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A better title for this talk

LOG“L Cusy

Pk

Asymptotic symmetry of supergravity at spatial infinity
N e —
HMS Q\,(Pa v omslabione Harmiltowion Sb“;"j
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Motivation

Supersymmetry
@ Converts a boson into a fermion and vice-versa
Q|B) ~ |Fy, Q|F) ~ |B)
Every particle of spin s has a SUSY partner of spin s + %
@ Often improves UV behaviour

@ Underlying algebra: super-Poincaré {P*, J*¥, Q,, Qz}

{Oa,aﬁ}'\"}ff:ﬁ Py

2 supersymmetries close on spacetime translations

a“:ie}r ez —  “Square root of translations”
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Motivation

Supersymmetry

@ Converts a boson into a fermion and vice-versa

QB) ~ |F), QIF) ~ |B)

Every particle of spin s has a SUSY partner of spin s %
@ Often improves UV behaviour

@ Underlying algebra: super-Poincaré {P*, J*¥, Q., Qz}

{Oavaﬁ}“")’ﬁﬁ Py

2 supersymmetries close on spacetime translations

a“:ief vez —  “Square root of translations”

Supergravity
Theory of gravity (spin 2) with lower spin particles: spin 3/2
@ a possible way to reconcile gravity with the other forces

@ Better UV behaviour than Einstein's gravity — A = 8 theory is finite up to 4 loops
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Motivation

@ Supergravity algebra spanned by {P*, J**, Q., Qg}
2 local supersymmetries close on a diffeo:
€ (x) = ie] (xX)y"e2(x)
o For asymptotically flat spacetimes, the symmetry group at infinity is BMS
BMS; = SO(3, 1) x supertranslations

Can the fermionic symmetries be enhanced too? “Square root of supertranslations”

@ Some super-BMS alegbras with infinite-dimensional fermionic symmetries exist at null infinity
[Avery-Schwab 2015, Fotopoulos-Steiberger-Taylor-Zhu 2020, Pano-Pasterski-Puhm 2021]

Focus of this talk

Asymptotic symmetry of supergravity at spatial infinity

1. Graded extensions of the BMS algbera — superalgebras at spatial infinity
2. Infinite-dimensional fermionic symmetries — “square roots” of BMS supertranslations
Based on ArXiv: 2011.04669 and ArXiv: 2108.07825

with Oscar Fuentealba, Marc Henneaux, Javier Matulich and Turmoli Neogi at ULB
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Outline

BMS symmetry at a glance
Hamiltonian formulation of GR
BMS symmetry at spatial infinity
Supergravity: A quick review

super-BMS symmetry at spatial infinity
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What is the BMS symmetry of gravity?

General relativity
dS? = g (x)dx*dx”

SEH:fd“x\/ﬁ’R = Einstein’s equations

Invariance under general coordinate transformations, x* — x# + £#(x)

Asymptotic symmetry at null infinity [Bondi-van der Burg-Metzner-Sachs 1962]
All allowed transformations that preserve the form of the metric g,... at null infinity

@ Poincaré in the bulk: £#(x) = wh x¥ + a*

(Lorentz wl = 3 rotations + 3 boosts, ) + (4 Translations a*) : 10 dimensional

4

@ BMS at null infinity: Lorentz remains the same, a* replaced by a function « : co-dimensional
— Lorentz + “Supertranslations”
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BMS symmetry at a glance

Bondi approach:
BMS as the asymptotic symmetry group at null infinity

@ infinite-dimensional enhancement of Poincaré group

e further extended to include superrotations, Diff(S2), near-horizon symmetries

@ connections to soft theorems and on-shell amplitudes, Celestial Holography etc.
[Bondi-van der Burg-Metzner-Sachs °62, Barnich-Troessaert, Hawking-Perry-Strominger
Compere, Campiglia, Detournay, Donnay, Freidel, Geiller, Grumiller, Laddha, Pasterski, Puhm,
Raclariu, Sheikh-Jabbari, Zwikel and many more]

Conformal Carroll approach:
@ BMS group as conformal Carroll group
@ Further extensions to other Carrollian structures
@ Symmetries of null hypersurfaces, Carrollian field theory
[Duval-Gibbons-Hovarthy *14, Campoleoni, Ciambelli, Donnay, Fiorucci, Freidel, Flanagan,
Hetfray, Leigh, Obers, Petropoulos, Ruzziconi and many more]

Hamiltonian approach:
BMS symmetry at spatial infinity

@ Based on “3 + 1” Hamiltonian formulation of gravity a la ADM

@ Canonical realization of the BMS algebra from an action principle

@ a precursor to any quantization methods
[Henneaux-Troessaert '18, Fuentealba, Guilini, SM, Matulich, Neogi, Riello, Tanzi, ...]
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Hamiltonian formulation of GR a la Dirac and ADM

@ 3+1 foliation of spacetime by a family of spacelike surfaces T;

A-J:J‘.'r i‘ LAnBd’

s ) s

@ Dynamical variables on X;
(g, 7} — 3-metric on X; and conjugate momenta

The ADM action for gravity [Dirac ‘58, Arnowitt-Deser-Misner '62]

Saomlgy, =, N, NT| = f ot ] Px(wig; — NH — NH;) — Boo)

Hamiltonian action: S = [(pg — H)

Boundary terms B ensure a good variational principle [Regge-Teitelboim '74]
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Hamiltonian formulation of GR a la Dirac and ADM

The ADM action for gravity [Dirac '58, Arnowitt-Deser-Misner '62]

Saomlgy, =, N, N'| = f ot / Px(rlg; — NH — N#H) — Boo)

Hamiltonian action: S = [(pg — H) )

@ Lagrange multipliers, N and N/ implement the constraints

1 1 ‘
H = —+gR+ ﬁ(’.’fuﬂ,}' — é'nz), H = — 2V‘.-71J;-

Constraints generate gauge symmetries

@ Symplectic form

R = f d®x dyr! A dygj, dy = exterior derivative in field space

Phase space : {gjj, 7/}

Poisson bracket: {gj(x), 7/(x’)} = 5((:‘6‘:))6(3)()( —x)
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Symmetries of the ADM action

@ Diffeomorphisms:

2¢ 1
Segy = 7B (ch = 59:;«‘7*) + Legy,
i o1 1 1
SETTU = —E\/a (le — éguﬁ) + EE\/@ (T(mn‘ﬂ'mn = ETFE)

~2¢v/g (fr"’”ﬂ# - %w"ﬁ) +vg (¢ - g"€"™ ) + Len'

@ Canonical generator for all symmetries

Gg‘é.- = fd3x (g’H + 5"%,-) + Os,f‘ )

a) Gauge symmetry: Q; ., =0

Proper gauge transformations do not affect the physical states

b) True symmetry: Og‘g,- #0 — Noether charges

Improper gauge transformations affect the physical states
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Symmetries of the ADM action

e Diffeomorphisms:

TR
9y = Ja T~ o9 €9y,

i " 1 1 1
senl = —eva (A - ;0'R) + 36va (mmn™ - 1n)

~26v/g (fr"’”ﬂ# - %w%) +vg (¢ - g'€"™ ) + Len'

@ Canonical generator for all symmetries

Gg‘é.- = fd3x (g’H + 5"%,-) + OE,EJ )

a) Gauge symmetry: Q, ., =0

Proper gauge transformations do not affect the physical states

b) True symmetry: Og‘g,- #0 — Noether charges

Improper gauge transformations affect the physical states

E.g. Poincaré symmetry _ co
E=bx' +a&, =¥ +4d,

b’ boosts, w} rotations, a° time translation, & spatial translations
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Asymptotic symmetries in the Hamiltonian formulation

Hamiltonian action with standard boundary conditions

+

Relax the boundary conditions with a “gauge-twist”

\

Ensure finiteness of the kinetic term and symplectic form

1

Check that all Poincaré charges are canonical

il

Define canonical generators and compute the asymptotic symmetry algebra
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Asymptotic conditions |

First ingredient: fall-off conditions

We use spherical coordinates (r, x) where x* are coordinates on the sphere

@ Asymptotically flat spacetimes: metric approaches Minkowski as r — oo

1.
1+ ;hrr +.0(2),

gr =
- 1
ga = AA+;h£§)+O(r‘2),
gas = f2§A3+rﬁAs+hffg+0(f_1)-

e Conjugate momenta

1
77+ Fw(g) +0(r?y,

1 1
A =rA A ~3
Tl'r — Fﬂ'r + r—zﬂ'{z) +O(f ),
1 1
AB =AB AB -
™ = ST+ 37 +0(r ).

r

Barred quantities, such as 5,-‘,- or the =il are functions on the unit sphere
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Asymptotic conditions |l

Second ingredient: parity conditions on leading terms

“Gauge-twisted” parity conditions: [Henneaux-Troessaert '18]

hy = even, Parity: (1,8, ) — (r,x — 6, ¢ + 27)
= (M)°%+Dasr —Cas %

(hag)®®" + DaCp + DgCa + 2G aglr

—rr)odd

VFaV, >
ErA - rA)even \/_ V \

e = (@ Aa)odd + \/_(D D W~ gABzv), Recall:
Generalization of Regge-Teitelboim strict parity j£ (odd function) = 0 on the sphere
conditions [Regge-Teitelboim’ 74]

With these parity conditions, kinetic term and Hamiltonian are finite as r — oo
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Canonical realization of Poincare generators

Strict invariance of the symplectic form
Q = fdax dyn! A dygj

£ generates a canonical transformation if

E,EQ = dv(&gQ) =0 = L‘EQ = _dVGE

G is the generator associated with this canonical transformation.

@ Under Lorentz rotations Y#

d(tyQ) =0 = 1yQ=—dyGya

@ Under Lorentz boosts b (in spherical coordinates)
= (T R TA
dy (1)) = —/d6d¢\/§[bdvhdv(hrr+0,q,k )
—DabdyX'dyh + bﬁAdVXBd.,EAB)] £ 0

How to make the symplectic form invariant under boosts?

Pirsa: 22100112 Page 18/37



Pirsa: 22100112

Non-integrability of the boost generators: Resolution

@ Perform a gauge transformation

vy = bF, Fisfield-dependent

_ EE
dy (1e9) + dy (2.cQ) = —/d()dgpﬁ[Zb(dvF+Edvh)dv(hr,--o-DA,\A)

—DabdyAdyh+ bD?dy2Bdyhag

1-
F=—_h
Set 5

@ Fourth ingredient of asymptotic conditions (Recall: h,s = As+ O(r— 1))
f dodyr/g [BAD dyNdyh — bD"dy2° dVEAB]

dv(tbﬂ) =0 = Lbﬂ = —dva

No need for a surface field in order to define canonical generators: more on this later
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Are there more symmetries?

Yes, symmetries of the form x* — x* + ¢*(x) with parameters

€26, ¢) ~ T, €l(0,0) ~8;W —  one single arbitrary function | 7(6, ¢)

@ Time component of gauge parameter
C=L+0(¢"), C=To+T+T+Te+---
@ Spatial components
& =F+0(r "), &=Dw),

wr=w, WA:}BAW, W=W +W;+ W5+ W7+

Where are the spacetime translations? Expand T and W in spherical harmonics

1 2
1
T(G,qﬁ) = TooYoo + Z WimYim + 4 Z TomYom + -+

m=—1 mnm=-2

v

'

time spatial supertranslations
translations &  translations &

[Henneaux-Troessaert 2018; Henneaux-Fuentealba-SM-Matulich-Troessaert 2020]
20
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Asymptotic symmetries at spatial infinity

@ Canonical generator for BMS

Gy = ]dax (€M +€%H:) + Qe e

Qo = fd(idnp{b

+2y/gT hy +2W (7" — -ﬁ)}

even odd

S | P 1- = = 2 N
\/E(*éhhrr + th = ghABhAB)+ ﬁﬁi\ﬁm + EYA&rBhg

(Todd> Weven) — proper gauge transformations

(Teven, Woae) — improper gauge transformations : Supertranslations

@ Poisson bracket algebra [Henneaux-Troessaert '18]

{G&,gi ’ Gsz.zs;;} = YL

Asymptotic symmetry algebra of gravity at spatial infinity

BMS,; = SO(3,1) x supertranslations
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Asymptotic symmetry algebra

@ Poisson bracket algebra [Henneaux-Troessaert '18]

{G& £l G&z,eg} = Ygdis
with the parameters
VA = YPogY) +7b8gb — (1 & 2),
Yfogb, — (1 & 2),
Y20uTo — 3by Wy — 840y D" — 2W — b, D D' Wa — (1 4+ 2)
YioaWe — b T — (1 65 2)

- o
[

@ BMS as the infinite-dimensional enhancement of Poincaré, GE,E" = Grorentz + Gt w

{GLoremz, GLorenz‘z } o GLorenrz {GLorenlz: GLarenrz } - GLorenrz

{GLorentz; Gagaﬁ } = é(é,,‘gi) Ga‘ar‘ = GT,W {GLoreniz» GT.W} = éi’gﬁ/

{GosrCas } = 0

{Gr,w, Gr,w} =0
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Danied Z. Freedman and Antosne Van Proeyen
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N = 1 supergravity: Hamiltonian formulation

@ N = 1 supergravity: Field content (2,3/2)

We use the vierbein (tetrad) formalism to couple spinors to spin-2

T .
gj=efey = Eea(‘wg, a,b, - = local Lorentz indices

Hamiltonian action of supergravity [Deser-Kay-Stelle '77, Pilati "77]

s f ot [ f P (wgé,@ + o Vau] 7“"‘%) _ H}
Hamiltonian
3 i priT 1 ab H
H:fd X(N’H.+NH;+:'%S+ EAabJ ) + B, -

Fermionic constraint S generate fermionic gauge symmetry (SUSY)

e Phase space variables: (e?, w5, v;)

Symplectic form

Q= fdax (de;dve? + é\@dvﬁ’f’vk’"dem + dv?rxdvx>
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N = 1 supergravity: Attempt |

Boundary conditions |

@ Spin-2 fields

1 . 1 i (8,
@ = §+ §5a;h,-f- +0 (r_Z) , h = fj(r @) )
T[':‘a = 2531,'71'{, -+ O (r—e) 7 _ﬂ_ff — 0 (92v Qﬁ) q O(r—ﬂ)’
r

“gauge-twisted” parity conditions:

hi= ()™ + (ViU +V,U), =% 4 (vviv-5av),

e Spin-3/2 field

Vi = @ + 0O (r*:”) ,  no parity condition

@ Supersymmetry transformations

Jrgq = ff’?(,"l,bj,') +---, 651‘b,— — —Vjﬁ 4.

1
€=¢€+ (9(;)

—  Fermionic gauge symmetry of the gravitino
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N = 1 supergravity: Attempt |

Canonical generator
Gegi o = /dﬂxJ(gH +EH +iS) + O i,

Q. = —ieg jg d6dp\/Gvev*fia
Q; i BMS charges: same as in Part |

super-BMS, algebra: [ Gibbons-Awadha-Shaw, 1986]

{651‘5.1-,6523%}% = Gga, BMS
{Gc"GEzé%}Ps = G Spinors under Lorentz

{Gey, G de = Gy Square root of 4 translations

No square roots of supertranslations with these boundary conditions [Henneaux-Matulich-Neogi, 2020] ?
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N = 1 supergravity: Attempt |

Canonical generator
Ge oo = /dst(g’H +EH+IS)+ g o

Q. = —ieg jg d6dp\/Gvev*fia
Q; (i BMS charges: same as in Part |

super-BMS, algebra: [ Gibbons-Awadha-Shaw, 1986]

{651.5'1' J GEz:ié}pS = Gga, BMS
{6‘1 2 GEZ@Q}PB = G Spinors under Lorentz
{Gey, Gy} = Gao,a; Square root of 4 translations

No square roots of supertranslations with these boundary conditions [Henneaux-Matulich-Neogi, 2020]

Meanwhile at null infinity:

Some super-BMS alegbras with infinite-dimensional fermionic symmetries [Avery-Schwab 2015,
Fotopoulos-Steiberger-Taylor-Zhu 2020, Pano-Pasterski-Puhm 2021]
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N = 1 supergravity: Attempt II
New boundary conditions

@ Spin-2 field

hj(0, - =
hj = —'-j-(—r 2! +O(r %), hy=(hp)™*" + (ViU + V;U),
i _ P09 ey i it gy F
o= TR a00?), #=@F@)* + (vviv-Fay),

@ Spin-3/2 field

Yy = Vix+ ?
x(x) X8, 9) +O(r ),
\_..,_/

even

@ Supersymmetry transformations

. 1 -
8egjj = ey + -+, dethj = —0Oje — Zajhiﬂ’k wi

€= cof0,6) + O()

— Angle-dependent fermionic parameter
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Asymptotic symmetries in the Hamiltonian formulation

Hamiltonian action with standard boundary conditions

1

Relax the boundary conditions with a “gauge-twist”

{

Ensure finiteness of the kinetic term and symplectic form

1

Check that all Poincaré charges are canonical

1

Define canonical generators and compute the asymptotic symmetry algebra
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Canonical realization of asymptotic symmetries

@ Spacetime translations and Lorentz rotations are canonical v/

@ Under Lorentz boosts b (in spherical coordinates)
52 = dy (1p) = }((X(OJ terms) # 0

How to make the symplectic form invariant under boosts?
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Canonical realization of asymptotic symmetries

@ Spacetime translations and Lorentz rotations are canonical v/

@ Under Lorentz boosts b (in spherical coordinates)
52 = dy (1p) = }((X(OJ terms) # 0

How to make the symplectic form invariant under boosts?

Resolution: Introduce a boundary field w

Modifies the action (and symplectic form) by a surface term
S =8+ é fdﬂd{,ow]r)'(m). |

Boost transformations of w cancels the x(?) terms in dy (1) |

e Extended phase space: (e, wh, x, i, w)

@ The new field comes with its own gauge symmetry,

w—=w<+o

Page 31/37



Pirsa: 22100112

Canonical realization of asymptotic symmetries

Canonical generator for gauge symmetries

Ge gie = [d3x(£?{ + EH; + i’ S) + Qi+ Qe

° OE,E" BMS charges: Same as before

@ Q. Supersymmetry charge

p——
Q. = —i§Px/e VT Ba+ § § Px/G(e— e0) XPVhr —§ § Px/F(e — o) w
— i §Px/3(e — e0)" 77 xV0ahr — § § Px (e — €0)T W0 x® (f” - fﬂ)
_ﬁ

Non-linear terms in the supersymmetry charge

e “Extra” gauge symmetry '
G, = éfdzx go’x©
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SBMS, algebra at spatial infinity

@ SBMS, algebra for N' = 1 supergravity

{6 Cees} = Gears BMS
{Ge.Go} = Giy supersymmetry
{Ge,Q:} = —é %dzxﬁ(e —e&) o central charge
‘{Oo-,oo.}} = 0

@ Supertranslation parameters (T, W)

. i i
T = —Eegeéfz(efeo)r(effeé),

- i i

w = ZGT’mTrE' = o (ET'YO’YrEE) = Efr“fo‘rreo)

“Local supersymmetry as square root of supertranslations”

@ Key features of the algebra

a) Extra infinite-dimensional fermionic symmetry generated by Q.
b) Non-linear terms in the generators — Jacobi identity with boosts non-trivial

[ Henneaux-Fuentealba-SM-Matulich-Neogi, 2021]
3
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When we need a boundary d.o.f.?

@ Spin-1
— Electromagnetism: Poincaré & angle-dependent U(1)
— Einstein-Maxwell theory : BMS; & U(1)

— Electromagnetism in higher dimensions
— Electromagnetism in the duality-invariant formulation

Boundary d.o.f. always required
@ Spin-2
— Einstein’s theory in four dimensions: BMS,

— Pauli-Fierz: BMS, but proper vs. improper gauge transformations more transparent
— Einstein’s theory in five dimensions: BMSs

Boundary d.o.f. not required
@ Supergravity

— free spin-g: Poincaré ¢ angle-dependent fermionic gauge symmetry
— N = 1 Supergravity: Super-BMS,
Boundary d.o.f. always required
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When we need a boundary d.o.f.?

@ Spin-1
— Electromagnetism: Poincaré & angle-dependent U(1)
— Einstein-Maxwell theory : BMS; & U(1)

— Electromagnetism in higher dimensions
— Electromagnetism in the duality-invariant formulation

Boundary d.o.f. always required
@ Spin-2
— Einstein’s theory in four dimensions: BMS,

— Pauli-Fierz: BMS, but proper vs. improper gauge transformations more transparent
— Einstein’s theory in five dimensions: BMSs

Boundary d.o.f. not required
@ Supergravity

— free spin-g: Poincaré ¢ angle-dependent fermionic gauge symmetry
— N =1 Supergravity: Super-BMS,
Boundary d.o.f. always required

A unifying framework to explain this?

— maybe BV-BFV formalism? [c.f. Kasia Rejzner’s talk in "Quantum gravity around the corner”]
» Connections with covariant phase space, corner modes at null infinity, ...
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Asymptotic symmetries at spatial infinity

A lot remains to be understood!

@ Connections to null infinity results, celestial holography, scattering amplitudes, ...
Parity conditions «+— Anti-podal matching conditions

Superrotations, Diff(S?) and other extensions at spatial infinity

@ Group-theoretic interpretation of the different asymptotic algebras

a) Non-linear structure of the super-BMS algebra
See also BMSs at spatial infinity [ArXiv:2111.09664]

b) Infinite-dimensional IRREPs of Lorentz group
[Harish-Chandra 1947, Naimark 1962, Gel'fand-Minlos-Shapiro 1963]

@ Extended supergravity theories, duality-invariant formulation of GR, ...

super-BMS algebras with duality or exceptional symmetries (e.g. £7 in A = 8 supergravity)

— Infrared triangle for supergravity?

— Double soft limit of scalars [Arkani-Hamed, Cachazo, Kaplan 2008]
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Thank you for your attention!
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