Title: A ssimple parameter can switch between different weak-noise&€" induced phenomenain neurons
Speakers: Marius Y amakou

Series: Machine Learning Initiative

Date: February 21, 2023 - 1.00 PM

URL.: https://pirsa.org/23020062

Abstract: This talk will consider a stochastic multiple-timescale dynamical system modeling a biological neuron. With this model, we will
separately uncover the mechanisms underlying two different ways biological neurons encode information with stochastic perturbations: self-induced
stochastic resonance (SISR) and inverse stochastic resonance (ISR). We will then show that in the same weak noise limit, SISR and ISR are related
through the relative geometric positioning (and stability) of the fixed point and the generic folded singularity of the model's critical manifold. This
mathematical result could explain the experimental observation where neurons with identical morphological features sometimes encode different
information with identical synaptic input. Finally, if time permits, we shall discuss the plausible applications of this result in neuro-biologicaly
inspired machine learning algorithms, particularly reservoir computing based on liquid-state machines.
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INTRODUCTION

Resonance Phenomena in Biological Neurons:

Stochastic resonance (SR), Longtin (1993)

Coherence resonance (CR), Pikovsky & Kurth (1997)

(Noise) Vibrational resonance (VR), Landa & Mclintock (2000)
Self-induced stochastic resonance (SISR), Muratov et al (2005)
Diversity induced resonance (DIR), Tessone et al. (2006)
Inverse stochastic resonance (ISR), Jost et al (2009)

Quenched resonance (QR), Kuehn (2017)

Recurrence resonance (RS), Krauss et al (2019)

Inverse chaotic resonance (ICR), Yu et al (2022)
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INTRODUCTION

Resonance Phenomena in Biological Neurons:
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~Transition mechanism between SR and ISR. —> Commun. Nonlinear Sci. Numer. Simul. 82, 105024 (2020)

The Goal:
@ Establish the transition mechanism between SISR and ISR.

@ Build physics-informed (with SR, CR, VR, QR, RS, ICR, SISR or

ISR) reservoir computing based on liquid-state machines algorithm.
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Outline

Stochastic slow-fast FitzHugh-Nagumo neuron

Self-induced Stochastic Resonance (SISR)

Inverse Stochastic Resonance (ISR)

Summary and conclusion
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The Stochastic FitzHugh-Nagumo Neuron Model

=L (e, Wr) + o

g(vy, w;)dr

where the deterministic velocity vector fields are given by the
polynomials

f(v,w) —av+ (a+ 1)v? + ev3 + fw,

(1)

g(v,w) d + bv — cw.

@ v € R is a fast variable and w € R is a slow variable because
the singular parameter is such that 0 < ¢ := 7/t < 1.

¢ (-l-a-1b>0e¢ 0d>0e-0rF<00-ec<«llc
R7
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The Stochastic FitzHugh-Nagumo Neuron Model

=L (e, Wr) + o

g(vy, w;)dr

where the deterministic velocity vector fields are given by the
polynomials

f(v,w) —av+ (a+ 1)v? + ev3 + fw, 1)
1

g(v,w) d + bv — cw.

@ v € R is a fast variable and w € R is a slow variable because
the singular parameter is such that 0 < ¢ := 7/t < 1.

e (-l-a-1b0e¢ 0d>le-0F=00-e«llc
R7

@ 0 > 0 is the amplitude of the Gaussian White noise with:
(W(t)) =0, (W(t), W(t')) = o(t — t')
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Singular limits of the FitzHugh-Nagumo model
Definition .

{dvt = f(vg, wy)dt = {’;‘dVT = flv, W )ds

dwy cg(ve, wy)dt dw, g(vr, wy)dT
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Singular limits of the FitzHugh-Nagumo model
{ dvi = f(ve, we)dt = { edv,

dw; cg(ve, wy)dt dw;,

le=
{ th == f(th Wt)dt

dw; = 0 i dw;

fast subsystem slow subsystem
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Singular limits of the FitzHugh-Nagumo model

dvi = f(ve, we)dt = edv, f(vr, wy)dT
dw; cg(ve, wy)dt dw;,

1= Le=10
{dvt = (v, wy)dt i {O f(vr, wr)dT

dw; = 0 dw; g(vr, wy)dT

fast subsystem slow subsystem
@ My := {f =0} = critical manifold= equil. of fast subsystem.
@ My is normally hyperbolic if (d,f)(p) # 0, Vp € M.
® My is attracting if (d,f)(p) <O, repelling if (d,f)(p) > 0.
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Singular limits of the FitzHugh-Nagumo model

Suppose My is a compact normally hyperbolic submanifold
(possibly with boundary) of the critical manifold M, of a slow-fast
dynamical system, 3o > 0 s.t. Ve € (0, £o]-
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Singular limits of the FitzHugh-Nagumo model

Suppose My is a compact normally hyperbolic submanifold
(possibly with boundary) of the critical manifold M, of a slow-fast

dynamical system, 3o > 0 s.t. Ve € (0, £o]:
e (F1) 3 a locally invariant adiabatic manifold M.
diffeomorphic to M.
(F2) M. has a Hausdorff distance O(s) from M.

F3) The flow on M. converges to the slow flow on Mg as
e — 0.
F4)M: is C"-smooth for any r < oo (as long as f,g € C*>).
' M. is normally hyperbolic, same stability properties wrt
the fast variables as My.

5) M is usually not unique. Manifolds satisfying (! .
lre at distance O(e~ K/e) from each other, K >0, K = O( il
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Singular limits of the FitzHugh-Nagumo model

Suppose My is a compact normally hyperbolic submanifold
(possibly with boundary) of the critical manifold M, of a slow-fast
dynamical system, Jeg > 0 s.t. Ve € (0, g9]:

o ) 3 a locally invariant adiabatic manifold M.
d:ffeomorphxc to M.

F2) M- has a Hausdorff distance O(g) from M.

(F3) The flow on M. converges to the slow flow on Mg as
e — 0.

F4)M. is C"-smooth for any r < oo (as long as f,g € C™).

F5) M. is normally hyperbolic, same stability properties wrt
the fast variables as My.

(F6) M- is usually not unique. Manifolds satisfying (F1)-(F5,
lre at distance O(e~ K/¢) from each other, K >0, K = O(l).

@ (f7) Same conclusions hold for stable/unstable manifolds of
Mo.
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Self-Induced Stochastic Resonance (SISR)

Question 1: Can noise induce a limit cycle solution when the bifurcation parameter ¢
is bounded away from its singular Hopf bifurcation value c.;,?
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Singular limits of the FitzHugh-Nagumo model

dvi = f(ve, we)dt = edv, f(vr, wy)dT
dw; cg(ve, wy)dt dw;,

Le=10
{dvt = o {O = flv,w)dr

dw; dw, = g(vr,w;)dr

fast subsystem slow subsystem
@ My := {f =0} = critical manifold= equil. of fast subsystem.
@ My is normally hyperbolic if (d,f)(p) # 0, Vp € M.
@ My is attracting if (d,f)(p) < O, repelling if (d,f)(p) > 0.
® My is of saddle-type if ...< re(};,) < 0 < re(};,,,) <...
e a fold point s: (d,f)(s) = 0, Mg looses hyperbolicity at
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Self-Induced Stochastic Resonance (SISR)

Question 1: Can noise induce a limit cycle solution when the bifurcation parameter ¢
is bounded away from its singular Hopf bifurcation value c.;,?

Mo = {(v, w) ER?: f(v,w) = 0}

invariant sets : (Var wa)i= {(v w) ER?: f(v,w) = g(v,w) = 0}

Mg 3 (v—,w_) = {(v, w) € R? : Ovf(v,w) = O}

® My is stable if 3, f(v,w) = =3v2 +2(a+1)v—a <0
® (ve,we) is stable if trJ < 0, det > 04 =3v2 +2(a+1)ve—a<0

0.6
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Self-Induced Stochastic Resonance (SISR)

Question 1: Can noise induce a limit cycle solution when the bifurcation parameter ¢
is bounded away from its singular Hopf bifurcation value c.;,?

Mg = {(v, w) € R?: f(v,w) = O}

invariant sets : (Ve, We) 1= {(v w) ER?: f(v,w) = g(v,w) = 0}

Mo s (v, w_)i= {(v, w) € R? : o f(v,w) = O}

@ M is stable if 3, f(v,w) = =3v2 +2(a+1)v—a <0
® (ve,we) is stable if trJ < 0, detJ >0 & —3v2 +2(a+1)ve —a <0

0.6
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Figure: a =1, v_
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Deterministic and stochastic time-scales of trajectories
@ Deterministic time-scale is (f‘?(.:-:_l), slow in the singular limit = — 0.

@ Stochastic time-scales from FPE are E, (w) = C)[exp (M)} .

2AU:{:(W))}

Ofe") < Olexp (
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Asymptotic matching of time-scales (answer

O(z71) = O| exp [ —=—==] |, so that we obtain the following conditions:

lim..  so-log (e e (AU _(w.), 2
(¢,0)—(0,0) . ( . 4)

(g.nl)if(o.o) 102 log,(e71) = O(1) & we < w_, w_ is unique as AU_(w) ' [-3,0]

a> 0(9 < 0) = Ve < V_ (Ve = V_)._ |C_ Cshl =0
0.15¢

0.1}

Flgu FE€. Self-induce stochastic resonance (SISR)
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Asymptotic matching of time-scales (answer

O(71) = O| exp [ —=—=] |, so that we obtain the following conditions:

lim. z2oflog (e e (A (w.), 2
(¢,0)—(0,0) e ( : 4)

(g.nl)if(o.o) 102 log,(e71) = O(1) & we < w_, w_ is unique as AU_(w) ' [-3,0]

a> 0(9 < 0) = Ve < V_ (Ve > V_)._ |C_ Cshl >0
0.15¢

0.1}

Flgu FE€. Self-induce stochastic resonance (SISR)

Marius E. Yamakou (marius.yamakou®fau.de) Weak stochastic perturbations of multiscale neuronal dynamics

Pirsa: 23020062 Page 21/51



Pirsa: 23020062 Page 22/51




Asymptotic matching of time-scales (SISR).

——e=0.0001 i = r=0.0001
<= ¢=0.0005 - »—¢=0.0005
——¢=0.001 8 +—r=0.001
e=0.01 £=0.01

sl o,
10" (h) 10" 10"

M.E. Yamakou & J. Jost, Nonlinear Dynamics 93, 2121 (2018)

Marius E. Yamakou (marius.yamakou®fau.de) Weak stochastic perturbations of multiscale neuronal dynamics

Pirsa: 23020062 Page 23/51



Detour: Diversity-induced resonance (DIR)

s

dv;
dt
dw;
L df

N
v,-(a,- — V,;) (V,‘ — 1) — w; + KZ (Vj — V,;) 4 ?71-( )
Jj=1

(2)

= e(bvi — ew;).

where a; ~ N(am, 04) is the diversity in the range (0,1 + v/2).
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Detour: Diversity-induced resonance (DIR)

dv;

dt

dw;
L df

N
v,-(a,- — V,;) (V,‘ — 1) — w; + KZ (Vj — V,;) 4 ?71-( )
=

(2)

e(bvi — cw;).

where a; ~ N(am, 04) is the diversity in the range (0,1 + v/2).

T. Shibata and K. Kaneko, Europhys. Lett. 38, 417 (1997).

C. J. Tessone, et al, Phys. Rev. Lett. 97, 194101 (2006).

R. Toral et al, Int. J. Bifurcation Chaos 19, 3499 (2009).

N. K. Kamal and S. Sinha, Pramana 84, 249 (2015).

S. Scialla et al, Phys. Rev. E 103, 052211 (2021).

S. Scialla et al, Europhys. Lett. 137, 51001 (2022).

C. Zhou, J. Kurths, and B. Hu, Phys. Rev. Lett. 87, 098101 (2001).
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Detour: Diversity-induced decoherence (DIDR)
i Vf = Vmin,

lim
(n,e)—(0,0)
W > Wk,

| AUL(W), AUR(W) 2 W € [Winin, Winan]

V¢ LA ys B ED e w1 v,

/

0.01 0.02 0.03 0.04 0.05 0.08 0.07

Figure: A=0.1.
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Detour: Diversity-induced decoherence (DIDR)

PHYSICAL REVIEW E 106, L032401 (2022)

Diversity-induced decoherence

Marius E. Yamakou®,"" Els Heinsalu.”-" Marco Patriarca®™,*~ and Stefano Scialla©>-¥
' Department of Data Science, Friedrich-Alexander-Universitit Erfangen-Niirnbere, Cauerstr: 11, 91058 Erlangen, Gerntany
*National Institute of Chemical Physics and Biophvsics - Akadeemia tee 23, 12618 Tallinn, Estonia
\Department of Engineering, Universita Campus Bio-Medico di Roma - Via A. del Portillo 21, 00128 Rome, lialy

M (Received 17 June 2022: accepted 15 August 2022: published 1 September 2022)
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SISR vs. CR

The conditions necessary for Coherence Resonance (CR) are:

& <= 1,
g (1w — e

These are completely different from those of SISR.

202 loga(c71) € (AU-(we), 3)

—(0,0)
% log.(c71) = O(1) & we < w_, w_is unique: AU_(w) /[~

le—crl 20— - &

\
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Detour: Some other results on the control of CR and SISR
in multiplex networks

PHYSICAL REVIEW E 100. 022313 (2019)

Control of coherence resonance by self-induced stochastic resonance in a multiplex neural network
Marius E. Yamakou®'" and Jiirgen Jost'-
' Max-Planck-Institue fiir Mathematik in den Naturwissenschafren, Inselsrafie 22, 04103 Leipzig. Germany

*Santa Fe Institute for the Sciences of Complexity. Santa Fe, New Mexico 87501, USA

M (Received 11 May 2019 published 20 August 2019)
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Detour: Some other results on the control of CR and SISR
in adaptive multiplex networks

ORIGINAL RESEARCH

:' frontiers | Frontiers in Physics i

®

Optimal Resonances in Multiplex
Neural Networks Driven by an STDP
Learning Rule

i 1.2 3,2 e 2,4
Marius E. Yamakou =", Tat Dat Tran>* and Jurgen Jost*
'Departmant of Data Scisnce, Frisdrich-Alsxander-Universitdt Edangen-Nimberg, Erlangen, Germany, *Max-Planck-institut fiir
Mathematik in den Naturwissenschaften, Lepzig, Garmany, ‘Fakuitat fur Mathematik und Informatik, Universitat L wipey, Leipag,

Germany, *Santa Fe Institute for the Sclences of Complexity, Santa Fe, NM, United States
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Inverse Stochastic Resonance (ISR)

Question 2: Can the same weak noise limit inhibit the limit cycle solution?
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Inverse Stochastic Resonance (ISR)

Question 2: Can the same weak noise limit inhibit the limit cycle solution?

Answer: Yes! Noise can destroy and modulate the limit cycle solution.
a=0.0

tHn

\\ M

T

1000 2000 3000 4000 1000 2000 3000 4000
t
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Inverse Stochastic Resonance (ISR)

Question 2: Can the same weak noise limit inhibit the limit cycle solution?

Answer: Yes! Noise can destroy and modulate the limit cycle solution.

it

4000




Inverse stochastic resonance (ISR)

First numerical observation of ISR (2009)

Naturwissenschaften (2009) 96: 10911097
DOT 1010075001 14-009-0570-5

ORIGINAL PAPER

Inhibition of rhythmic neural spiking by noise:
the occurrence of a minimum in activity
with increasing noise

Boris 5. Gutkin - Jurgen Jost - Henry C. Tuckwell

Receved: 22 February 2009 /Revised: 16 May 2009 /Accepted: 20 May 2009 /Published onhne: 10 June 2009
€ The Author(s) 2009, This article is published with open aceess at Springerlink.com
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First experimental observation of ISR (2016)

@ PLOS |saioer o

RESEARCH ARTICLE

Inverse Stochastic Resonance in Cerebellar
Purkinje Cells

Anatoly Buchin'?*“* Sarah Rieubland®*, Michael Hausser®, Boris S. Gutkin'*¥,
Arnd Roth*

1 Group for Neural Theory, Laboratoire des Neurosciences Cognitives, Ecole Normale Supérieure, Paris,
France, 2 Institute of Physics, Nanotechnology and Telzcommunications, Peter the Great 5t Petersburg
Polytechric University, Saint Petersburg, Russia, 3 Center for Cognition and Decision Making, Department
of Psychology, NRU Higher School of Economics, Mascow, Russia, 4 Waltson Institute for Blomedical
Research and Department of Neuroscience, Physiology and Pharmacology, University College London
London, United Kingdom

« These authors contributed equally to this work.
1 B5G and AR also contnbuted equally to this work.

* anat buchin@gmall.com

CrossMark
ek 5

Mathematical analysis was still lacking!
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Deterministic bifurcation analysis and bistability
e In singular limit e =0, Mg : w = —v> + (a + 1)v* — av.

M looses normal hyperbolicity at fold points located at:
vi =2 £ 32Va? —a+ 1.
g_";_“ > 0 on VS(W) = MO il {V_. S 74 S V.+_} = mstablllty

c;_V;f < 0on vi(w)=MonN{*tv > vy} = stability.
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Deterministic bifurcation analysis and bistability
e In singular limit e =0, Mg : w = —v> + (a + 1)v* — av.
M looses normal hyperbolicity at fold points located at:
Vi:‘a?’ili%\/az—aﬁ-l.

g_";_“ = 0 on VS(W) = MO B {V_. S 74 S V.+_} — mstablllty

dw < 0on vi(w)=MoN{+tv > +v,} = stability.
Note that v_ < 0 <= a < 0.

: : - : : a—1)>? b
The fixed point (vp, wp) = (0,0) is unique <= £—4L < =,

(vo, wp) is stable when —2 < ¢ (and a > —%), i.e., when ais

not too negative, and in the limit ¢ — 0 only for a > 0.
When ¢? < Q and 3ec < a° — a+ 1, we get a Hopf

: _ =
bifurcation at vj, = ig_l . \/(az e ag&,c.
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Deterministic bifurcation analysis and bistability

In singular limit e =0, Mg : w = —v> + (a+ 1)v? — av.

M looses normal hyperbolicity at fold points located at:
vi:%li%\/az-a-i-l.

g_";_“ = () on VS(W) = MO N {V_ v V+} = |ﬂ5tab|||ty
(ji_vf: <0on vi(w)=MoN{tv > vy} = stability.
Note that v— < 0 <= a < 0.

The fixed point (vg, wg) = (0, 0) is unique <= K%E < %.

(vo, wp) is stable when —2 < ¢ (and a > —?), i.e., when ais

not too negative, and in the limit ¢ — 0 only for a > 0.
When ¢? < Q and 3ec < a* — a+ 1, we get a Hopf

! _ I
bifurcation at vy, = ig_l . (a‘g T ag_,c.

For a <0, v_ < vy =0, and this Hopf bifurcation occurs at
vo = O for the value e, = —2.

Thus, vg loses its stability via Hopf bifurcation when &,
decreases.
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Deterministic bifurcation analysis and bistability

@ Hence, we have a stable fixed point (vp, wp) and an unforced
stable limit cycle [v(t), w(t)] as long as —2 < <.

o Thatis, v < vy < —2 = g5, < bistability

® Eg. fora= 005 5b=10 andc=20
v = —0.25305 < vp =0 < —< = €pp = 0.025 > 0.
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Deterministic bifurcation analysis and bistability

@ Hence, we have a stable fixed point (vp, wp) and an unforced
stable limit cycle [v(t), w(t)] as long as —2 < ¢.

o Thatis, v < vy < —2 = g5, < bistability

o Eg. fora= 005 b=10 andec=20
v = —0.25305 < vp =0 < —< = €pp = 0.025 > 0.

[+]
o

(-]

lOODDODDDDOROOOQDOOO-
f |

unstable limit cycle

0 e . I fixed point

~0.08 : _ : 026 0027 0028 0029

€

Figure: Phase portrait and corresponding bifurcation diagram
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Numerical results: Inverse stochastic resonance (ISR)

[¢=0.02501
3

x107

£=0.02559 |
-
x107°

3 4

x 10

Figure: (N) vs. o for 200 trials for 7500 units of time interval, for
e € (€nps €sn)- ISR always occurs when (v(0),

—

occurs if £ € (0.025,0.0260).
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e=0.027673 [e=0.02785)
3 4 0 3 4
x 107 s i

w(t)], see

w(0)) € B[v(t),

all the (red curves). For (v(0), w(0)) € B(vo, wp) (blue curves), ISR only
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Stochastic sensitivity analysis and the Mahalanobis metric

The first exit time of a random orbit in B(vy, wp) and B [G(t). W(f)} can be

obtained from the probability density P{ [v(t). w(t)} } of the corresponding

Kolmogorov-Fokker-Planck equation.

Asymptotics based on the quasi-potential function W can be used to
approximate P{ [v(t). w(t_)] }: V= — lim o°log P{ [v(t). w(t)] .(T}, which is
g—0

a solution of the corresponding Hamilton-Jacobi equation.

The first exit time of random trajectories in a basin of attraction depends on

two factors:

o On the geometry of the basins of attraction: B(vy, wy),
Blv(t), w(t)].
e On the sensitivity of the attractor to random perturbations.

A quadratic form of W gives a Gaussian approximations of Py 2 of the

P{ [v(t). w( )] } in the vicinity of the attractors as:
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Stochastic sensitivity analysis and the Mahalanobis metric

@ =

v(t)) )T@U_.l(t)( v(t) —

w(t w(t) —

where

Q® [v(t). w(t)] are the coordinates of the separatrix between the basins.

@ covariance matrices: €2;; and ©;(t) are the sensitivity matrices.

@ The Mahalanobis distances of attractors from separatrix are given as:
4
- vith =
Dm(fp) = \/(W(t) -
Dm(lc) = \/(
\
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Stochastic sensitivity functions and the Mahalanobis metric

@ The maximum eigenvalues Apmax of €2 and ©;i(t) are the stochastic sensitivity
functions of the attractors.

@ The direction of the corresponding eigenvectors give the direction in which
escape from a basin of attraction is most probable.

@ For an exponentially stable attractors, the largest Lyapunov exponent is 0 and
the others are negative.

JiQy + Qi J] + G =0,
d9;(t)

e Ji(0)0;(t) + ©;(t)Jy(t) T + Py(t) G Py (t)

where J;j, Gj, T, P; = Py, ©j(t) is singular,
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Stochastic sensitivity functions and the Mahalanobis
metric

For 2-D systems, ©;;(t) can also be written in the form:
(See M.E. Yamakou & J. Jost, Biological Cybernetics 112, 445 (2018) for details.)

Dm{ [v(e), w(t)]; [w(t), w(t)] } i

Here, 1u(t) = p(t + T) > 0 is the unique solution of the boundary problem

{ du = a(t)u(t)dt + 5(t)dt,
u(0) = pu(T),

with T-periodic coefficients

a(t) = q(t)" [J()T + J()]a(t),
3(t) = a(t)" Gya(®),
q(t) L (f(v,w),g(v,w))T.
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Stochastic sensitivity functions, Mahalanobis distances
attractors and inverse stochastic resonance
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M.E. Yamakou & J. Jost, Biological Cybernetics 112, 445 (2018)
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Summary and Conclusion

Question: Why will physiologically identical neuron under similar synaptic noise
perturbations encode very different information, i.e, SISR or ISR?

Answer: Because of simple parameter switch leading to a change in the voltage of the
quiescent state.

SISH

o—0
£ 0
e—0
=L acl0=1(yy > v )
a-0@<= v 1) +8 S
Ve < < -2 =5

(v(0), w(0)) € B[u(t), w(t)]

(v(0). w(0)) € B(vo. wo).
¢ € (0.025,0.026)
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Open problems and future research

@ Mathematical analysis of SISR and ISR in isolated neuron
with non-Gaussian noise, in particular

o skewed Lévy noise
o Ornstein-Uhlenbeck process (colored noise)
e Poisson dichotomous noise

@ Determine whether SISR and ISR can improve the reservoir
algorithm computing based on liquid-state machines.

(Collaboration with Estelle Inack)
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First experimental observation of ISR (2016)
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Mathematical analysis was still lacking!
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