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Abstract: | discuss novel symmetries of perturbation theory around rotating and non-rotating black holes in general relativity, and discuss their
origins and implications for gravitational-wave astronomy. This is motivated by two special aspects of black hole perturbations in four dimensions:
isospectrality of quasinormal modes and the vanishing of tidal Love numbers. There turn out to be off-shell symmetries underlying each of these
phenomena. Oneis aduality, which on shell reproduces the famous Chandrasekhar duality and therefore underlies isospectrality, and can be thought
of as an extension of electric-magnetic duality to black hole backgrounds. The other is a set of "ladder symmetries’ relating modes of different
angular momentum or spin, which imply the vanishing of Love numbers. This has a geometric origin in the conformal symmetry of low-frequency
modes.

Zoom link: https://pitp.zoom.us/j/93633894223?pwd=cEFRY no5WStSNUJ OWJILdVZHWE1QT09
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“The black holes of nature are the most perfect
macroscopic objects there are in the universe: the
onlj elements in their construction are our
concepts of space and time!

-Chandraselhar
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Motivation

Black holes are sLmFLe. but mysterious

“A new era of gravitational wave
astronomy”™

Binary BH mergers probe gravity in a
wide variety of regimes and
techniques

This tallk: Linear Perkurbakions;
Schwarzschild for simplicity

o Many/(all?) results apply to Kerr
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Imoge: NASA

Inspiral

Post-Newtowniown; EFT;
effective one-body;

Perkurba!:ion theory

Merger

Nu.me'ricc_nl. rei.od:i.vtkj

Ringdown

Perturbation theory
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Hinks of Symmetries
(i D=% GR)

Tid&’. PQSFOKSQS: Black hole Love numbers = o

“Fine tuning” vanishing EFT coefficients

ISOSPQCETQLi&j: Both GW Potari.aabiens have the
same QNM speckrum

Due to a duality of the Einstein equations
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Tidal Qesyamses % Love Numbers

o
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During inspiral, companion
object sources a tidal field

CGrravitational response to
tidal deformation encoded
in Love numbers

© Static response (@ = 0)
o Observable ok sPN

@ Measures inkternal
skructure

Image: C. Henze/NASA Ames Research Center
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\fani;shivxg Love

o Love numbers are Wilson coefficients
of point-particle EFT:

| |
Spp — Id’t (-—m +-2-/1EE§ +-:-2-,'{BB§ =+ )

o encode effects of finite size/
structure

o Standard EFT Llogic: Wilson
coefficients are 0(1)

o Small/vanishing coefficients
sighals unless
protected by symmetry

o Porto, 160605595

Image: C. Henze/NASA Ames Research Center
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For Love numbers, it largely suffices to study spin-o
dyhamics on Schwarzschild:

4

r | ;
—Ka% + 9, (Ad,) + sineag (sinfop) | ¢ A =r(r—r,)

Separability: ¢ = D e VP ANYHO)  Yi6): m=o spherical

2—0 harmownics

Radial equation: | [Ad(40)~4(Z+ DA+a | ¢,=0]
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Vahiskiv\g) Love i a nubkshell

Shares key features with

Static Klein-Gordon: [a,.(Aa,,) — (€ + 1)] ¢ =0 Rasge-Whesler/Zerill on

Teukotsk: o Kerr

>
v Horizown Infinity

‘veqular) ¢ ~ const. growing ¢ ~r’  (tidal field)
1
pt+1

bLo».:a’.hg up ¢ ~ In(l —r/r) decaji.hg ¢ ~

(static response)

Love number: coefficient of decaying term at infinity:
= P (r"+Ar™"71)
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\/ahiskiv\g) Love i a nubkshell

Shares ey features with

Static Klein-Grordown: [a,.(Aa,.) -0+ 1)] $=0 Regge-Hhaslar/Zeril on

Teukotsk: on Kerr

>
v Horizon Infinity

1

) (static response)

bLo-:.:a’.ug up ¢ ~ In(1 — ?”S/ r) decaji.hg ¢ ~

Love number: coefficient of decaying term at infinity:
= P (" +Ar™"71)

Faerr—

| Math: why do these diff eqs have this property? |

f{-?hvsi.cs: why does D=4 GR give us Ak egs like bhis? |

e s e R A R A A o e e N e B D R S W e B R R S SR N i et
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\/ahiskms Love i a nubkshell

Shares key features with

Static Klein-Grordon: [c),.(Aar) LS (f <4 1)] Qb = Ressssl;t:l::asl;;ﬁe:ﬁ on

Teukotsk:z on Kerr

>
v Horizown Infinity

1

) (static response)

bLo».:a’.hg up ¢ ~ In(l —r/r) decaji.hg ¢ ~

Love number: coefficient of decaying term at infinity:
= P (r"+ A7)

| Mabh: why do these diff eqs have this property? |

i £

| Physics: why does D=4 GR give us diff eqs Like bhis? |

o s e e e e i e o B e e e T o T R P A e e R e Bt Rl
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\/ahiskms Love i a nubkshell

Shares key features with

Static Klein-Gordon: [a,.(Aa,.) - (€ + 1)] $=0 Resge-Hhislar/Zeril on

: Teukotsk:z o Kerr

>
v Horizown Infinity

T‘ESU;LC\‘I’ ¢) ~ const. ST‘ONEHS qb ~ Ff (tidal field)
|
pt+1

blowing up ¢ ~ In(l —r,/7) decaying ¢ ~

(static response)

Love number: coefficient of decaying term at infinity:
= P (" +A,r™" 1)
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Ladder opera&ors

Static Klein-Gordown own Schwarzschild: Z H,$p,=0
¢

“Hamillonian”: H,=— JAN [ar(Aa,,) — (¢ + 1))] AMy=rr—ry)

o £+ 1
Admits TANT and | wering operators: D = — Ad, - il

4
D; =06 =&
2

in the sense that H, (DJ¢p,) =0

L ot Note: This examFLz
Ht’ —I(D £ qbf ) =0 contains the salient

features of spin-s on Kerr
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Turhing the Ladder Sideways

The raising/lowering symmetry D7 is unusual: it relotes
solutions at different levels ¢

: & symmelry for each level individually

Strategy: lower to =0 and use accidental symmetry

Greneral spin: £=s
Horizontal symmetry: 09, = Q.0 O, = A0,

0, = D QyDy
Cownserved charqe: P, = Ad(D{D; ---D;¢,) :

See also Comp&oh and PO = Aar¢0
Morrison (2003,0%023) Qf — D;‘ 1Qf_ ID;
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Turhing the Ladder Sideways

® The raising/lowering symmetbry D7 is unusual: it relates
solutions at different levels 7

o : & symmelry for each level individually

o ‘SEraEegj: lower to Z =0 and use accidenkal Sjmmekrj

Greneral spin: C=s
® Horizontal symwmetry: 09, = Q.0 O, = Ao,

0, = DjOyDy
® Conserved charqge: P, = Ad(D;yD;---D;¢,) .

See also Comp&oh and PO = Aar¢0
Morrison (2003,0%023) Qf = D;‘ 1Qf_ ID;
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Ladder opera&ors

Static Klein-Grordon o Schwarzschild: Z H,$,=0
¢

“Hamillonian”: Hf =—A lar(Aar) — (¢ + 1))] A =rr—r)

o £+ 1
Admits TANT and | wering operators: D = — Ad, - bl

4
D; =00 =&
2

in the sense that H, (DJ¢,) =0

¥ S Note: This examFLz
Ht’ —I(D 4 qbf ) =0 conbains the salient

features of spin-s on Kerr
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Turhing the Ladder Sideways

® The raising/lowering symmetry D7 is unusual: it relates
solutions at different levels ¢

o : & symmelry for each level individually

© Strateqy: lower to £ =0 and use accidental symmetry

Greneral spin: f=s
® Horizontal symmetry: 09, = Q.0 O, = Ao,

0, = DjQyDy
® Conserved charqge: P, = Ad(D;yD;---D;¢,) .

See also Comp&oh and PO o A6r¢0
Morrison (2003,0%023) Qf = D;‘ 1Qf_ ID;
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Turhing the Ladder Sideways

The raising/lowering symmetry D7 is unusual: it relates
solutions at different levels 7

: & symmelry for each level individually

Strategy: Llower to =0 and use accidental symmetry

Greneral spin: £=s
Horizontal symmetry: 09, = Q.0 O, = A0,

O = DJ QD1
Cownserved charqe: P, = Ad(D{D; ---D;¢,) .

See also Comp&oh and PO 2 Aar¢0
Morrison (2003,0%023) Qf = D;‘ 1Qf_ ID;
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\fauishihg Love

o Chm*ge. conservakion LmFLLes Love = ©

® P, =0 for growing (infinity) and constant
(horizon) modes

® P, # 0 for decaying (infinity) and
divergent (horizon) modes

o Cownclusion: a daaajihg term diverges at the

horizown A
JOSERPH RE|L Ly
o Aside: span&aheaus Sjmme&rtj bre&kiv\g:

Qéa(b;g) =0, Qf‘]b;d) # 0
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Ladders UF

D;l

SRR .

and Dowi

g |

£ = const.



Towards Qeali&v: SFEM Ladder

Teukalskv aqu&&ow

a’m? + isQr — ryam
JAY

-(f—s)(f+s+1))¢g>=o

2, (Aarqbg)) +5(2r — )oY + (

Admilts Ladders in Z and sPi.m!

These extend the i ¥ : r e
Teukolskj-SEarobi.hskv ET = a,. : ES = Aar = S(?‘_,_ +r_ - 2?”') — 2iam
identities for static Iy

Ferl:urbal:iohs

Relates solutions to Klein-Gordon, Maxwell, and Einstein

v&ntskihg scalar Love ——» v&hishihg Sraviﬁa&onat Love

NB: also can construct ladder for Regge-Wheeler
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iRk SjmmeEries

Point-particle EFT: il
treat BH as a point, encode structure in ke st U ol
? g: (mohopol.e) scolar charge
higher-order oFerod:ors ) SLA ubers

S =— = d*x(agp)” + | dzy EV %, = 5. gp + E (a(al'"aaf)r(‘b)
4

=7

UV symmetry in flat-space Llimik:  6¢ = 12 cos 80,4 + rd,(sin Oep)

‘Paﬁchtihe: éhlﬂ the bullke () term is Lm)ariahk
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Greomebric lvxf:erfre&o&wh

From Schwarzschild & ALS

|
Cownsider a skatic scalar: S = 5[d3x\/§¢|:|¢

and perform a conformal transformation:

g, =Q%;, ¢=Q¢, Q2=LYA

L: m‘bil:rarj scale

so that

1 e e
Sza[d%c\/g(d) ¢+4L4¢’)2)

The metric §; is nothing other than Euclidean AdSs

Punchline: stakic massless scalar on Schwarzschild = massive scalar
on EAJASs

Pirsa: 22110048 Page 25/37




Pirsa: 22110048

Be.vovxd the stakic Limik

2.4
Kletn-Grordom: 3,(Ad.¢) — £ + )¢ + wAr ~0

Approximation: or, or, < 1

Defines hear zone: o l>r> ¥
Near zohe includes near horizown, asymp. flak

Idehf:ifzj:

2.4
(UI”_ )

~ — a)zrs(r+ r,) +
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Effec&ive. near-zohe metric

o Near-zohe Klein-Grordon equad:iot«\:

224
D AIBE LA N s g

A
® This is [Oxz @ =0 in an effective near-zone metric:
A

J
ds2, = — —dr? + =dr? + r’dQ?

o This mebric is
@ Possesses a very rich snjmmek'rj skructure

o Same hear-zone geometry for Kerr (suitable def of near-zone)
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Be.vov\d. the stakic Limik

2.4
Kletn-Grordom: 3,(Ad.¢) — £ + )¢ + Q’Ar ~0

Approximation: or, or, < 1

Defines hear zone: o l>r> ¥

Near zowhe E.hcl.u.des near kcriz.on, aAsSYMp. ’1 Lat re q Lo

Idehf:ifzv:

w’r?

e a)zrs(r fer )+
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Properties of the near-zone metric

A r?
dsgz = ——d* + Xer + ridQ?
rS

@ Conformally flat (C,5=0)
o & Killing vectors, 9 conformal Killing vectors

® Ricci scalar vanishes (R=0,R , # 0)

® Massless scalar is conformally coupled

o ALL 15 (C)KVs generate symmelries of near-zone
action/equations of motion
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Near-zohe symmetries
Killing: Cownformal Killing:

5t

T = 2r, at, Jo1 = ——COSBB ——smﬁag (
Jgg——coscp[ sin 4 0, +M(tan"°8 — cos 00p)
(

Ly = eit/2rs(27"s 8,V Ad, F \/Z&")’
Love symmetry i

Jog = 0
2s e ) Joz = —smcp[ sin &, — (—‘36 + cos 695) ]
J12 = cosp 0y — cot fsin ¢ O, (
Ji13 = Sin(Pa@ + COtQCOS(,Oa(P. K, = ett/?s ‘rcosﬁ (—ir?t :|:8,.A8r:|:2tan989) ;

(5

)

ACEE‘MS] 301 on a Sihﬂi.e My = et/ cosp [f sin 09, T YA Asmé’a
:I:Q‘/_cos:.élagq: 2‘/_1;?1“"’8 ]

multipole 3:.&!.0\5 our Ladder | "

0 4 era&ors 7 ] Nj: — eit/?rs Sin(p [7'-"5_2_ qinga == VAS Asin()a

iz"ﬁ cos 00y + 2VA cotg g ]

full atgebra: so(4,2) by
sL(2) subalgebras: T and L:, Kz, M, N:

Pirsa: 22110048 Page 30/37



Reqgqge-Wheeler and Zerilli

o Encode dynamical d.of. in Master equation:
master variables:

PV (r,r) Y. (1)

® Even: Zerilli ¥ o +V.(N¥.(t,r)=0

° 0dd: Regge-Wheeler ¥_ £=2

o These obev simple
Schrddinger-Like equal:i.ons

o Tortoise coordinate:

r
dr = (1 ——S) dr,
r

r=r. r=1.86r-
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Chandraselchar’s Duat'&&j

o Secret Link between Regqge-
Wheeler and Zerilli

Fo&eubmtsr :
dW(r) 1=~ 93 + 124272 + 8A%(1 + A)r + 184r2r
e i o, ; :
Vi(r) =W (1’) -+ dr* A ﬁ oy 3]‘S)2
with W(r) the superpotential
and B a cownskant

r\ (£ +1) 3, D - D2+ 2)
i E¥ S

This cli.re.d:t? E.mFi.E.e.s

isospec&rati

Chandraselkhar (19%0s)
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Linearized Einstein-Hilbert

To sEudj symmetries, we
want to work ot the level of
the action:

3= M—Ez’lJ‘d‘*x1 /—gR
2

—= 1
gyu_guu+M_1;.]hpu

Why? Allows us to calculate
e.9. Noether currents

Procedure
Fix gauge
Integrate out non-
dynamical (auxiliary)
dofs
CahonicaLLv normalize:

rescale field and
coordinates

parity and spherical harmonics decoupling:

Sk Jdrdrgi(z, r)
Y

irsa: 22110048
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Linearized Einstein-Hilbert

Canownical normalization
® Coordinate choice: r - r,
o Field redefinition: hy, — ¥,

15 o 3[(%) - (2




APPLLCQEEQM: Tidal QQSFOV\SQ

o Noether current for static solutions:
J* =9, %0 % +WW¥,0 ¥ —¥0F,)- (W +pH¥, ¥ =const.
® Regularity at the horizon: /=0
o At nfiniby: W o 4+ 470 T o (A, — 4)
o Duality implies equal Love numbers

o Ladder symmetry for RW butk not Zerilli -> even Love = ©
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Minlkeowskei Limik

Electric-magnetic duai.i&j

Duality in the flak Limik: OF, =—¥_
SO(R) O s =

impl.i.e.s, on-shell,

~

Gravitational electric- OR,;3 =R, 45 P

o~ vap = F€uw JRpGa
maghetic du&l.i.&v: OR 0p = — Royap e e

EM duality previously lhown symmetry of Einstein-Hilbert
around Minkowski, (A)AS
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Surm mary

] \/ahishthg Love numbers and isos pectral QNMs both ndicate
hiddewn s:-;mme.l:ri,es Of GR (/massless fields on Schwarzschild)

o We find symmetries of Eimstein-Hilbert uncle.rl.jiug these:
o Love = ©: ladder symmetries/conformal symmetry

o Isospec&ralikj: EM dual.i.&v on Schwarzschild
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