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Abstract: In this talk we combine integrability and conformal bootstrap to learn about correlation functions of planar maximally supersymmetric
Y ang- Mills theory. Focusing on correlators of four stress-tensor multiplets, we first introduce a set of dispersive sum rules that are only sensitive to
single-traces in the OPE expansion (this is advantageous because this data is available from integrability). We then construct combinations of the
sum rules which determine one-loop correlators. Further, we discuss how to employ the sum rules in numerical bootstrap to nonperturbatively bound
planar OPE coefficients. As an example, we show a nontrivial upper bound on the OPE coefficient of the Konishi operator outside the perturbative
regime.
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Motivation

@ How much can we learn about planar N’ = 4 super Yang-Mills if we
combine integrability and bootstrap?

@ Inspirational example: Bootstrapping 1D defect CFT in N = 4 super
Yang-Mills using integrabiltiy data and numerical bootstrap yields:

[Cavagli, Gromov, Julius, Preti;2021]
Our broad goal: get a curve for the OPE coefficient of Konishi as a
function of coupling in the planar N' = 4 super Yang-Mills.
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Method

To answer this question we take the followings steps:

@ Consider the ope expansion of stress-tensor 4-point correlator in the
planar limit

@ Build functionals that acts on this OPE expansion and are only
sensitive to the single-trace operators in the expansion: single trace
enter in OPE with positive coefficients are computable using
integrability.

@ Get the spectrum of single-trace data from integrability

@ Use these functionals in numerical bootstrap to get bounds on OPE
coefficients.
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Outline

© Setup

© A Menu of Functionals
© Our Bootstrap Problem

@ Data from Integrability: Single-Trace Spectrum

© Numerical Results
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Outline

© Setup
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Setup

e N =4 SYM in planar limit:

2
¥ . ( y N i
g“fm — 0 N — o0, Iy MY = g‘2
167

@ In the limit, we consider the simplest half-BPS operator, the
stress-tensor multiplet:

O(z,y) x Tr[(y - ())’]

y is a null vector ensuring that O(z,y) transforms as a symmetric
traceless tensor SO(6))R

@ In our analysis we will use g = 0.1 (weak coupling) and g = 0.3
(strongish coupling)
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Correlator

@ The correlator of study is then the 4-pt of function of this half-bps
operator which we can use superconformal ward identities to write as:

(O(x1,y1)-..0(x4,y4)) = Free theory +
g2 —0
1 L _ _
—(z—a)(z—a)(z —a)(z — a)H(z, 2)

C

Here, z and z are spacetime cross ratios and « and & are R-charge

: __ N2-1
cross ratios and ¢ = ——.

@ The prefactors of H(z, z) is to impose superconformal ward identities:
the correlator is protected when z = «

@ In the planar limit H is N.-independent and it effectively becomes like
a correlator of four scalar primaries with A = 4 with nice properties.
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Properties of reduced correlator

Properties of the reduced correlator H

@ Crossing:

Hu,v) = H(v,u) = u " H(—, )

U u
@ OPE expansion: it can be expressed as a sum of short (protected) and
long (unprotected) multiplet

H(u,v) =HProtected (y ) + Z A% JGRAT (u,v)

(A,J)
long DT & ST

G/}‘:jl(u 1) = 'u_4GA+4’J

@ Regge Limit: as z,z — oo with £ = fixed, we have: H ~ ey

Assumption from bound of chaos: J, < 2
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Outline

© A Menu of Functionals
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Double Discontinuity:

Now since we do not have any positivity for DT coefficient in the OPE of
H(u,v), we would like to decouple them from the sum.

Zahra Zahraee (McGill University) Bootstrapping Planar N = 4 SYM using Int October 14, 2022 10 /48

Pirsa: 22100134 Page 11/41



Double Discontinuity:

Now since we do not have any positivity for DT coefficient in the OPE of
H(u,v), we would like to decouple them from the sum.
We do this using the dDisc which systematically kills all the double trace:

. L« A - J - QA £ 1
dDiscsGa. (2, Z) = 2sin? ( 5 1) Gag(z,2) 3 for DT
IN G
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Dispersion Relation

@ However dDisc picks a channel! It's not crossing symmetric. We can
use the dDisc inside the dispersion relation to get the crossing
symmetric correlator.

Hlusw) = /du’dv’K(u.v,u’,fU’)dDisc[H(u’,v’)]

@ OPE expanding H(u',v") inside the dDisc gives a new expansion
including only stress-tensor multiplet and single traces.

dDisc[H (u, v)] = dDisc[HProtected (3, )]+ Z Aa.2sin® (7852) GA 5 (u,v)
(A,J)
Long ST
e In addition, we have dDisc[HProtected (4 ¢/)] = dDisc[H5"°"8] since
at g — o0, all non-protected single traces become heavy and
decouple.
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Next, defining the Polyakov-Regge block as a dispersive transform of a
single block:

PN=A, J] = /du’dv’K(u,’U,’u,',’u’)dDiscS[Gg:]A‘(u’,2)’)]

We can express the correlator as:
H(u,v) = KU (u,v) + Y AR yPa A, J]
(A,J)
Long ST

This is the key formula in our analysis. We can now use this expansion of
the correlator to obtain various functionals that are only sensitive to
single-trace data.
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Dispersive Functional

We are now ready to introduce the 5 sets of functional that we use to
solve the bootstrap problem.

@ X, Imposes crossing symmetry in the cross ratio space.

@ B;: consistency between dispersion relations with different
subtraction schemes in mellin space.

@ B,: consistency between dispersion relations with different
subtraction schemes in position space.

@ ;. Projective functionals that gives the OPE coefficient at one-loop
In terms of anomalous dimension at one-loop.

@ ®y/.9: Projective functionals that relates the anomalous dimension
of operators of different spin on the leading single-trace trajectory.
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X-u RIE

@ u <> v crossing symmetry (symmetry between s & t-channel) is
ensured by choosing a crossing symmetric kernel:

PXT(u,0) = PAT (v, w)

@ However imposing crossing symmetry between s and u-channel gives
us infinitely non-trivial constraints:

0= Z A (732?.74(’&, v) — ’11,_473gj4(1/u,1;/'11,))

(AT) h
Long ST Xu,v
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Functionals in Mellin Space:

To introduce the rest of the functionals, we need to introduce the Mellin
representation for identical-dimension operators:

‘ (iSdt S_A L_A S 2 t 2 Uu 2
Hiw,w) = / / (47?[:)21& v2 °T(A — 5) I'(A — 5) I'(A — 5) M; ¢
with s +t +u = 4A for A = 4.
The poles of the Mellin amplitude, according to the s-channel OPE occur
at descendants of primaries:

M QR4 (1)
s—(A4+4—J+2m)

M(s,t) ~

Importantly Q%' , ;(¢) o 2sin* (%ﬂ') The mellin amplitude readily
has double-zero on double traces.

Zahra Zahraee (McGill University) Bootstrapping Planar N = 4 SYM using Int: October 14, 2022 15 /48

Pirsa: 22100134 Page 17/41



Pirsa: 22100134

Dispersion Relation for Mellin Amplitudes

@ Let us now move towards definging the dispersive functionals by
writing dispersion relation for M (s, t):

o Using limy_ o, M(s',t') ~ 5774, where J, < 2, we can write the
following fixed-u dispersion relations:

M(s,1) = % ds' M(s',t")

271 s— 8’

ey« 40—
S,l) = 27’[’2 (S — 80)({: = SU) S — 8,
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Mellin Amplitudes

Assuming the same spectrum in the s- and t- channel, we can deform the
contour to pick up the poles and write their combined contribution a:

M(s,t) = M(s, )™ + 3~ X3 ;PN A, J]

(A,J)
Long ST
with Polyakove-Regge block given as:
SN=4 _ - m e 1 1
P Bl = r;} Qa4 (16 =5 —1) L‘ — (7 4+ 2m + 4) == (T + 2m + 4)
L L=
r

106—u—7—4-2m 7T+ 4+ 2m
eee ¥ X X H X X eee eee X X X VW ‘ B X X X e
—— — —— — I

t-channel poles s-channel poles

nX
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B, & B, Functionals

@ The difference between different subtracted dispersion relations gives
the B; functionals:

0= Bi)r()t.cct(‘(l 4+ Z )\QB,; [A ]]

(ALJ)
Long ST

@ B, functionals is then mellin transform of B;.
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Projective Functionals

We want to define projection functionals that solve the 1-loop problem
analytically.
@ At weak coupling dispersive functionals delays the contribution of ST
operators with twists 4 + 2m + O(g) > 4 for m > 0 using dDisc to
two loop (order g?)

@ The only single trace operators that survive at one-loop are operators
with twist 7 = 2 + O(g). We want to build functionals that singles
out the contribution of a single spin at those twists. We do this by
finding the kernel to integrate B; against:

WA, J] = /iIV[t]ﬁt[A,J}

471
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Projective Functionals: ®, .9 & ¥y

@ The projective functionals that we build are:

lim W[t + J, J] = 6¢.7(1 + (7 — 2)Be) + O((7 — 2)?)

T—2
. il 2
lim @ pio[r+ J,J] =04 (7 —2) | 6,7 — =——0¢42,7 | + O((T7 — 2)7)
T2 759

Here 3 and ®;° is known.
@ Acting with Wy, on the correlator then relates the anomalous ope
coefficient and anomalous dimension for spin ¢ operator at one loop
@ Acting with @/ .5 on the correlator then relates the anomalous
dimension for spin ¢ operator to anomalous dimension of spin £+ 2 at
one loop

@ If we give the anomalous dimension of Konishi operator as input,
these 2 functionals together solve the one-loop problem analytically!
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W, Functional
U, functional in addition to solving the one-loop problems has the

characteristic that it is asymptotically positive. This means that these sets
of functionals are useful at any value of the coupling because they help
with the positivity of the functional in the asymptotic region and they

make the numerics stable.

Yolr + J, J]
J
14 |
12 . N
i/f\\ Jf \\ /
10/ \ [
/*' \ f ’1 j
08 | \ | 11 ,1 — J =0
06 \ |
| [l
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W, Functional
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Outline

© Our Bootstrap Problem
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overview of the optimization problem

@ As mentioned previously, each functionals we have gives us a valid
sum rule, so a finite linear combinations of them is also a valid sum
rule:

0= Z ap Wprotected n Z )\A ;Wk[A ]]
(A,J)long
@ Here « are our optimizing variables. We then separate the protected

part and the target OPE coefficient we want to bound ( Komsh|) and
impose that all other terms are positive:

Z apWi[A', J] >0V (A, J') in single-trace spectrum,

Side: Integrability will enter in determining the (A’,.J") that we need
to impose positivity on.
@ which proves the following inequality:

0> Z ay Wprotected + )\Komshl (Z aAer[AKonishia O}) :
‘L(
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overview of the optimization problem

The optimal bound is then found by solving a linear optimization problem
on the «;. parameters:

maximize Z o [ﬁ[/;')l‘ﬂ‘fv-cfvcl
I,‘

such that Zc_r;‘.[’[/,\.[AKonishi:()] — +1 and positivity holds.
L.
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Positivity on single-trace spectrum

For the perturbative coupling (g = 0.1) we use the loop expansion for
leading trajectory single-trace data. We use integrability to get the large
spin and spin 0 gap. Above the gap we impose positivity everywhere.

T

Continuum

Gap

5 —
Leading trajectory with windows
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Positivity on single-trace spectrum

For the non-perturbative coupling (¢ = 0.3) we use large spin expansion to
calculate the leading trajectory single-trace data up to spin 12 and then we
use QSC to get the first five operator on the leading trajectory and the
spin 0 gap. We use the large spin gap for spin 2 and higher. Above the
gap we impose positivity everywhere

T
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Weak coupling (¢ = 0.1): Toy Problem

@ Linear optimization with only W and ®¢ > along from the
contribution of each on the single-trace leading trajectory:

Wo, (J)
R
o ‘-\'.
s
\ .
L%
19~* M M - e "
“\ - i 1
‘\\\. i g
e Dy o contribution to Wonimisied
1078 B = )
"""""""" ¥y contribution to Wontimizied
10-10 S
1012 J
0 20 40 60 80 100 120 140

A% orichi < 0.30255

@ Note that the functional is saturated by the action of ¥y
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Weak Coupling (g = 0.1):
We can add more functionals to see if our bounds improve. We consider

two options:
@ Option 1: 20 Functionals, 4 ¢/, ¢,, Yo, 5 By and 10 X, ,. We plot
the absolute value of the contribution of some of these plots as well
as the optimized functional in this plot.

functionals
rg=0.1
Bie . Hﬁ:)
‘l 5
Yy et — B
T '—_‘-‘h\“—hx{___‘_:-‘-
0.001 } e ——
q:-‘\‘\_‘ “‘—-—-____‘-:_-:1_‘:_1‘__‘:__: Dy
~—— —_—
.
109 . e L0
\\ = . b e ._.-*._—:‘—:-%._‘_T‘_‘"_T—w —
. e — Xz
10°} ——
S ] Yo
10-1." -
. — Xpu
» F
0 10 20 30 40 50

@ The optimized functional is characteristically different from each
individual functional. This is achieved by non-trivial cancellation

among functionals
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Weak Coupling (g = 0.1):

@ 40 Functionals: We add to the previous list Y9 and ¥y, 9 more X, ,,
4B, with v 0.95,1.01,10 and 50 and finally 5 more B;:

/\Konlshl (9=0.1) < 0.3018 20 functionals

)‘Ronishi(_g:u.l) < 0.3015 40 functionals

@ The bound is improved with adding more number of functionals and
it approaches the 5-loop prediction:

3 — 0300671

@ We expect with adding more functionals and improving the grid we
can saturate this upper bound.
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Strong Coupling(g=0.3):

Now that we gained some confidence in our analysis, we use the spectral
assumption we discussed previously to bootstrap the theory at g = 0.3
with the same sets of functionals:

] - ® l‘.';,:f().fi
functionals
107 F B’r )
Bi—s3
Bi_433
I b):-— 1.05
., (I)ll.'.i
10_‘0 B ®e “°q< v‘&'a °@u‘mq°ﬂuae°’a ° ° o - ES
= % = n e — Y
Soey L) _,X-i -
-15 | 8B 7
10 L 1 1 1 1 1 1 1 L 1 1 1 L 1 L 1 1 1L 1 1 1 1 1 1 L 1 L 1 _]
0 20 40 60 80 100 120 140 U,
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Strongish Coupling(g=0.3):

The bound we get for this value of coupling is:

Aliz(onishi(q—(].;;) < 0.300 20 functionals
)\‘F)(Omg,hi(q:(,‘;g-) < 0.299 40 functionals

(As a point of comparison, the bound we get from the ¥ alone is

2 =
/\Konishi(g:().ﬂ) < 0300)
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Comparison with large analytic g:

@ In a recent work, Alday, Hansen and Silva used dispersion relation and

integrability to obtain anomalous dimension of Konishi analytically
large g

@ As a check, we see that our numerical bound is consistent with the
extrapolation of their analytic result:

sin(rAf2)2228-4

w(A-2)/27 K
5— 51
: 4 — e
4:- /,—"" 5 7h4-A-6A6 e sk
//-/ Ak sin(mA/2)? (I FhAT A —')
3- /'// .) 0/
P X = \;} (I- '“}il)
2 /' Al A vV
: f—//'/ . ,\i- _ .)] i (1 + 204 : .'ﬁ)
1k = (A22) Ko a VA
r = p
0 e = - '
0.0 0.5 1.0 15 20°
Extrapolation from large g:
e .o € [0.24,0.33]
Konishi(g=0.3) ety M
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Some Properties:

The lessons we learn about our functionals and the bounds were consistent
both in the strong and weak coupling and are as follows:

@ The bound has a dependence on the leading trajectory single-trace
data: If we don't include the actual operator we can rule out the
theory: see for example the dependence of the bound on the inclusion
of spin 2 for the perturbative case: the bound only stabilizes after we
include spin 2. It is also clear from the previous plots it likes to put
zeros on some operators

max (A7)
0.31 :
I
4
0_3( | - =
1 ®
0.29 - o
|
1
0.28 - °
1
I -
0.27 :
: L]
0.26 I
| .
0.25 . Ao
4.14 4.16 4.18 4.20 -
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Some Properties:

@ The bound is insensitive to the exact position of the operators on the
subleading trajectories
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Some Properties:

@ The bound is insensitive to the exact position of the operators on the
subleading trajectories

@ High Spin and high twist data must be used to stabilize the bounds.
High spin extrapolation is necessary for our analysis

@ The funtional is quite stable against adding X, ., but it is not stable
against adding B functionals: Bs are more sensitive to high twist data.
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Some Properties:

@ The bound is insensitive to the exact position of the operators on the
subleading trajectories

@ High Spin and high twist data must be used to stabilize the bounds.
High spin extrapolation is necessary for our analysis

@ The funtional is quite stable against adding X, ., but it is not stable
against adding B functionals: Bs are more sensitive to high twist data.

@ Asymptotically in spin for low twist we see that our optimized
functional is as power low.
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Summary & Outlook

@ We find upper-bound for the OPE coefficient of the Konishi using
numerical bootstrap and integrability for weak and strongish
couplings

@ Finding a non-trivial lower bound with our functional was not feasible
to us with physical spectral assumptions. What improvements is
needed to get lower bounds is still an open question.

@ How to go beyond linear optimization: Finding approximation for the
A—dependence of dispersive functionals is expected to improve the
numerics.

@ IT would be interesting to combine our method with constraints from
supersymmetric localization to improve the bounds.

[Chester, Pufu; 2020]

@ It would be great to get a curve for anomalous dimension of Konishi
as a function of coupling extended to large coupling
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Thank you!
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