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Abstract: Symmetry-protected topological (SPT) phases are short-range entanglement (SRE) quantum states which cannot be adiabatically
connected to trivial product states in the presence of symmetries. Recently, it is shown that symmetry-protected short-range entanglement can still
prevail even if part of the protecting symmetry is broken by quenched disorder locally but restored upon disorder averaging, dubbed as the average
symmetry-protected topological (ASPT) phases. In thistalk, | will systematically construct the ASPT phases as a mixed ensemble or density matrix,
which may not be realized in a clean system without any disorder. | will also design the strange correlator of the ASPT phases via a strange density
matrix to detect the nontrivial ASPT state. Moreover, it is amazing that the strange correlator of ASPT can be precisely mapped to the loop
correlation functions of some proper statistical loop models, with power-law behaviors.
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[NTRODUCTION

TOPOLOGICAL PHASES: BEYOND SYMMETRY BREAKING

Definition: Gapped quantum phases without symmetry breaking, but can-
not be connected to a trivial disorder phase without phase transition.

Two basic classes of topological phases:
TOPOLOGICAL ORDERED PHASE Long-range entangled, cannot be connected to a
trivial phase.

SYMMETRY PROTECTED TOPOLOGICAL (SPT) PHASES Short-range entangled, can-
not be connected to a trivial phase without breaking symmetry.

symmetry breaking unitaries

SPT phase

» trivial disorder phase

Ref: Z.-C. Gu & X.-G. Wen, PRB (2009)
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INTRODUCTION

1D SPT STATE

1D cluster state:

H=-) Zj1X;Zj+

p K=]]Xz1. G=]]Xa
7 J

M Z 124 =31 = X; = £1.

Za X Zo symmetry (odd and even sites)

Il
N
— O
o =
~—
N
Il
N
',_l
o
SR

|F£+’T> — HCZJJ+1|X — ]>t:r2\’

J

Domain wall decoration configuration:

N
N

X = —1 on the domain wall of Z!
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[NTRODUCTION

DoMAIN WALL DECORATION

-

Generic symmetry group G with a normal subgroup K

and G = G/K
1K —+G—=G—1

(d+1)D G-SPT phases: decorate a pD K-SPT phase on
the (d + 1 — p)D domain wall of G, then proliferate G
symmetry.

|Wspr) = Z vPo|¥p)|ap), |¥p) € H, |ap) €D
D

1. H: K-symmetric Hilbert space;

K-SPT

g2 € G

2. D: Hilbert space of all domain wall configurations with codimension-p.

G-symmetry proliferation: quantum superpose all |Wp)|ap) toward |Wspr).

Ref: X. Chen, Y.-M. Lu, and A. Vishwanath, arXiv: 1303.4301
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INTRODUCTION

MATHEMATICS OF DOMAIN WALL DECORATION

Simplest case: G = K x G, the (d+1)D G-SPT phases are classified by group
(d + 1)-cohomology and Kiinneth formula

D+1
HPK x QU =Y HT (G HP[K,U(1)))

p=0

Physical meaning of Kiinneth formula: Decorate
a pD K-SPT phase classified by HP[K,U(1)], on
the codimension-p domain walls of G' symmetry.

K-SPT

Tspr) = > /pp|Up)|an), |¥p) € H, |ap) €D
2,

g2 € G

Ref: arXiv: 1106.4772
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INTRODUCTION

TOPOLOGICAL CRYSTALLINE PHASES

KHgSh: P63/mmc No. 194
nonsymmorphic space group
symimetry.

Gapless fermion on the (010)
surface is discovered.

HARD to growth a perfect
single crystal!

Is the gapless surface is RO-
BUST even for symmetry on

average level?

-04 00 04 -04 00 04 -04 00 04 -04 00 04

ke (A7) ke (A ke (R ke (K7)

Ref: Sci. Adv. 3, 1602415 (2017).
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[NTRODUCTION

AVERAGE SYMMETRY

Classical Ising model:
W= N G, Gy ==kl

H

Zs average symmetry, (o.) =0

Zo Spontaneous symmetry breaking

(0.) # 0
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[NTRODUCTION

AVERAGE SYMMETRY AND SYMMETRY SRE ENSEMBLE

Def. (Average Symmetry): An ensemble of local Hamiltonian {Hp} and their
ground state |Wp) with (classical) probability distribution {pp}, where

Hp = Hp + Z (’U;DO?; + h.c.) , [G,Hol =0, [v70;,G] # 0

The probability distribution P|v] = {pp} is invariant under G. = Entire statistical
ensemble keeps invariant.

Def. (Symmetric SRE ensemble): A K-symmetric SRE ensemble only contains
K-symmetric Hamiltonians with SRE ground states { Hp, |¥p), pp }, with any pair
of states being adiabatically connected while preserving K symmetry.

adiabatic path

W)  [Wpr), [¥p), [¥pr) € {Hp,

Up),pp}

Ref: R. Ma and C. Wang, arXiv: 2209.02723
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[NTRODUCTION

DoMAIN WALL DECORATION

Exact SPT (K a.nd.G' o exact): 1. |p) € H: decorated K-SPT state;
the SPT wavefunction is .
2. |lap) € D: domain wall of G symmetry;

[spT) = § : vpp|¥p)|ap) 3. Y p: sum over all domain wall configu-
> rations — Symmetry proliferation.

ASPT (K is exact and G is average): Assemble
all domain wall configurations towards a mixed

all domain wall configurations towards a mixec K-SPT
Up),pp}.

ensemble { Hp,
< Reduced density matrix of |Wspr):

paspT = Trp (|Vspr)(Vspr|) Z[)DN’D (Up| g2 €G
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[NTRODUCTION

ExAMPLE: 1D AVERAGE CLUSTER STATE

Recall: exact 1D cluster state Disorder: break G = Zo on even sites
- - D o - D
Hluster = — E Z_i“lX,jZ,j-F] H giworder = — E h‘2j Z:Bj:' {h‘?._j - :tl}
¥ J

Mixed ensemple {Hp, |¥p),pp = 1/ 2V1, where

| - < Reduced density matrix
Hp = — Y Z2;X2j41Z2542 + hay Za;

1
J _ o ﬂzzﬁl‘lf’D)(‘Pbl
(Up) = | Z2j = hay) @ | Xaj11 = hajhayi2) ?

J

T @  and ~Er -

}f.-e(lge > 0 ;f.-e(lge < 0

Average anomaly is NOT so obvious!
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[NTRODUCTION

ExAMPLE: HALDANE CHAIN DECORATION

K = SO(3), G = Z4; Haldane chain  Topological action

decoration phase
‘ Stop = T L] ?I,TSO(B}
H' (Z2, H? [SO(3),U(1)]) = Zo top ﬂ 2

O,
: topological action of the Hal-
dane chain.

a: background gauge field of Zs: Zo w;“f)(ii)
symmetry domain wall;

( \ Edge: Nonlocal spin-singlet pairs = Long-
range entanglement on the edge (probabil-
ity p — 1) — Average anomaly!

(QQ: How to detect the nontrivial
) teature of ASPT from the bulk?
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[NTRODUCTION

SUMMARY OF ASPT witH K x @&

1. Classification: Kiinneth formula

S HIP (G, HPLK, U (L)

p=0

compared with clean SPT, the term H*™[G,U(1)] is missing.

2. Can be purified to clean SPT wavefunction

paspT = > pp|Up)(¥p] purification,
D

Wspr)

Q1: For generic group structure 1 - K —- G —- G — 1, how to classity
ASPT in this kind of symmetry class?

Q2: Is there any ASPT paspr that cannot be purified to clean SPT?
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INTRINSICALLY AVERAGE SPT PHASES

CONSISTENCY CONDITIONS OF SPT AND ASPT

» di: The decorated G-defects can be
gapped without breaking K; S &(wo.3)

&R (wp 3)

wi 2( gh )

» do: K is preserved during a continuous
deformation of the GG-defect network;

» ds: There is no Berry phase accumulated
after a closed path of continuous F-move
deformations.

ASPT phases: classical ensemble of |¥p). = d3 is released!

There might be ASPT phases that do not have clean limit!
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INTRINSICALLY AVERACGE SPT" PHASES

(GENERIC SYMMETRY GROUP

Generic symmetry group G

1 K-8 3851, weH(GK)

FEs-page of spectral sequence:
P EF= P HIGh(K)
p+g=d+1 p+qg=d+1

Obstruction condition: differentials of
spectral sequence:

di s EE? 5 BEITOET

W— . ’ 1.0 o . .
Last layer of differentials: d, : E?? — E?T975%: from F-move of the G-defects,

which is no longer important for ASPT'
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INTRINSICALLY AVERACGE SPT" PHASES

(GENERIC SYMMETRY GROUP

Generic symmetry group G

1 S K-35 3@, wpecH(GK)

FEs-page of spectral sequence:
P EF= P HIGh(K)
pt+g=d+1 p+qg=d+1

Obstruction condition: differentials of
spectral sequence:

di s EEP — BEITOET

N . " 1.0 o . .
Last layer of differentials: d, : E?? — E?T975%: from F-move of the G-defects,

which is no longer important for ASPT'
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INTRINSICALLY AVERACGE SPT" PHASES

INTRINSICALLY ASPT PHASES

Q: What is the purified state of the intrinsically ASPT density matrix?

purificat iuu\

B = ;pﬂlw’D)(q’D‘ ? |quure> =7

reduced density matrix

p= X polUn)(¥p) < Wpure) =?

Conjecture of |U,,e): Wavefunction of an intrinsically gapless SPT phase?

For intrinsically gapless SP'T phases, see arXiv: 2008.06638.

Pirsa: 22120054 Page 19/42



INTRINSICALLY AVERACGE SPT" PHASES

(GENERIC SYMMETRY GROUP

Generic symmetry group G

1 3 K-58-3831 wel (GK)

Fs-page of spectral sequence:
P EF= P HIGh(K)
pt+g=d+1 p+g=d+1

Obstruction condition: differentials of
spectral sequence:

d,: EPY s EptmaTY

—— : : 1,0, ¢ - -
Last layer of differentials: d, : E?? — E?T975%: from F-move of the G-defects,

which is no longer important for ASPT'
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INTRINSICALLY AVERAGE SPT" PHASES

INTRINSICALLY ASPT PHASES

Q: What is the purified state of the intrinsically ASPT density matrix?

purificat iUll\

P = ;pD|@D><qu‘ ’ |([Jp1u'e> =7

reduced density matrix

p= X polU)(¥p) < Wpure) =7

Conjecture of |U,,e): Wavefunction of an intrinsically gapless SPT phase?

For intrinsically gapless SP'T phases, see arXiv: 2008.06638.
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INTRINSICALLY AVERACGE SPT" PHASES

1D INTRINSICALLY ASPT FrROM 0D DECORATION

K =73, G = Z2, G = Z4: No clean SPT phase: H?[Z4,U(1)] = Z;.

Clean system: 1D Z, intrinsically gapless SPT

| | 2 8% 1—7F 4. | | T r2
y — O— e 1 3 J-1/'2j L'Ta — T}+]/2. Lg — [/'Tu.

p
Hamiltonian of 1D Z4 gapless SPT phase
ZO‘ 0;_10,41)P+= Z - JfT}'+l/ZJ?+]) P:H1+Uj ;1/20”?“
J
Under (strong) random disorder — hyo:
Hr = %Z (1= 0575417205 41) + hi'oj, {hy = 1)
J

1D Z,4 gapless SPT + disorder = 1D Average cluster state AGAIN!
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INTRINSICALLY AVERAGE SPT PHASES

HIGHER-DIMENSIONAL DECORATION

(34+1)D ZJ x Z4 x Z3 SPT

» Majorana chain decoration phase: no € H*[Za X Za, 7o) (a,b € Zy x Zo)

na2(a,b) = a1b2(mod 2), a = (a1, a2), b = (b1, b2)

Two differentials: _
Z4 domain wall

. o +4,1
1. da: E5" — Ey': dana =mna2Unzs =dus 7
Obstruction-free (fermion parity conservation); R Majorana

‘ 2.9 50 chain
i 8 d;;: E2 —>E§ :

dsny = Os ['n.g] - HB [Z4 X Zz, U(l)]

L

Obstructed (Berry phase inconsistency). 7. d _ I
o domain wa

Majorana chain decoration phase ns is an intrinsically ASPT phase!
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INTRINSICALLY AVERACGE SPT" PHASES

CLASSIFICATION OF INTRINSICALLY ASPT PHASES

Generic symmetry group G
(R R N N

Es-page of spectral sequence and obstruction:

P, o : g —r1
@ E;’G - @ 1P [G, ]’Lq(h )] . Ez) N E§+:’ ,q—1+
p+qg=d+1 p+g=d+1

Intrinsically ASPT: Elements in E4'? which are obstructed by
D, 142.0 o
dato—p: EP?— E37° ~ H*P?[G,U(1)]
and other differentials are obstruction-free

d,: ES? — Eéﬂrr’q'ﬂwl, L<rSptl—p
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STRANGE CORRELATION FUNCTION

BuLk DETECTION OF SPT

Motivation: Bulk of SPT is SRE = Detection of SPT

1. Edge detection: 't Hooft anomaly;
2. Bulk detection: Gauging the symmetry group (arXiv: 1202.3120);
3. Bulk detection: Strange correlator (arXiv: 1312.0616).

N U CAGOIN D
Clr,7 ) = Q)

. |¥): Wavefunction under detection;

2. |Q): Direct product state;

3. ¢(r): local operator at r.

C(r,r") is either long-range or power-law decay = |¥) is nontrivial!
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STRANGE CORRELATION FUNCTION

BuLk DETECTION OF ASPT

ASPT phase: Average anomaly of paspr = ), pp|¥p)(¥p| is not as obvious as
the 't Hooft anomaly for clean SPT.

Reference density matrix: trivial ASPT state po = > ., pp|Pp)(Pp|.

Def. (Strange density matrix): For an  Def. (Strange correlator):  For
ASPT state paspr and reference triv-  an ASPT density matrix paspr, the
ial ASPT state po, the strange density  strange correlator of some local oper-
matrix is defined as ator ¢(r) is defined as
- Lo [ -."
ps =Y _po|Up){(®o| C(r — ') = Llpsd()e(r)]
D Tr(ps)

Strange correlator C(r,r") will be either long-range or power-law decay
if paspT 1s nontrivial.
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STRANGE CORRELATION FUNCTION

WARM UP: 1D AVERAGE CLUSTER STATE

Mixed ensemble of 1D average cluster state {Hp, |Vp),pp} and trivial ASPT
ensemble {HD, |®p),pp} ({hE; = £1} and pp = 1/2V)

Hp = — EZQJ'XQJ_F]ZQJ'_FQ + hzz:j,ZQJ H% = — Z XQ_H_l + hgj,ZgJ
0. =

J

(Up) = | Zaj = haj) ® | Xoj41 = hajhojya)  |Pp) = Y |Zaj = hoj) ® | Xoj41 = 1)

J ]

Strange density matrix and strange correlator

1 Te(p:Z:25) Ref: arXiv: 2210.17485
y = — |Up)(Pp|, C(Zi,Z;) = =1

p: XD: on [ YD) (®pl, C(Zi, Z;) Tr(ps)

Remark ASPT from 0D decoration has subtle nontrivial effects on the boundary
(sample-to-sample fluctuation);

Nontrivial feature: Reflected by the strange correlator in the bulk!
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STRANGE CORRELATION FUNCTION

2D Zy x Zy x Z5 ASPT

- DL
L) “ L)
" 33&'%}

=
el

1. Z4: Paramagnetic phase of 2D
classical Ising model;

2. Each bond: Two spin-1/2 degrees
of freedom;

3. Away from domain wall: spins are
polarized to |+) state.

On a domain wall (red): spins form a 1D cluster state.
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STRANGE CORRELATION FUNCTION

MAPPING TO A Loor MODEL

The strange correlator of K degree of freedom

/ 5 s Ly Liy! pp (W Z-;-er [OFS
Oxc(r 1) = ZPeZrZr) _ Yop P{¥D|ZeZr|2)

T%s - ZD po(¥p|®p)

1. pp: DBoltzmann weight of a classical Ising
model in the paramagnetic phase, pp ~
ILico ', 2 = e %" (domain wall tension);

2. (Up|®p) ~ e /' = Renormalize domain
wall tension;

3. (Up|Z,Z,|®Pp): Nonzero only when r and 7’

are connected by the same domain wall.

Strange correlator of 1D K-SPT!
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STRANGE CORRELATION FUNCTION

QUANTUM CORRECTION OF LOOP FUGACITY

(QIT}'(I)D) — H(K{r"':f'clustcr UO)(E) — H 2 % 2_£

leD leD

Matrix product state representation:

— B; _IBJ"'?'1_

1
I
1

X
5 &

The factor 2 is universal!

TT(P&.) — 9 Z ;E—-L(D)zn(D)
D
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STRANGE CORRELATION FUNCTION

O(n) Loopr MODEL

Tr(ps): O(n) loop model with n = 2
. L(D): Total length of domain wall;

o = Tr(ps) = 7+—L(DP)9n(D)
Z()(J) I'(,O ) 2 ;i 2 23 'TL(D): Number of domain walls in D.

Two kinds of loops with orientations.

— L (D" 2-u.('D’)

sl Dor Lot S D
Crlrr' )= 2 - )s _
E-DI_IJ(D)‘ZT?(’D)

Loop correlation function: Probability

! .
that » and r" are connected by a single
domain wall.

LN W
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STRANGE CORRELATION FUNCTION

O(n) LooP MODEL AND CORRELATION FUNCTION

For n € [—2,2], critical point (blue line)

.f[f ....................... Te = [2+ \/ﬂ]—l/z= e
15 _- I 1. £ > / < z.: dense/dilute loop phase;
L-leg watermelon correlation function:
; Cr(x —y) = o — y|>L
v & Yy
N S y . v 1
00 05 10 15 20 25 b — Bl
Ref: Duplanti 98¢ g2 (1—g)°
ef: plantier, Phys. Rep. (1989). Ap =5 — 22

8 2g
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STRANGE CORRELATION FUNCTION

2D Zy x Zy x Z5 ASPT

z > \/2: 7 in the dense loop phase 1/\/§ < @ < V2 & in the dilute
loop phase

= K = Zo X Z2 strange correlator a
(G = Z5 -strange correlator

1

|.r o .rf‘Qﬂ.g CG(T’, ,,,,,r) —

Crc(r,1') ~ Tt (psov0,)

Lrps

As: 2-leg critical exponent for O(2) _
In the dilute loop phase

model
Ax =1/2 Ca(r,7') ~ const for & < 1/v/2
G long ran'ged E K power-law
G-breaking E E Average SPT
® *—9 » T
,rlsin e 1 Joop
0 el 8 \/'3 "[’C OO
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STRANGE CORRELATION FUNCTION

2D Z] x 74 ASPT

_ A ;
1. Z5: Paramagnetic phase of 2D
classical Ising model;

]

. Each bond: Two Majorana zero
modes;

3. Away from domain wall: Local

Majorana entanglement pair.

On a domain wall (red): 1D Majorana chain decoration.
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STRANGE CORRELATION FUNCTION

QUANTUM CORRECTION OF LOOP FUGACITY

K = Zg-strange correlator (Up|Pp) = H(df‘l\--'lajm-ana.|’LDO>(l)
leD
Tr(psc(r)c(r’))
Cxl(r,r') = - —
K (r,1) Tr(ps) gl_glp\@X\/E
&

TI‘(,OS) — pD<lPD|(I)T)> n(D
ZD: Zova = Tr(ps) = ﬁZi"L(D)\/i ¥
D

= O(n = v/2) loop model!
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STRANGE CORRELATION FUNCTION

2D Z] x 74 ASPT

Dilute fixed point 27=V2 = 1/\/‘2 —v2—-+/2~>~0.601, and & = z/v2

. ZD,(c:,.c.,.;>_g{i'_L('D!)\/5”(@ : 1 -
Cilr v ) = e ~ —, & 2 ®,
Z,D 5~ L D) \/ira.( ) |.r e .ri|2 2
T > ;{_'If':\’@: L= ]/3; = ;L':_f':\@: Ay = 3/5.

T ;'r:f":ﬁ: G = Z4'-strange corre- Glongran:ged ' K power-Lin
lator in the dilute loop phase :
G-breaking E E Average SPT
Cllpsr ) = L ol const ” | .1 " e
Trps 0  amol e 50
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STRANGE CORRELATION FUNCTION

2D Zz x Z5 ASPT

1. A nontrivial Zs charge is attached
on each vortex of the Z3s — 2D SPT
from 0D decoration;

2. Two types of domain walls: with
orientations.

K = Zs-strange correlator

Tr (psa’ (r)a(r’))

Ck(r,r') = Trp

Denominator:

T_[‘(ps) — SZ :I:—J"J(D"')Q'H(D")
‘Df

O(2) loop model!
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STRANGE CORRELATION FUNCTION

2D Zs x Z4 ASPT

B Z e = 1/\/5: dense loop phase, with

1 3-leg watermelon correlation function
2 o g '
& r’r
3 CK(T&‘r )N |T‘—?"f‘2‘é‘3
1 1

Critical exponent:

A3 =9/8

x < x.: dilute loop phase, measure the
GG = Z4'-strange correlator

Tr 0. b (r)b(r"))
Trps

Calrr) = ~ const
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SUMMARY AND OUTLOOK
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SUMMARY AND OUTLOOK

SUMMARY

» Define the ASPT phases in mixed ensembles;

» Intrinsically ASPT phases that do not have a clean limit: from ob-
structed /intrinsically gapless SPT phases;

» Detecting nontrivial ASPT phases from bulk: Strange correlation func-
tions:

» Mapping the strange correlators of ASPT to the watermelon correlation
function of O(n) loop models in 2D.
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SUMMARY AND OUTLOOK

OUTLOOK

1. Transition between gapless SPT and intrinsically ASPT controlled by
disorder intensity;

Intrinsically
ASPT

1 i
: Intrinsically ASPT - Gapless |
. unstable gapless SPT except at h = 0 SPT -

X > 3

0 h 0 he

W

C

2. Preparations and phase transitions of ASPT with measurements;

3. Average symmetry-enriched topological (SET) phases, including surface
SET of average SPT phases.
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SUMMARY AND OUTLOOK

Thanks for your attention!
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