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Abstract: In recent years, the classification of fermionic symmetry protected topological phases has led to renewed interest in classical constructions
of invariants in homotopy theory. In this talk, we focus on the description of Steenrod squares for triangulated spaces at the cochain level,
introducing new formulas for the cup-i products and discussing their universality through an axiomatic approach. We also examine the interaction
between Steenrod sgquares and the algebra structure in cohomology, providing a cochain level proof of the Cartan relation as requested by Kapustin.
Time permitting, we will also study the Adem relation from this perspective.
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Motivation & outline .

Classification of SPT phases.

Definition on a triangulated space-time X using cochains as fields.
Passage from bosonic to fermionic phases brings [ 5.

Primary operations S5q°: H*(X;Fs) - H*(X;F»).

Represented at the cochain level by cup-i products.

Secondary operations from Cartan & Adem relations.

~N O o0 A W N =

Represented at the cochain level by what?

Today's goal: Understand cup-z products better and use them to construct
cochains enforcing the Cartan and Adem relations at the cochain level.

Important note: All cochain constructions are done locally on simplices A™.

Rl
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Product in cohomology

Consider the diagonal map

X - X x X.
Applying cohomology,

H*(X)® H*(X) - H*(X x X) = H*(X).

How to define it at the cochain level (locally)?

Dualize a natural chain approximation to the diagonal.

Ap: C(A™) — C(A™) ® C(A™).
For example, if d =1

/H

01] — [0] ® [01] + [01] ® [1]
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Steenrod construction

Unlike the diagonal of spaces, chain approxs to it are not invariant under
i)
TRY— Y x.

To correct homotopically the breaking of this symmetry, Steenrod
introduced explicit "higher diagonals”

Ail C(An) = C(An)®2 satisfying BA@ = (1 o T)Ai_l.

The cup-i products are their linear dual o —; 8 = (¢ ® 8)A;(—) and
represent at the cochain level both:

The product The Steenrod squares
k
H*(X;F2)®* — H*(X;Fy) HY(X;F2) =0 HY(X;Fy)
0] ® [8] = [ 0 B] o] = (@ ~4-k @)
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A new description of Steenrod’s construction 4

Notation:
dylvo, - o, Uil = [V0,n ey Uiy v vy Vs
Py ={U CH{0,...,n}:|U| = ¢}
YU ={u1 <--- <u,} € P7
dy =dy, - dy,
U ={u; €U |u;+i=e mod 2}

Definition (Med.)
For a basis element x € C,,,(A™, F5)

Example:
Ao[0,1,2] = (du ®id + ds @ do +id ® dm) 0,1,2]®2
=[0]®0,1,2] +[0,1] ®[1,2] + [0, 1,2] ® [2].
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Unicity

A cup-i construction is non-degenerate if for any simplex x

x~gxF0

whenever |x| = 0. It is irreducible if for any proper face y of x

(y(l) Nt y(z))(:r:) =0

for any two faces 1) and y(?) of y. It is free if for two simplices z and y

r~iy=yvix| = |x~;y=0

whenever |x| # i or |y| # 1.

Theorem (Med.)

Two non-degenerate, irreducible and free cup-¢ constructions are equal
up to a transposition for each 7 € IN.

Rl
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The Cartan relation 6

In cohomology:

0 = Sq* ([a][8]) + > Sa’(la])Sd’ ([8])-

i+ji=k

At the cochain level

5Gi(a, B) = (a0 B) vi (@~ B) + Y (a~;a)vo (B~ B)

i=j+k

for some natural cochain (;(«, 3).
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EZ—AW contraction

For a pair of simplicial sets
Co(X x Y) # Co(X) & Cu(Y),
But there are explicit (locally defined) chain maps
AW: Co(X X Y) «— Co(X) R Co(Y) : EZ

such that

AW o EZ = id, EZo AW = 0oSHI+ SHIo 0.

Rl
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Group homology

G — EG — BG universal bundle, H,(G) < H,(BG).

A simplicial model for EG:

Let xTr; = (6, (12)J €y iay (12)2) = (1’382)z

Steenrod construction

Ce(ES3) ®s, (C")®2 =
T, a® B H—awv,;pb.

Rl
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Group homology

G — EG — BG universal bundle, H,(G) < H,(BG).

A simplicial model for EG:

G, ={(00,-..,00) | 0; € G},
dz(O'Oa ) — (001 0'1,1 .- 7Un)a
‘31(0'0, ) — (001 y0iy 04, . -ao"n,)-

Let xTr; = (6, (12)J Cic ey (12)2) = (1’382)z

Steenrod construction Inducing
C.(ES;) ®s, (C*)®? — C* C.(BS;) ® D(C*) — C*
,a® B —av;p. L, aQa —aw;a.
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Group homology

G — EG — BG universal bundle, H,(G) < H,(BG).

A simplicial model for EG:

EG, = {(00,...,04) | 0i € G},
di(ﬂo,...,dn) = (0’0,...,81,....}.0}1),

8i(00y .., 0n) = (00, -+, 0y OiyeenyOp).

Let xr; = (6, (12)J Ci:ah (12)2) e (1’382)z

Steenrod construction Inducing
C.(ES;) ®s, (C*)®? — C* C.(BS;) ® D(C*) — C*
;a®B —av;pB. L, Ra®@a —aw;a.

Operations Sq” controlled by He(BSs; [F2).
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Composition of permutations 0

In general
05: Sy X, (Sey X -+ X S4.) = Soypeto,
For today
og: Sy Xg, (82 X 82) — 54
Example

(12) x (12) x (12) — (14)(23)
Induced simplicial map
ESQ Xs, (ESQ X ESQ) — ES4

Induced chain map

og: £(2) ®s, (£(2) ®E(2)) = Co(ESs xs, (ES2 x ESy)) — £(4)

where £(r) = C4(ES;).

Rl
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FE«-structure on simplicial chains 10

Theorem. (Berger—Fresse 2004)

Explicit S,-equivariant quasi-isomorphism

E(r) — Hom((C*)®",C*)
compatible with compositions and sending x; in £(2) to «;.
Reference: Combinatorial operad actions on cochains.

Notation abuse: We will identify elements in £(r) with their images.
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Pirsa: 23010069 Page 14/20



Upshot 12

Theorem. (Med.)
Let H: £(2) — £(4) such that

OoH+ Hod=(23)F+ G,
H(12) = (12)(34)H.

Then (using the Berger-Fresse map and linear duality),

Gi(e, f) = H(zi)(a® a® ® )

is a Cartan coboundary for cocycles «, 3, i.e.

5Gi(a, B) = (o B) i (o B) + Y (a~ja)~o (B B).

i=j+k

Rl
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Upshot 12
Theorem. (Med.)

Let H: £(2) — £(4) such that

OoH+ Hod=(23)F+ G,
H(12) = (12)(34)H.

Then (using the Berger-Fresse map and linear duality),

Gi(o, f) = H(zi)(a®@ a® & )

is a Cartan coboundary for cocycles «, 3, i.e.

5Gi(a, B) = (o B) i (o B) + Y (avja)~o (B B).

i=j+k

Question: How to construct such map H?
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Big and little maps 14

Can be checked that
F+C.(Ef)=0.

Notice that

G(O'(), Y ,O’n) — 0 (.’I?Q @AW(O'(),.. .,O'n)xz)

= Cu(0E)((e:- - €) X EZo AW(00, .., 0)*?)
= Co(eB)((e,---+€) X (00, -, ) *?)
So, if & C.(OE)((B, : ..,6) X (8SHI)(001 X 7Jn)X2)

Hg(O’o,...,O’n) = Og((e,...,e) X SHI(Jo,...,O'n)XQ)
then
G+ Ce(Eg) =00Hs+ Hy00.

Claim: H3(12) = (12)(34) H-.

Rl
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Conjugate implies homotopic 15

Slogan: Conjugate maps induce homotopic maps on classifying spaces.
Recall that f and g conjugate.

Define Hy: £(2) — £(4)

n

Hl(O'(), e ,O'n) = ((23)f0'0, SEES (Qg)fgi,gO'i, ey 7gO'n).
1=0

Using a telescopic sum

(23) Co(Ef) + Co(Eg) =0 0 Hy+ Hy00.

Al
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Examples 17

For i € N let n(7) € N be the smallest such that

Gi(@, £)[0, - .., n(7)]

is not identically O for all homogeneous cochains.

Its value is obtained by evaluating (o ® a ® S ® 3) on:

Open Jupyter notebook

Rl
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¥ cartan_coboundaries - Ju x  + - o X

o8 mybinder.org t t t : B 20w O vy 2 L 0 ® 4y
uas [ CNRS Researchers Co... B E - ; N B @ ASETMJ e &8 QO o cosEO ® 5 B ©DROM @ © ©@00s [d Jazzcity Cologne

Trusted Python 3 (ipykernel) @

File Edit View Insert Cell Kernel Widgets Help

| if cartan:
print((f'z_{i}(0,...,{n}) =\n'
+ Operator.display action(cartan, (tuple(range(n+l,)),)

+ '\n'))
break

z 0(0,...,3) =

8. 1) x (1. 2) x {1, 2) x {2, 3)
Z 1(8,.:..,4) =

(0, 2, 3) x (0, 1, 2) x (3, 4) x (2, 3)
+ (B, 1) x (I, 2) x (1, 2, 4) x {2, 3. 4]}

| 3

z 2(0,...,5) =

(0, 1, 2, 3) x (0, 1, 3, 4) x (3, 4) x (4, 5)
+ 18, L, 2, 3) x (1,2, 3, 4) x {3, 4} x (4, 5]
+ By 1)y x {1, 21 % (1. 2, 3, 4) x (2. 3, 4, 5]}
+ 6. 1) x {1, 2) x (1, 2, 4, 5) x (2, 3. 4, 5]
+ (0, 2, 3) x (0, 1, 2) x (3, 4, 5) x (2, 3, 5)
2 318, ...;8) =

(@, 2, 3) x [0, 1, 2) x (3, 4, 5, 6) X (2, 2, 4, B)
+ (@, 1,2, 4,5) x(6,1, 2, 3, 4) X (5, 6) x [4, 5)
+ (0, 1, 2, 3) x (8, 1, 3, 4] x {3, 4, A) x (4, 5, 6)
+ 10 L 2, 3} x (1 2; 3. 4] x (3, 4. 8) x (4, 5, &)
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