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Abstract: Many topological phases of lattice systems display quantized responses to lattice defects. Notably, 2D insulators with C_n lattice
symmetry hosts a response where disclination defects bind fractional charge. In this talk, I will show that the underlying physics c
disclination-charge response can be understood via a theory of continuum fermions with an enlarged SO(2) rotation symmetry. This interpt
maps the response of lattice fermions to disclinations onto the response of continuum fermions to spatial curvature. Additionally, in 3D, the re
of continuum fermions to spatial curvature predicts a new type of lattice response where disclination lines host a quantized polarizatior
disclination-polarization response defines a new class of topological crystalline insulator that can be realized in lattice models. In total, these
show that continuum theories with spatial curvature provide novel insights into the universal features of topological lattice systems. In total
results show that theories with spatial curvature provide novel insights into the universal features of topological lattice systems.

Zoom link: https://pitp.zoom.us/j/97325013281?pwd=MU5tdFYzTFIjMGdaelZtNjJgbmRPZz09
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FOCUS OF THIS TALK

The responses of topological phases to disclination
defects

Equivalently, responses to fluxes of C,, rotation symmetry

The responses of lattice fermions to disclinations can be understood using continuum
theories of fermions in curved space

Correctly reproduces the disclination responses of two-dimensional higher-order
topological insulators

Predicts a new type of disclination responses in 3D, which we verify using lattice
models
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THE BIG QUESTION

How do we understand topological phases of matter?

Focus on fermionic symmetry protected topological phases (SPTs) without interactions

SPTs: gapped systems that cannot be deformed into a trivial system without breaking
symmetry or closing the band gap

Integer quantum Hall Insulator

Su-Schrieffer—Heeger chain ~ Topological Insulators (Tls) in 2D and 3D

R
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OOO

OO
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Many SPTs can be understood through their responses to symmetry fluxes

Symmetry G with element g U, (@]
Uy, : representation of g

Example: response of quantum Hall insulators to fluxes of U(1) charge symmetry

Laughlin pumping argument: Hall conductance = charge 1s bound to magnetic fluxes

Corbino Disk
As the flux increases, current flows to the flux
= charge accumulates at the flux

A 2 U(1) flux will bind charge Q,—_qux € Z

I
E;——-—'\

Laughlin PRB (1981)
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Many SPTs can be understood through their responses to symmetry fluxes

Symmetry G with element g U, (@]
U, : representation of g

Example: response of quantum Hall insulators to fluxes of U(1) charge symmetry

Laughlin pumping argument: Hall conductance = charge 1s bound to magnetic fluxes

Corbino Disk

As the flux increases, current flows to the flux
= charge accumulates at the flux

A 2 U(1) flux will bind charge Q,—_qux € Z

I Q2r—flux 18 the Chern number
E ;——-»'\
Laughlin PRB (1981)
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SYMMETRY FLUXES IN OTHER TOPOLOGICAL
INSULATORS

2D TI (AKA Quantum spin Hall insulators)
U(1) charge and U(1) S, spin

Mixed responses: j
charge flux binds spin : :

spin flux binds charge

Corbino Disk

3D TIs/Axion insulators

Quantized magnetoelectric effect

Witten effect: charged magnetic monopoles

Qi and Zhang, PRL 2008
Qi, Hughes, and Zhang, PRB 2008
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Topological Field Theories

2D Quantized Hall Conductance 3D Magnetoelectric A,: U(1) charge
Effect gauge field
C ©
— uva — UVAS
L an € Au0y Ay, L 3272 € 0udy 0145, Gauge fields in this
0 talk are non-
C C .
P = —— S y A dynamic
— p=—B p = VB daynamic
Jx 2 Y 2m 4 42 background probes

Topological terms appear in effective response theory after integrating out the microscopic
fermions

Z[Ay, .| = [ DPDW et wax L¥¥Aw] - [ drdx L,.¢[A,, ...] = logZ[A,, ...]

Zee, Springer 1995 (review) Qi, et al., PRB 2008
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Topological phases of lattice system can also host quantized responses to
fluxes of lattice symmetries

Lattice symmetries: C,,-rotation, discrete translation, mirror

o O
. . 09000
Fluxes of a lattice symmetry = lattice defects z o0 g IS
o 9 T e o ol U O
0o 0 0 0 L1
C,, flux = disclination

Translation flux = dislocation

ol

Example of a geometric response: IR
C,, symmetry fluxes bind charge SR (e
Equiv. disclination defects bind charge RIS

charge bound to disclination

Page 9/37
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Disclination defects

Take v that transforms under a representation of C,,
Parallel transport of ¥ around a disclination rotates v

2D disclination 3D Disclination-line
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Disclination defects

Take v that transforms under a representation of C,,
Parallel transport of ¥ around a disclination rotates v

2D disclination 3D Disclination-line

Disclinations are characterized by a Frank angle: @
Equal to angle the lattice vectors rotate around the disclination
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Disclination-Charge Response

C,, rotation symmetry fluxes are encoded in fluxes of a discrete gauge ficld: C

Disclination-Charge field theory term: % ANdC

ol

e 0.02 s € 2Z for 2D spinless fermions without TRS
.. :: s € Z for 2D spin-1/2 fermions without TRS
3 . ---------------- . s € Z for 2D spinless fermions with TRS

..... 0.2 s € 27 for 2D spin-1/2 fermions with TRS

Discrete nature of C makes analytic analysis difficult

Can’t use perturbative approaches

See Manjunath and Barkeshli, PRR 2021
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Responses to fluxes SO(2) continuous rotation symmetry

Fluxes of SO(2) = U(1) are continuous and can be added perturbatively

Allows for linear response theory, adiabatic approximations, etc.

Fluxes of SO(2) are sources of spatial curvature

Responses of lattice ? Responses to continuum
fermions to . I fermions to spatial
disclination defects curvature
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Assume the spatial manifold is locally flat, g;; = ;;

E; = (cos(8), sin(0)), % E, jg

# ."1 .

SO(2) Gauge redundancy of E4 : 6 — 6 + @(x), ¢(x) € [0, 21T)

Related to ambiguity in defining primitive vectors & winds by 6y around
a disclination

Spin connection definition: w, = EL0,E} = 9,0

§0(2) gauge transformation: w, = w, + 0,¢

Curvature tensor R, = 0,w, — 0,w), ,;" ;’ 1

288
Sﬁdisc widl; = édisc 0;0 dl; = Og rr ingl

Lattice with Disclinations - Manifold with singular points of curvature
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CURVATURE-CHARGE FIELD THEORY

Curvature response: charge bound to curvature

Effective field theory

S A
Wen-Zee term: Ly, = py e w, 0,4

Wen and Zee, PRL 1991

s s
P = E[ax‘”y — Oywy| = 7 Rxy

co s : 1 .
§ (shift) is quantized, S € EZ A 002
Gauss-Bonnet Theorem: total curvature of a closed surface is a multiple R : '_ : q. e 0.00

1 1 e RO
of 41 (—[ dxX Ryy = Sx € L) R
Total charge on any closed surface must be an integer (| dx p € 7) "o LT o0z
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TE

E QUADRUPOLE INSULATOR HOTI
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TE

E QUADRUPOLE INSULATOR HOTI

The quadrupole insulator (QI) AKA Benalcazar, Bernevig, Hughes (BBH) model
First example of a 2D higher-order topological insulator (HOTT)

Model of spinless fermions with time-reversal symmetry (TRS)
C, symmetric topological phase

Half-integer charges at corner

Half-integer charges at /2 disclinations

Is there a theory of fermions in curved space that
capture the disclination response of the QI?

PO
P f=4
——
I

Expected Continuum Response:

1
Lo-wz =~ eMtw,0,4;, §=2

Benalcazar et al., Science 2017
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How to teach your child about disclination responses in HOTIs
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QUADRUPOLE INSULATOR

hi(k) = Aysin(ky )T + |y, + 4, cos(ky, )|
+,sin(k, )3 + [y, + A, cos(k,)]T™*

C, rotation symmetry when 4, = A, and y,, =y,

i

QI phase occurs for |£% <1
X }Ly
Trivial QI Trivial
® ®
yx/;tx =-1 Yx/)lx =1

x
q{-\. [ 2 [ ?J\r\ L ] ?: L ]
, L T‘
Ayl o Rl i
. 5
T ]'[ T | T
T 4%
FT | o—bt—ta ®

Spectrum aty, /4, = 1
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QUADRUPOLE INSULATOR

_ ; 1 2 N =
hi(k) = Aysin(ky )T + [yy + 4y cos(k,,)|T ORI
+A,sin(k, )T3 + [y, + A, cos(k,) T SRS
C, rotation symmetry when 4, = A, and y,, =y, : 2' 4V
14 Py o= ‘ ;
QI phase occurs for [2£| = [ < 1
P x Ay Dirac-like 4- ]—x
band crossing
Trivial QI Trivial |
® L4 |
yx/;tx = -1 Yx/)lx =1

Spectrum aty, /4, = 1
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Proposed continuum theory
L1 =1 i 6%7°D; + i Efo41°Dy + i E) 041°Dy, + mo 7% |y

D_a -A ; 120 0,z
=0y — 1A, —lwy ZO‘T +0°T

S0(2) gauge transformation

E; = (cos(8),sin(8))
E, = (—sin(8), cos(8))
w, = 0,0

Angular momentum of the continuum model

= (, angular momentum of lattice model
mod(4)

0 -0+ @(x,), (p(x‘u) € [0, 2m)

W o @G )

JMM and Hughes, Arxiv 2021
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BOUNDARY ANOMALY AND CORNER CHARGES

For a system with boundary, the Wen-Zee term is not invariant under U(1) gauge
transformations

1
LQI—WZ = E EMVAAuaVGU/‘l
A,—A,+0,0

1
Lor-wz = Lor-wz + - "9, (00, w))

Charge is not conserved at the boundary

. 1
au]“lQI—bdry = ;Eu auwleI—bdry

1 2
AQlQl—bdry = AE fdx; nylQI—bulk
JMM and Hughes, Arxiv 2021
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BOUNDARY ANOMALY AND CORNER CHARGES

For a system with boundary, the Wen-Zee term is not invariant under U(1) gauge

transformations

L _1 etvia 9 w3 —————

QI-wz = uOv T ] Neja-aise = 0

A,—~A,+0,0 111 ] 4corners

1 e = _

’EQI—WZ — LQI—WZ -+ E E”V}lau(f?ava)ﬂ) QlQI—bd'ry_ 0 mod (1)
Charge 1s not conserved at the boundary Nyz/2—aisc = 1
au]“lQI—bdry = ;EuvauwleI—bdry 5 corners

1 2 _pary=1/2mod (1
AQlQl—bdry — AE fdx; nylQI—bulk QlQI bary / ( )

JMM and Hughes, Arxiv 2021
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CURVATURE RESPONSES IN 3D
In 2D curvature (SO (2) fluxes) can bind charge

What can occur in 3D?

For simplicity, we will only consider flux of SO(2), symmetry, that rotates the xy-planes

Equiv. only consider curvature of xy-panes

Possible response: SO(2),
flux-lines have an electric
polarization

JMM et al., Arxiv 2022

?
D

4

50(2),
flux line

==

=

3D
Disclination
lines
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Field Theory Term

50(2), gauge field: w,,

xy-plane curvature tensor Ry, = d,w, — 0, wy,

@ O
uvap — —_ cHVAp
€ RywFy, 22 € 0,wy 034,

The RAF-term: Lpp =

50(2), flux line: Ry, = 2m6(x)6(y)
Action for a 1D object with

= [dtdx Lpr = [ dt dz %[GZA,: —0,A;] © polarization P, = %

JMM et al., Arxiv 2022
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The RAF term is similar to the 3D ®-term that describes 3D TIs/Axion
insulators

3D O-term: ©
32

vA
— ek pF;'wFlp

Total derivative
0 is periodic
Domain walls of ® bind unquantized

: A®
Chern-Simons terms: — E”"AAMBVAP
4T

AO _uvi
T € A0,

Q)

Qi, et. al, PRB 2008
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