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Abstract: Recently, powerful quantum field theory techniques, originally developed to calculate observables in colliders, have been applied to
describe classical observables relevant to gravitational wave physics. This has motivated a proliferation of approaches to extract classical
information from quantum scattering amplitudes. Since the double copy suggests that the basis of the dynamics of general relativity is Yang-Mills
theory, in this talk | will first discuss scattering in Yang-Mills theory as a toy model to study the connection between the framework by
Kosower-Maybee-O'Connell (KMOC), the language of effective field theory (EFT) and the elkona phase. After a brief review of the KMOC
formalism to compute classical observables from scattering amplitudes, | will consider the dynamics of colour-charged particle scattering and
explain how to compute the change of colour, and the radiation of colour, during a classical collision. Finally, moving on to gravity, | will discuss
the deflection of light by a massive spinless/spinning object using the novel worldline quantum field theory (WQFT) formalism for classical
scattering.

Zoom link: https://pitp.zoom.us/j/98649931693?pwd=Z2s1M|ZvSmFVNEFqdjk2dlZNRmM9PQT09
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Introduction

Scattering amplitudes and observables
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@ Modern approach: Unitarity, @ Two-body classical bounded
spinor-helicity, color-kinematics problem

duality, double copy etc. @ Solutions of Einstein equations

e Feynman integrals through @ Numerical GR, EFT approach,
differential equations amplitudes, etc
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Introduction

Invitation: Scattering in electrodynamics

Q2, M2 SO
v]
Q1,my s

@ Assuming power series expansion for trajectories (o = 1,2)

b N B AL o A(2) b (.
TH (7o) = b + uere + AV E(7,) + AY¥h(7,) + N

(l([_;;(?_a) = %, + A(l)“f_i(Tﬂi) + A(g)(ut{'i('ra) + S

e We are interested in solving Maxwell equations and Lorentz force
Sh e i — eZQa / dr, 64 (22— z(7,) v (Ts)
i

1pH
LT

d7a,

@ The total change in momentum of the particle during the collision

o0 H
Aph = et el e
pl — 1 am d Classical Impulse
5]
o —00
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Introduction

Invitation: Classical scattering in QED

e The amplitudes approachtosower-Maybee-O'¢
(ApY) = (WISTPLSIY) — (V[P ]v)

Restore hi: Units with A # 1 but ¢ =1
Dimensionless couplings

gVh

LT |
v VR

Distinction between momentum and wavenumber

kj = ﬁk E.g., Massless particles

Quantum states |¢) with sharply peaked quantum wavepackets:
sharply-defined position and momenta

Point particle
¢(p) ~m~ ! (:‘Xp{—p j u/(thomptonfgpread)] = {p“) D <‘p2> = m?
Scales of the problem satisfy the inequalities

1tjComptcm < 1tjs.pread < v S 0s {i\_r_ ?\

L. de la Cruz 28 November 2022 6 /34
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Introduction

Invitation: Classical scattering from QED

@ S =1+4iT and unitarity
<Ap“”> (Y \ YPY, T|%) + (| TPy, T

P ?.‘f" % .
P i+ 153( -1

@ At leading order (A in coupling already taken into account)
(ApL ) = i<<ﬁ.2 /d G0(27 - p1)0(2q - p2)e g A (p1, p2 — p1 + K, p2 — ﬁ-ff)>>

@ Restore h in amplitude and Laurent expansion

) 4p; - pa + h2G
LA (p1, P2 = p1 + hq, pa — hG) ~ qﬁ ~ie?(Q1 Q- };zgg .

@ Quantity inside double braket must be independent of A
@ In the classical limit then p; = m;u; (o = 62/47@ o= uj - Us)

Uy - bt

Apt =ie*Q1Q2 / (’1‘1(1 S(q- ul)g((j- ug)e gt ——= 7 — 20Q1Q2——— \/7 2

L. de la Cruz 28 November 2022 7 /34
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Classical observables in Yang-Mills

KMOC formalism

@ Classical Yang-Mills observables from amplitudes
(AO) = (STOS) - (0)

e This talke €2, P/, IF®
@ Conventions

)

2 2
4 { L L l:)i 1 1 a a p
S = /dl.’)i? (Z [(DH@L)D,’ o= K2 “chrx(p&’] = 1F[.L.UF : ) )

a=1

D, = 0, +igAST®,  F° = 9,A% — 8,A% — gf*cAb AC

t pv ¢

Summary KMOC algorithm
@ Momentum transfer ¢ scales as wavenumber
Restore hA's in couplings ¢
Massless loop momenta scales as wavenumber

Perform a Laurent expansion in powers of A

Problem: Classical limit of colour?

L. de la Cruz 28 November 2022
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Classical observables in Yang-Mills

Classical Yang-Mills theory
e Wong'”"" equations Classical

D“‘Fsu — Tl — 92 /dTﬂi (;Z(-TQ)(34(:£ —T. )

dpg: a apy

= = g¢a(Ta) F (2o (Ta) JVar (Ta)

cla
des
el

@ Yang-Mills field coupled to point-like particles carrying colour charges ¢

@ Noether charge operator (dimensions of angular momentum)

— f”bcv‘“ 4b(1a('ra))( (72

1

9 p)o(k* —m
2n)? (p™)d( )

(B ﬁ,/d(I)(p) (afr (p)Taa(p) + b (p)Tpb(p)), d®(p) =
e Satisfies the Lie algebra of the generators of the representation R
[Ca, Ca] = ihfabc(cc
@ Classical limit of the colour charge colour wavefunctions [i/)

¢ = ([T )

L. de la Cruz 28 November 2022 10 / 34
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Classical observables in Yang-Mills

KMOC formalism

@ Classical Yang-Mills observables from amplitudes
(AO) = (STOS) - (0)

e This talke €2, P/, IF®
@ Conventions

)

2 2
4 { L L l:)i 1 1 a a p
S = /dl.’)i? (Z [(DH@L)D,’ o= K2 “chrx(p&’] = 1F[.L.UF : ) )

a=1

D, = 0, +igAST®,  F° = 9,A% — 8,A% — gf*cAb AC

t pv ¢

Summary KMOC algorithm
@ Momentum transfer ¢ scales as wavenumber
Restore hA's in couplings ¢
Massless loop momenta scales as wavenumber

Perform a Laurent expansion in powers of A

Problem: Classical limit of colour?

L. de la Cruz 28 November 2022
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Classical observables in Yang-Mills

Classical Yang-Mills theory

@ Single particle states are tensor products of colour and kinematics

%) = [%colour) ® [¥kin)

@ Colour states are coherent states (made up of Schwinger
bosons~ " (2). )

1

\/('n.l!’ngl)

@ Size of representation labelled by 71, no must be large in the classical limit
@ In the classical limit colour operators are finite and factorise

(|C?|4p) = finite,
($|C*CPlp) = (|C*|){(1|C®|9h) + negligible
e Multi-particle states (; labels parameters &, ()

) = /dcb(Pl)di)(Pz) $1(p1)$a2(p2) € P/" |p1 x15 P2 X2)

W"COIOM) B ‘€C>[n1,ng] = (C ? b]L)n? (S : Q-T)nl ‘0)

= / d®(p1)d®(p2) 1 (p1)b2(p2) € P x1; x25|p1%; p2?)

L. de la Cruz 28 November 2022
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Classical observables in Yang-Mills

Colourful scattering observables

e Colour impulse
(Act) = (T|STCLS|T) — (T|CE|T)
= i(P|[CY, T]|®) + (¥|TT[CE, T]|T) ,

@ Momentum operator P/’ is a colour singlet so momentum impulse differs from
QED by colour expectation values

e Both impulse observables are well defined in the quantum and classical regime

e Total colour charge radiated from a scattering event

(Rey) = (RIT'ETIE), = ing™ 3 / & (k) bl (k) ac (k)

@ Colour conservation
[CT +C3 +F*,T] =0 = (Acf) + (Ac3) = — (Rq
o Useful notation (C? — ¢¢, p; — mju;)

<<f('p13pza - )>> - ./d@(pl)d‘l)(pz) |6(p1)10(p2)? (x1 x2|f (P, P2,y -+ X1 x2)

L. de la Cruz 28 November 2022 12/ 34
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Classical observables in Yang-Mills

Colour impulses at NLO

@ Kinematics

Fq
™,
N

) (1) \'“#a __." ‘ o TITTIT g 5 \A“'I oy ‘/‘ g \ - i
/ 4 (7 N b By, A / ™,
gen> B2 B o oy T = T D=
P \ Pl P A i YRR
.- ¢ b p Py o
P ol . 74 i 4
| ".II 5 P Pa PL " M 4 P " G
,

@ At NLO colour and kinematics combine in a highly non-trivial way because

Ageo = €(J) AT+ o)

o “Singular” terms O(h~2) in ALRED) mix with O(h?) in C():()

e Colour
cze(() ] = leg, chesicses
= ihf*® (2C7C5(C1 - Ca) — ikf*™ (C5C5C5 — C5CEC%) + O(R%))

3-gluon vertex

L. de la Cruz 28 November 2022 13/ 34

Pirsa: 22110113 Page 12/31



Classical observables in Yang-Mills

e Final result matches iterative solutions of Wong equations

(= g*/(4r))

e {Wf““lcf(g(q - Co) ( 1 b 1 )
Vol — ‘b‘ my mo

-+ 10—_2 10{,‘ ‘ ‘2 I:}ca(‘dfdbﬁ ( ford]cdb( b((‘(( }
202 -1) ° 12 1%

@ Structure constants appear due to colour not to kinematics!

Indeed for QCD, Ap/ is identical to QED case with colour replacement

Q12 = c1 - ca

b
BE

e 2w’

1
Apt' = (1 - ¢9)? —
P1 ((1 (2) mlmg{ Assipzi |
)

~ m [(m2 + omy)uf — (m1 + oma)ub]

(m 4+ my)

@ QCD is similar to QED in the classical limit

as in thermal QCD... another talk

@ ... if radiation is not included

L. de la Cruz 28 November 2022 14 / 34
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Classical observables in Yang-Mills

Radiation

e Radiation simpler as it depends on amplitude squared

o = {foke Z<<h—2d<1>(k)72*b(k-, g}k, 0)>>

o

@ Radiation kernel

L h%/ddqld492 0(2p1- @1+ 41)0(2p2 - 2 + 43) 0 (k — 1 — go) > 0/"

X ZC”’(D) Ap(p1 + q1,p2 + g2 — p1,p2; k,0)
D

o

L. de la Cruz 28 November 2022 156 / 34

@ Leading order :lg) (p1 +q1, 02+ @2 = p1,p23k, 0

Pirsa: 22110113 Page 14/31



Classical observables in Yang-Mills

Effective field theory approach

e EFT approachiti- Cheung-Rothstein-Solon 'f.i: h/h Stuﬂ:‘ not present
@ Suppose | am given a perturbative Hamiltonian

H=H(r,pC) \/p-+rrzl+\/p“+m,+1[ PG

@ Then we can solve the problem in perturbation theory
: oH : abe h oH : ‘
'r:&—p., p——W é=f ’d( . =12
Assuming power expansion in o = g2 /4m
T(i) = 7‘0(1‘) + ar (f) + Q:QT‘Q(t) Elens o
p(t) = po(t) + api(t) + ’pa(t) + .

c2(t) = el o i)+ act () +afel ! ?‘) p

@ Observables

e )
AO™ = / dt—— = 0Pt =T)- 0™t = -T)
b Eg AT

@ Center of momentum frame

P1 D2 mimo E FEi L,
= e = p e e e

mims m? m : E?
L. de la Cruz 28 November 2022 17 / 34
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Classical observables in Yang-Mills

Computation of Hamiltonian |

i Effective theory

o Effective action

Classical bits i S / e
Iy moo ol S / 4=l Z S.I (—-k) (‘A’(f)-f- = \k3 g mf;j_) fn(h}

e LO : a=1,2

. /af_)lk / dj)*lkiajtkf)é:;l_kf) Iv(;‘rk(:,’){

@ NLO (unitarity)
v_ill—loop - C(ﬁ() v‘il].—l[)[)p._ (QED + e Q Feyn man rules

Amplitude
j AP OBD — g Io + dog Tg+ ea In + oo I

Amplitude in EFT

@ Relevant diagrams: LO >< NLO: ><:><

@ Ansatz:

V(K k,C) :;_ a I b (p°) C O:() + O(a?)

L. de la Cruz 28 November 2022 18 / 34
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Classical observables in Yang-Mills

Computation of Hamiltonian I

Full theory Effective theory

Classical bits '
P e Amplitude
i i .
APPT — _ V(p'.p,C))

Jtes '—'.17?(_1'A C (>_<) . A . A
- = —N\ . el LT 4
4E1E‘_)_ qg . /d“‘lk Vip. k., ClV ik p.C)

E,+ E3; — \/k? +mi — \/k? + m3
e NLO

o O(a)

A . 27 (1“A C( ) -
4E1E; g ABTH =~z he (D<)

Vo A 1
q . L 2 G
Y& 2m

Ny =

Result of matching i \m(‘,(>_<)z /

va

2¢ with ‘

- _ 1 =5 9
L (1 —ilvte: Ay =—do + 56F > 2+ £ CEQ,2d;
mg

L. de la Cruz 28 November 2022 19 / 34

Pirsa: 22110113 Page 17/31



Pirsa: 22110113

Classical observables in Yang-Mills

Eikonal phase

o Following conjectures by Pern-tuna-Roiban-Shen-Zeng, 207 \ve define
(= e )
I
Al — -
dmimavo? — 1.

1 , A
= = [ Bqeirrat9(g

4?72117'1-3\/’03 -1

/a2q G—sfq-b‘/iltnfae(q)7

o Integration leads te M- =i schecpuer ol

e (e
m€Ea? As
p|

+Ap,

X2 = Ap = —\PH =

|
ucaq (
{(1J}_fb b

"I

Results :
_{p.b\/} = S {X~ {pJ.r- X}}

(e} 1 (L ) ki
=lehx = =l daad)

L. de la Cruz 28 November 2022 20 / 34
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Light bending in WQFT

© Light bending in WQFT

L. de la Cruz 28 November 2022 21 /34
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Light bending in WQFT
Maxwell-Einstein Theory

e Einstein Hilbert action (de Donder gauge)

2 , \
Sen = —— /(14:1;\/ng., Sgf = /(14«'15 (0" Py — 1/26#-}"Vu)2
K :

@ and Maxwell theory minimally coupled to gravity

L a V[
Sy = —1/(143:\/?99H'9 dFﬁ»b’F@ﬁ

e Feynman gauge

e Second order differential operator

oy U2 v
H}.L — 6“" V e R’.L

L. de la Cruz 28 November 2022 22 /34
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Light bending in WQFT

@ We interpret as a first-quantized Hamiltonian (g, (z) = ’T}ab(iﬁ,(l')ﬁ-g(l'))

agl 7 b ¢ b2 b 7 ; 1
H.LL _>‘ Ha — ()a v il R-a ’ V‘L = ap; T

ab
Qw;.a Sab

@ Matrix valued action (8, — —ip,)

1
i 1 1 .
0

@ Dressed propagator(Schwmger proper time
T)Worldlme

i e R 1(1) Yo
Df‘b(xo’yﬂ;g):/ dT (yo, ale™"*|zq, b) / dT/ D.LT Sl ‘?]) 0

0 (0)=

e Introducing auxiliary variables Q%(7) = zu® + A%(7), Qa(7) = us + Ao (7)

| ok i ! 1, jcd ba bAa 3
g = /) dT 4TJ,(LU.I",I +1/\ /\a e 5;[“ W“, ( cd)a Q Qb +TR(L Q Qb — 1:FI:{

L. de la Cruz 28 November 2022 23 /34
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Light bending in WQFT

Dressed propagator

@ Time ordering exchanged for modular integration over z

1 ziu J(l)frm A(1)=0 s
Dz g, u % q) = / dT/ / DB e
0 A .

i 2 e x(0)= (0)=0

u, u are placeholders for polarisation vectors
Dressed propagator with external photons (solid line) off-shell

101

Prescription for on-shell amputated dressed propagator

¢ / =y = = 2 () A, a4 ip-xog—ip’ 1 . =
D(p,p’,u,u;g) := lim (ip” ip )/d wad yg e 8 0 Dilwa, i, %, W, q)
p<,p <—0 :

Overall effect: eliminate the proper time integral and set 7 € (—o0, +00)in
the action

L. de la Cruz 28 November 2022 24 /34
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Light bending in WQFT

Relation to amplitudes

° Following Fabbrichesi-Pettorino-Veneziano-Vilkovisky, '93 consider the correlator
(TA, (1) A, (2)p(z)) o (z5)) ~ /Dg’D:’l'DapDcp*eisAﬂ(:Jr:l)AV(:Eg)cp(:f:’l)gﬁ*(:f:g)

e Disregarding diagrams with scalar and graviton loops (classical limit)

=
= "

(T4, (01) Aula) (@) @IR) ~ [ dgei® Dyl aaiglGlat i

o Gz, x}:g] is graviton dressed scalar propagator
e Amplitude

2
A (’7«,9 — -’)-'99) / ( H d:l:.,-_d-:r:’,-_) e~ 1P1T1+ip222 o —ip1 21 +ipay

i=1_
x | DgeBHe*t (py)e, (p2) D, w1, To; g)GC[w], Th; g]

L. de la Cruz 28 November 2022 26 /34
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Light bending in WQFT

Classical limit

@ Shortcut is WQFT for classical observables

Deriin collaporation

22 (massive scalar and
spinning)

e Using our photon propagator WQFT isBastianelli-Comberiati-DLLD™2L (1 556]egs
photon)

Z[ua ’a] — : £ ; ‘DJI,LI/ Dy 1 Dlg DA D)\ ClSF“"
2 2° ,

Stull = SEmstem Hllbert[ + SEinstein-Maxwell lla /\ Aa Z54q + SMasswe—scalar[I»Q J}

e Background expansion of: e, wﬂab, x#, and Fourier expansion of graviton

field hw, (l,) xH = b* + pHT 4 g

@ Worldline Feynman rules: Propagators

. B

v po
e

v 1
qﬂ. = —1 / ( p . ) ) h*pw W h-pcr

2 \(w+ie)

L. de la Cruz 28 November 2022 26 /34
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Light bending in WQFT

@ Scalar interactions

e
kl = _i§em'b5(7€ -p)pt'p”,
h-';w
W
— ;
s |
k,l — éfﬁ‘k'b(S(k: P+ w) (2&;1)(“(5;;) +p“p”k:p) .
Ry

@ Photon-graviton interactions

w

A e N L
A\N\N\NN\Ve — ] - ,
/ : 2 (w+ie)?  (w — ie)?
- i ifﬂ e \ } ' s | |
kl = Ee“’" °6(k - p) (—p“p’ +izk®p" ’r/‘“)ﬁ(Saﬁ)p Uﬂ.pua) ,
Ry
L. de la Cruz 28 November 2022 27 /34
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Light bending in WQFT

e Worldline Feynman rules (fluctuations)

,\,\\1 qp(\w)
kl . %eik.bg (k- p +w) [(p“’p”k:p 5 pr(u-(gz))

Ry . : _ :
—izk® (fr;fd“" (p"k, + wd‘},’))) (Sas)r OU-/\U-cS] _~

@ Auxiliary variables produce additional rules analogous to spin

it S )\U (u))
k:l % = —%fﬁik'bg(u} +k-p)z k:“p(”n“)ﬁ(saﬁ)p eul

Y
/\,‘~’ 2 Xp(u))
k‘.l % — —561 Ow—k -p)k“;r)(”n“”j(saﬁ)p .
Ny
L. de la Cruz 28 November 2022 28 /34
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Light bending in WQFT

Eikonal phase

Classical limit of the amplitude taken care by Zlu,
Geometric optics limit (£ (kout) )— g (k + hAf( )(kout)

1 amplitudes: Cristoroll-Lo

E(’\)(kout) . ‘“(’\)(km)

Shortcut (minus sign is due u-u = —1,)

deom—opt = “‘Z('U,-,ﬂ) .
a—u

Matching with the amplitude as usual

—e'X

iy 1 3d,, §¢ Y ig-b

e 1= d®qd(q - v1)0(q - v2)e' " A(¢y — ¢v)
AmE
=il vz £ )

Deflection angle

deomvopt

1 (‘?x,;

L. de la Cruz 28 November 2022
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Light bending in WQFT
Example: LO

@ Spinless

i

ol s o 5(
—sz dlqé(q-pl)cs(q-pz) q2

TR b Ly _ 4Gym
= _92 G . = log oi== - = =

1G N (p1 - p2) log ( 2 E 0|b] b
@ Spinning
e'9%(1 4+ Ng)

q?

ddqg(q : pl)g(q 'pz)

I’d s 52 ) 1 s 52
o — — 6 =4 — — — |G N

L. de la Cruz 28 November 2022 30 /34
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Example: NLO

/\‘/’\\.,

Light bending in WQFT

L. de la Cruz

NLO diagrams

28 November 2022

31 /34
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Light bending in WQFT

Results

Diagram (a) vanish identically in geometric optics limit
Special case of

~ s N -~ -~ ~
TN S AN TN

k1 Foo ki1 ks

T
~ (=1)PpHipht oL pheptn g \ pfiph .. -j;‘f“p";-: o pMph Bf“ i

=1

[ 1 Motz =1V Jhay My
I Ty fhiotin fifnts

Masless limit equivalent to spin-tensor independence ~ thanks to moduli
integral over z

Diagram (c) vanish due to the presence of double poles

Integral reduction very simple: Passarino-Veltman

Result only depends only on

15
j e
= 167|b)|

After adding up diagrams (b) and (d)
s 1 1 Oxz 16w Gom

e e O
X2 =K opg™PL PIe i P =" T 2 b

L. de la Cruz 28 November 2022
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Summary and outlook

Conclusions

KOG and ERE
e KMOC extended to Yang-Mills (already existent for QED and gravity)
e Impulses are QED-like (3-gluon vertex subleading) but not colour radiation

e Construction of EFT hamiltonian including colour

On WQET...

e Gravitationally dressed photon propagator

e WQFT for photons coupled to gravitons

Outlook

@ Gravity and double copy: Double copy better understood in QFT: our
amplitudes approach makes easier to implement double copy. For WQFT

see~
Thanks!

@ In progress: off-shell story and beyond geometric optics

L. de la Cruz 28 November 2022 34 /34
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