
cOo

Y = f(X,Z) = g(2)
@/ ENOO
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Definition: X has a nontrivial influenceonY

The function f that determines Y from its causal

antecedents has a nontrivial dependence on X .
A A
4 # = \3—)
T T

Y = f(X,2) # g(2)
O/ BEN@O
I
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Effective causal influences

D1 Do Dy Dy
o
C1 |
$—9
By |B
|A1 ?42 A A

O/ BN O
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How to represent a variable that influences more than one other?

A3 AxAza— (a,a)

O/ BN O
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Directed Acyclic graphs versus circuits

Y

|
e I

Note: A DAG usually does not imply deterministic dependences,
whereas my circuits do.

CQ/ ENDO
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Causal autonomy

D
l u 1 J where

h = fand g can be
specified

independently

CQ/ BNOO
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Causal autonomy

‘ C ‘ 0 € D
W l i 1 E where
= fand g can be
specified
independently
‘ A B A B

Causal autonomy fails in many circumstances:
- Symplectic dynamics
- Conservation laws

O/ BN O
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Direct versus indirect causal influence

L Y
v Y S ﬂ
2 > >
f ]
X
Direct X X

Indirect Both direct
and indirect

Q/ BNOO
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Causal structure of Vernam cypher

D

CoK

Tk

ToK

Q/EBNOO

irsa: 23030070 Page 57/77



Y J‘\.' € ? -F'.a‘ "&\:P ; -tm.}-(“;,;wl}

» La(x) = x

; ‘-F(,‘. W\ = x®1
{hcd-ou\ =0
x ?‘qu-l(&\: 1







Uncertainty about causal

mechanisms




O/ BN O
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CQ/BNDO
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—
%
X ~£
(1
P

O/ BN O
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%N

\ X i XCFV X

k
@ PY|X — Zf 5y}f(x)PF(f)

: ¥
P4 %P —
PX“{ . @ X L

4 Py -

O/ BN O
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One’s uncertainty about the causal mechanism is
captured by Pg
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One’s uncertainty about the causal mechanism is
captured by Pg

What can be estimated from statistical data is Py,y,x
Py dox = 2§ 0y, sex)PF(f)

But there are many Pg consistent with a given Py4ox

CQ/ ENDO
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Consider the four functions on the set {0,1} Y

| L]
fida fflipa freset—Oa freset—1

Now, consider two states of knowledge:

Pp = 2[f,d] + 5 [ff“p] Pp = %[freset—()] 2.3 %[freset—l]

Pyldox = 2_f 5Y,ng)PF(f)
0 1(0 1 _1(11
2\ 0 1)+ (1 0) P”OX_2(00)+
1 1
-(11) -(1 1)
L

1/1
Pyldox = (

N| =
P
= O
= O
S—

N N[ =
NN =

O/ BENO O
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One’s uncertainty about the causal mechanism is
captured by Pg

What can be estimated from statistical data is Py,4,x
Py dox = 2§ 0y, s(x)Pr(f)

But there are many Pr consistent with a given Pyqox

L

It is typical in the field of causal inference to settle for Py,y,x

CQ/ ENDO
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Estimating Py,4.x from statistical data

k

O/ BEN® O
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/BN O
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O/ BN O
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Yo | X : &1

Under assumption of exchangeability,
the distribution is de Finetti form

Px,v1 XoYo. XnYe = [ IQxy1(QxY)Rx,v,®QxX,Y, --- ® Qx, Y,

O/ BN O
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¥ Y
For large data, the posterior is of the form P/
Y

Px.Y,X.Ys.. XnY, = PX,v; ® Px,y, ® -+ ® Px,y, \

O/ EN® O
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Vernam cypher
What is the causal influence of T on C?

C = cyphertext Recall: Fejdor = Fo
T = plaintext C
K = key
ToK
T N

G

Pg = 5[0l + 3[1]k
O/ BNOO
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Vernam cypher
What is the causal influence of T on C?

C = cyphertext . Let]c F de_notf the _Fsﬁe(étive
T = plaintext unction from T to
P It is distributed as follows:
K = key
e Pr = 3[fial + 5[ fsip]
If K is unobserved, this is the
k2 K most we can say about
influence of Ton C
\{ \
— 1 1
Pg = 5[0l + 5[1]lk \
O/ BNO O
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Vernam cypher

Prcp = (3[00]rp + 3[11]7p) (5[0l + 3[1l¢c)

- Let F be the effective function
D fromTto C

and G the effective function
\ fromCtoD

The only way to account for the
data is:

Prg = 3lfid, fidl + 5[ ffiip» frip]

Te
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Vernam cypher

Prcp = (3[00]rp + 3[11]7rp) (5[0l + 3[1]¢c)

9 — Let F be the effective function

% C D fromTto C

q and G the effective function
from Cto D

C

The only way to account for the

q data is:

Prg = 3lfid, fidl + 3 ffiips friip]
< i This implies
% Pr = 3[fial + 3[fsip)

Preg

‘4 ‘(‘1 ‘r:?
I

Q/ ENDO
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