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Abstract: The multipartite entanglement structure for the ground states of two dimensional topological phases is an interesting albeit not well
understood question. Utilizing the bulk-boundary correspondence, the tripartite entanglement calculation of 2d topological phases can be reduced to
that on the vertex state, defined by the boundary conditions at the interfaces between spatial regions. In this work, we use the conformal interface
technique to calculate the entanglement measures of the vertex state, which include the area-law, geometrical and topological pieces, and the
possible extra order one contribution. This explains our previous observation of Markov gap h=\frac{c}{3}\In 2 in the 3-vertex state, and
generalizes it to the p-vertex state as well as rational conformal field theory, and more general choices of subsystem. Finally, we support our
prediction by numerical evidence.
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What Quantum e
Entanglement teaches us: Topological systems: L_/

* Topological entanglement entropy

Tripartite entanglement? * [Entanglement spectrum signature
(3;:;::1;:1
Field Theory
Quantum Phase transition @@
Holography * Universal entanglement scaling
Entanglement
Entanglement transition: .
* Measurement induced e
phase transition 1 1 l 1 1 1

» MBL to thermalization

" Numerical methods: MERA
transition

* Tensor network
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Little is known about tripartite entanglement...

Bipartite entanglement:
* Entanglement entropy

S =—trpalnps Cél)
* Area-law: Number of Bell pairs
* Topological entanglement entropy Bell pair
Quantum Sa=aLl—v, ~v=logD St
[Levin-Wen 08; Kitaev-Preskill 08] |01> o |10>

Entanglement

Tripartite entanglement: @
* 3 qubits: GHZ, W
* beyond 3 qubits: ?

* Entanglement measures?
* Topological signature?
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Other quantities:
mutual informatio

negativity,
9

« Reflected entropy

Tripartite entanglement

- Definition: purify a reduced density matrix

paB =Y Mlp)pl = |Voap) =D VD)D)

!
like TFD state
paa- =trep|\/paB) {vpaB|
SR(A : B) — S(pAA*)

- Why reflected entropy?
HEP: Holographic dual
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A A*

B B

[Dutta-Faulkner 19]
[Akers-Rath 20]
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Tripartite entanglement

- Why reflected entropy?

CMT: Captures non-trivial tripartite entanglement

Markov gap h = Sgr(A:B)—-I(A:B)

" Bell pair
S GHZ state |GHZ) = |000) + |111)

h=0 - 1dGapped GS
CMT Triangle state
U Stabilizer state

Proven by CFT
c . :
1d critical GS: h = - In?2 and replica trick

1 How about 2d?
Holographic state: h ~ —

G @

[Zou-Siva-Soejima-Mong-Zaletel 20]
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Summary of results

* Setting: topologically ordered ground states in (2+1)d

* Tripartition

* Key result: Markov gap
i — E In2
3

When:
(1) Deep inside the topological phase (large gap limit)

(2) Chiral phase [YL, Sohal, Kudler-Flam, Ryu 22]

[YL, Kusuki, Sohal, Kudler-Flam, Ryu 22
(to appear)]
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Importance of the results

* Markov gap captures information of topologically ordered ground states beyond
the TEE
New universal form } = gln 2

-.‘_‘

insensitive to “corner”

* Conjecture:

- If remove “deep inside topological phase” condition

hzgmz
- If remove ““chiral phase” condition
¢ : Ungappable central charge

* Technique: bulk-boundary correspondence

- Direct calculation [YL, Sohal, Kudler-Flam, Ryu 22]

- Conformal interface approach [YL, Kusuki, Sohal, Kudler-Flam, Ryu 22 (to appear)]
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1. Universal TEE by boundary CFT

 TEE in 2+1d
IGS) = ;ci@i)
A

S4=al -~
v =InD + Z ;| In |e;]? — Z |ci|? Ind;

(5

[Levin-Wen 08; Kitaev-Preskill 08]
[Dong, et al 08]
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Left-right entanglement entropy(LREE) in 1+1d

boundary condition: /_J\

[T(0) — T()]|B) = 0

Solution: Ishibashi state: ~————"

oo d
|B;) = Z ZN |hi, N; k) @ |hi, N k)

N=0k=1 | |
regularized state:

IB) = Z \%e-ﬁﬂa |B;)

trace out right moving part,
compute entanglement

v InD | 2 |e;]% In|e;|% — Z |ci|* Ind,

[Qi-Katsura-Ludwig 12]
[Wen-Matsuura-Ryu 16]
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2.How about tripartition?
] B Two approaches: (1) bulk TQFT (2) boundary CFT

Insight: find a state mimic (2+1)d ground state near entangling boundary

* Boundary state:
T(0) — T(o)]|B) = 0

free fermion

[*(0) — iy (L —0)]|B) =0

pisil
722

* Vertex state: 3 copies of edge theories
[pttlo) T L-o)]V) =0, 0so<1/2

free fermion

W't (o) - (L-0)][V)=0, 0<o<L/2
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2.2 Free fermion result

* Using free fermion vertex state (boundary of chiral superconductor)

i C
e Numerical results show h = - In?2 [YL, Sohal, Kudler-Flam,Ryu 21]

partition 1

B

h (k) 0.1155(= £ log2)|0.1155(= % log2)| 0.1316
% (a) 0.1093 0.1043 0.1316

hard to obtain vertex

* Is this universal result? (for general TQFTs) 4 state for general RCFT
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3.1 Boundary state revisit: Conformal interface

* Boundary state as path integral:

T(0) — T(0))|B) = 0 B) = Z j;_ie-m,&)
L
Ya
BI~_ i~ anti-chiral
l e J
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3.1 Boundary state revisit: Conformal interface

1 t
log I'PpA

1—n = (trpa)”

 Use path integral to evaluate S,,;: S, =

oo dn
« Interface: “unfold” the boundary state — It is a projector! Z. = » > |h;. Nik)(h;, N: k|
N=0k=1
PA
| . VB . Va : - Ya . VB
imag i i i i ;
time | v VB : Ya i VB | . Ya | VB | Ya
________________ 3 B e e e P B
tr(p%)

~ . . wlc 2 2 2
Entanglement entropy: Siree = 215 Z le;|” In|c; | + Z: |ei|® In S;p.
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3.2 Universal tripartite entanglement

* Can we use conformal interface approach to show the universality?

* Recall tr(p) as path integral:

A

Ya VB

| Ve Ya N

Circumference : L

* For vertex state, tr(p) will be path integral on 2-genus: S e

path integral
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3.3 Path integral decomposition

* In the § < L limit: cut an annulus into two strips

n-th fold
‘ branch cut r a b \2

S il

=~
R
o
b
Q/'

chosed (Zopen)2

* Under this approximation:
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* Entanglement entropy:

el — ﬂ i E ln sin pam 0 i corner term agrees with
Tﬁ l v T free fermion numerics!
area-law corner topological P=Dpa+DB
term term term
. v an — G
Mutual information: 7(4: B) = gl oy i i L [Sirois, et al. 20]
245 3 2 D Geometrical term in IQHE
* Reflected entropy -
e D et
e : =n 100
i e n e D 3 D
area-law corner extra  topological
tcrm term piece  term

* Markov gap: h = 1n2

no “corner”
contribution

h

Pirsa: 22110059

[YL, Kusuki, Sohal, Kudler-Flam,Ryu 22
(To appear)]
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Summary

* Tripartite entanglement unveils new information beyond bipartite entanglement

* We studied tripartite entanglement using bulk-boundary correspondence and
introduce vertex state

* Vertex state can be evaluated (indirectly) using conformal interface approach

* Markov gap does not receive corner contribution
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