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Abstract: The Entanglement Bootstrap is a program to derive the universal properties of a phase of matter from a single representative wavefunction
on a topologically-trivial region. Much (perhaps al) of the structure of topological quantum field theory can be extracted starting from a state
satisfying two axioms that implement the area law for entanglement. This talk will focus on recent progress (with Bowen Shi and Jin-Long Huang)
using this approach to prove remote detectability of topological excitations in various dimensions. This is an axiom of topological field theory.
Two key ideas are a quantum avatar of Kirby's torus trick to construct states on closed manifolds, and the new concept of pairing manifold, which is
a closed manifold associated with a pair of conjugate excitation types that encodes their braiding matrix. The pairing manifold also produces
Verlinde formul ae relating the S-matrix to the structure constants of a generalized symmetry algebra of flexible operators.

Zoom link: https://pitp.zoom.us/j/92633473610?pwd=eEhgR3BaQX|jQm5ScHZvZm81N2FyZz09
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Entanglement bootstrap and
remote detectability

John McGreevy (UCSD)

based on 2112.08398 and work in progress with
Bowen Shi (UCSD, UQM postdoc)
and
Jin-Long Huang (UCSD)

)
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(Slightly Less) Big Goal: Understand TQFT starting from just
a single liquid topologically-ordered groundstate density matrix

on a simply-connected domain.
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(Slightly Less) Big Goal: Understand TQFT starting from just
a single liquid topologically-ordered groundstate density matrix ; {

on a simply-connected domain. 8\ %
66600060

Topological order: a gapped phase of matter with a stable groundstate
degeneracy (GSD) that depends on the topology of space.

Liquid: GSD does not depend on geometry (no fractons).

Partial successes:
e TEE gives total quantum dimension

(S(ball) = #area — TEE)
[Levin-Wen, Kitaev-Preskill, Grover-Turner-Vishwanath)]
e modular commutator gives chiral central charge

[Kim-Shi-Kato-Albert]
e with U(1) symmetry, a conjecture for Hall conductance

[Fan-Sahay-Vishwanath]

e more generally, entanglement bootstrap in d = 2 — dqa, NS, Sap

[Shi-Kato-Kim].
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(Slightly Less) Big Goal: Understand TQFT starting from just &
a single liquid topologically-ordered groundstate density matrix i

on a simply-connected domain. C& 40
[9F H
866000060

Topological order: a gapped phase of matter with a stable groundstate
degeneracy (GSD) that depends on the topology of space.

Liquid: GSD does not depend on geometry (no fractons).

Partial successes:
e TEE gives total quantum dimension

(S(ball) = #area — TEE)
[Levin-Wen, Kitaev-Preskill, Grover-Turner-Vishwanath)]
e modular commutator gives chiral central charge

[Kim-Shi-Kato-Albert]
e with U(1) symmetry, a conjecture for Hall conductance

[Fan-Sahay-Vishwanath]

e more generally, entanglement Bootstrap ind=2— da, N5, Sap

[Shi-Kato-Kim].

Apparent obstacle ®: TQFT eats interesting manifolds and spits out

invariants. How can we access these with just single state on a ball?
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a single liquid topologically-ordered groundstate density matrix B
656005000

Topological order: a gapped phase of matter with a stable groundstate
degeneracy (GSD) that depends on the topology of space.

Liquid: GSD does not depend on geometry (no fractons).

Partial successes:
e TEE gives total quantum dimension
(S(ball) = #area — TEE)
[Levin-Wen, Kitaev-Preskill, Grover-Turner-Vishwanath)]

e modular commutator gives chiral central charge

[Kim-Shi-Kato-Albert]
e with U(1) symmetry, a conjecture for Hall conductance

[Fan-Sahay-Vishwanath]

e more generally, entanglement bootstrap in d = 2 — da, Ng, Sab

[Shi-Kato-Kim].

Apparent obstacle ®: TQFT eats interesting manifolds and spits out

invariants. How can we access these with just single state on a ball?
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Motivating questions:

What are the possibilities for liquid topological order in d space dimensions?
Are there new invariants? Are there new excitation types?

Can we understand their structure from minimal assumptions?

Phases of matter with topological order probe the topology of the space
they live on. How does the data of topological orders in 3d and 4d relate to

known invariants?
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Goals for this talk

. Introduce Entanglement Bootstrap.

. Explain a method to overcome the obstacle & within Entanglement
Bootstrap:
Kirby torus trick.

. Use this to understand general braiding non-degeneracy:
any topological excitation
= cannot be created locally (in 2+1d: ‘anyon’)
can be detected remotely by some topological excitation
i.e. participates in a unitary S-matrix.

For each class of excitations, we’ll define a unitary pairing matriz in terms
of an auxiliary closed manifold M that we call the pairing manifold.

(For anyons in 2+1d, this is the S-matrix, and M = T?. )

This is a fruitful concept:

counting excitations, insights into TEEs, Verlinde formulae ...

Surprise: in general, no relation to mapping class group of M.

Pirsa: 22100103 Page 9/40
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Entanglement bootstrap axioms

[Shi-Kato-Kim]
Q: How to implement ‘liquid topologically-ordered groundstate’?

A: Axioms that imply an exact area law for the entanglement.

B
— e A0: 0= A(B,C) Al: 0= A(B,C,D)
xioms: = (Sgc + Sc — SB)w —(SBc+ScD—5'B—SD)a

on any disk of radius a few lattice sites. o = tr|yYXv|.

— for any (large-enough) regions of the given topology.

Page 10/40
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Entanglement bootstrap axioms

[Shi-Kato-Kim]
Q: How to implement ‘liquid topologically-ordered groundstate’?

A: Axioms that imply an exact area law for the entanglement.

B
Axioms: A0: 0= A(B,C) Al: 0 = il B 05 )
| = (SBc + S¢ — 5B)o —(SBc+SCD—SB—SD)a

on any disk of radius a few lattice sites. o = tr|yYXv|.

— for any (large-enough) regions of the given topology.
Comments:

» A0 = 0=1(A:C)e =Sa+ Sc —Sac. A = any region outside.
Al = 0= I(A : C,B)g =SaB+ SBc — SB — Sasc
(quantum Markov chain).

» This is too strong. True only at £ = 0 fixed points. Expect
approximate axioms are enough by zooming out.

» AO0 — area law for round balls.
A0, A1 — arbitrary regions, universal subleading term.

Foundational refs: [Shi-Kato-Kim 1906.09376, Shi 1911.01470, Shi-Kim 2008.11793]

Page 11/40
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Information convex set

[Isaac Kim Bowen Shi Kohtaro Kato Yuan-Ming Lu]

Central actor: information convex set associates to each
region of space X a convex set of density matrices X(X):
those density matrices which are locally indistinguishable

from the reference state o in (a slight thickening of) X.

This is an interesting thing because it allows for the

possibility of topological excitations outside X:

Pirsa: 22100103 Page 12/40
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Basic results about information convex sets

e ¥(X) is a finite-dimensional
compact convex set.

Specified by its extreme points.

o S(ball) = {oan}. -

(-©-@
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Entanglement bootstrap in 2d

[Shi-Kato-Kim 1906.09376]

Key results in 2d: e 2(@) is a simplex

(extreme points are orthogonal trp,ps o< dap)

whose extreme points p, are associated with anyon types.

e E((

f\) produces fusion spaces of dimension Ng.

C
L ° 4

¢ Quantum dimension from ¥(X): d2 = eS(Pa)=5(P1) wwhere p, is associated

with the trivial excitation — the reference state.

This def of d, agrees with positive solution of dqody = N yde. [Shi-Kato-Kim, 19]

Page 14/40
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Entanglement bootstrap in 3d

14

AO: Al:
0= (Spc +Sc — SB)s 0= (Ssc + Scp — S — Sp)a

Basic results generalize:
¥ (X) is still invariant to deformations of X or of the groundstate.

What generalizes the annulus for classifying topological excitations?

Pirsa: 22100103 Page 15/40
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AO: Al:
0= (Sec +Sc — SB)os = 0= (SBc+ Scp —SB —SD)o

Basic results generalize:
¥ (X) is still invariant to deformations of X or of the groundstate.

What generalizes the annulus for classifying topological excitations?

f

A

Particle excitations are detected by
Y (sphere shell).

(Pure) loop excitations are detected by L
¥ (solid torus). O @

General loop excitations are detected by i
Y (torus shell). ul

There are new possibilities beyond these....

Pirsa: 22100103 Page 16/40
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3d quantum double model: H = ®RjinksRReg, A
H=}(1-A,)+ > (1—Bp). Kitaev 97]

Particle excitations (X = sphere shell):

irreps a of G.
e =it P* = ¥, df = |G,

Loop excitations (X = solid torus):

conjugacy classes a of (.

da = AN = 4/ |§i||, DQ = Za i P— ‘G‘

Crucial idea to show this [shi-Lu]: a minimal diagram
for a region X is a reduced cellulation of X with a
minimal-enough number of edges.

Reduction proceeds by local unitaries: _
[Vidal-Aguado,

Lewvin-Nave-Swingle-Wen]

Page 17/40
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New excitations in 3+1d

There is more than one way to fuse two loops together:

=-= db-Q

e The latter leads to a new family of sectors,
detected by X(genus-2 solid)

(also a simplex).

Quantum double: # of extreme points of the genus-g solid is ) _ |Z4|° e
For example: G = S3,g = 2 gives # of excitation types = 11 > 32.

( = these are not just two loop excitations stuck together.)

e Excitations along knots and links are detected by
Y(knot or link complement).
e Correlated particle-loop excitations are detected by

Y (torus minus ball).

Pirsa: 22100103 Page 18/40
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Classical and Quantum Information in ¥(€2)

Two kinds of data in ¥(€2) for general (2: classical and coherent.

e For sectorizable” regions 2, 3(Q2) is a simplex (extreme points are
orthogonal trpgpp o 8,5)- Lhese extreme points label independent
excitations. (This is classical info, can be copied: p* = p7 ® pk.)

*: € is sectorizable if 2 D LR and both L, R can be extended to (2.

Pirsa: 22100103 Page 19/40
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Classical and Quantum Information in 3(€2)

e Other §2 produce fusion spaces of the excitations.

Structure Theorem [Shi-Kato-Kim 1906.09376, Shi-Kim 2008.11793]:
2(Q) = @ $4(Q) where By ‘@’ of convex sets I mean
A DaXa={>,papa,pa € Xa}

(1) A labels extreme points of ¥(9€2) = simplex.
0f) = thickened boundary of 2

p € X if tro\aqp = pa, an extreme point of

E(@Q) (some sectors could be empty)
(2) X4 (2) = S(V4(2)) space of density matrices on a Hilbert space V 4(Q).

—> dimV4 € Z>¢ is an invariant (of © and of the topological order).

Page 20/40
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Classical and Quantum Information in ¥(€2)

e Other §2 produce fusion spaces of the excitations.

Structure Theorem [Shi-Kato-Kim 1906.09376, Shi-Kim 2008.11793]:

() = @ Y4 (Q)  where By ‘@’ of convex sets I mean
A DaXa={>,papa,pa € Xa}

(1) A labels extreme points of ¥(9€2) = simplex.
0f) = thickened boundary of 2

p € X4 if tro\aqp = pa, an extreme point of

E(@Q) (some sectors could be empty)
(2) X4 (2) = S(Va(2)) space of density matrices on a Hilbert space V ().

—> dimV4 € Z>¢ is an invariant (of © and of the topological order).

!
For example, By = B3\ 2 balls: (B2) = @abcXC, (Bo2) =

quantum double ,

a, b, c label particle excitations = irreps of G
¢ 9quantum double

a

N§, =dim Vg, = structure constants of fusion @

ring of irreps of G.
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Merging

Key tool [Kato-Furrer-Murao, Shi-Kato-Kim]: states in (AB) and X (BC) that
agree on B can be merged to a unique state in 3(ABC),

which is a quantum Markov chain, I(A : C|B) = 0.

The result is the max entropy state p* € X(ABC) consistent w/ marginals.

The merging process preserves S(p) — S(p').

Crucial application of merging: &
Proof of Isomorphism Theorem.

Step 1: Apply A1l to the green disk — I(A: C|B) = 0.

Step 2: This means that we can merge any region ABC' with

the ball BCD to get an element of X(ABCD). Mato that ik fa.a

By the Markov property, the Petz map Sl ;
cal process!

EG sep (paBC) = pABCD @

is an isomorphism. ™ B
Its inverse is trp. So these are reversible quantum channels. A
Monotonicity of distance measures then means that they are

preserved.

Pirsa: 22100103 Page 22/40
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Associativity Theorem

Associativity Theorem: if AB = Q7 and BC = ()i are merged along a
whole boundary component B, the fusion dimensions are related by:

dim VG2 (Q) = ) dim Vg, (Qr) - dim V% (Qr),

’EECB

e.g. for particles in 2d

d i d
Nabr’ = Zegcpomt Nbr‘ Zfec abeC'

point

Pirsa: 22100103 Page 23/40
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Remote detectability

Principle of remote detectability or braiding non-degeneracy:
every anyon should braid non-trivially with something.

This is an axiom of other approaches to TQFT [Lan-Wen,
1801.08530, Johnson-Freyd, 2011.11165])

‘Proof’: or else it wouldn’t be an anyon.

[Mustration in 3d quantum double: # of particle types = # of irreps of G =
# of conjugacy classes of G = # of pure flux loop types

—> braiding matrix S is square.

Theorem: S; = %tr,ﬂawé is unitary.
pa = an extreme point of X (solid T2)

We = UL —

Page 24/40
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S-matrix and character table

For the special case of the quantum double model, we can compute S:

Almost-minimal diagram for X = solid T2 has two »

links, two vertices, no faces:
Operator that transports particle of type a:

W* = Uy (UR)s = (Sprec D (9)ilgikarl) © (ypec D*(92)l9:K2l)
=D 5105 X (9192)]91, 92Xg1, 92|

Extremal point in X(X):

Pa = 7 Ygacca I19aX1; gal

(has [1scnon-contractabie loop 9¢ = Ja € Ca)

Nadg

|G

This is an independent proof of orthogonality rel’ns of the characters of G.

— S5 = trpo,We =

Pirsa: 22100103 Page 25/40
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Step ]' 1MINErsions essential idea: [Bowen Shi, 1911.01470]

We can define (W) for a region W that'’s not a
subset of B!

Kirby torus trick: given an immersion i : W¢ & B¢, we can pull back
structure from B to W:

given a function f on B, fi(w) = f(i(w)).
P Kirby (1969) pulls back smooth/PL structure.

P Hastings (1305.6625) pulls back the Hamiltonian for an invertible
phase. (v2 from 2018 pulls back QCAs.

» We pull back the reference state o on balls.

Comments: e for a general immersion, it is not obvious that (W) is
non-empty or that X(W) contains a vacuum state.
e Generalized isomorphism theorem: axioms imply regions related by

regular homotopy have isomorphic information convex sets.

Pirsa: 22100103 Page 27/40



® ]~ r?]OW'ZI'L:-;IEl)r-l‘:!‘I2—|:ntanglemem-I:N:u:ltstral:l-PI.|:.|df r_i’ a m

Step 2: healing the punctures Why ‘torus trick’?
L]

W
If the boundary is in an abelian sector (d(0WW) = 1), we can heal the holes

to make a reference state on a closed manifold.

With some assumptions, we can

guarantee a vacuum sector 1 on OW.

Pirsa: 22100103 Page 28/40
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Step 2: healing the punctures Why “torus trick’?
L]

w
If the boundary is in an abelian sector (d(0WW) = 1), we can heal the holes

to make a reference state on a closed manifold.

With some assumptions, we can

guarantee a vacuum sector 1 on OW.

Every closed manifold with w,(T'M) = 0 can be constructed this way

[Smale-Hirsch 50s-60s, Freedman-Kasprowski-Kreck-Reid-Teichner 2208.03064].
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_  2022-10-12-entanglement-bootstrap-Pl.pdf
e [l Page 50 of 81

Pairing manifolds

Definition (very sketchy!): A pairing manifold M is a
closed manifold M = X X =YY such that all intersections
of X, X,Y,Y are balls, and are generic (plus a few other

conditions).
The idea is that the information of the state on X is invisible

to Y: a min entropy state of X is a max entropy state of Y.

Recall that the information convex set each of X and Y detects some class

of excitations.

Pirsa: 22100103 Page 30/40



Pirsa: 22100103

12-entanglement-bootstrap-Pl.pdf

of 3

Pairing manifolds
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context

pairing manifold, M

X

Y

excitation detected by

X

excitation detected by
b 2

2d bulk

TZ

annulus

annulus

particle pair

particle pair

2d bulk
2d gapped
boundary

genus-g > 1 Riemann surface
cylinder with two identical
gapped boundaries

g-hole disk

half-annulus 3\

g-hole disk

boundary annulus @

g + l-particle cluster

boundary particle

g + 1-particle cluster
bulk anyon condensed

on boundary

3d bulk

2 x St

solid torus

sphere shell

loop

particle

3d bulk

3d bulk

3d gapped
boundary

S%x G- 45% x 5!

~
g times, g>1

genus-g

handlebody

ball minus g balls

=B,

genus-g graph excita-

tion CD

g + 1-particle cluster

52 x 81452 x S!

sphere shell with
two gapped boundaries

ball minus torus

f.

solid cylinder :[[

I loop-particle

ball minus torus

boundary sphere shell

cluster

0

boundary string exci-

tation

loop-particle

0

bulk anyon condensed

on boundary

cluster |

3d gapped
boundary

solid torus with
gapped boundary

bundt cake ‘&‘h

half sphere shell _@.

string excitation end-
ing on the boundary

boundary
pair ——

particle

3d gapped
boundary

genus-g handlebody
with gapped boundary

genus-g

bundt cake

B, cut in half @

=
|| g-arch bridge excita-

tion -

g + 1 boundary parti-

cles ——u

4d bulk

S2x 81

3-sphere shell,
B! x 58

B?x 8!

particle

2-brane

4d bulk

52 % 852

5% x B?

B? x §?

loop

loop

Lo

Table 1: This table summarizes some examples of the pairing manifolds we study. Highlighted in red are the examples of X or YV that are not sectorizable. Regions
marked with * are not given a special name. In the cartoons, gapped boundaries are depicted in thick dark blue; entanglement boundaries are in black. Icing on bundt
cake is decorative.
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Consequences of pairing manifold definition

e 3(X) 2 ¥(X) and £(Y) = X(Y) and moreover
dimV,(X) =dimV,.(X), Va € Csx.
dimV,(Y) =dimV.(Y), Vo€ Coy.
e Furthermore, the pairing matrix is square:
Y dimVa(X)’ = Y dimVa(Y)? = dim V(M),
a€Cyx a€Cpy

e.g. this counts genus-g graph excitations for all g in terms of fusion
dimensions of ball minus g balls:

#{genus-g graph excitations} = Zal__%ﬂ (Nal---ag+l)2-

Pirsa: 22100103 Page 33/40
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Consequences of pairing manifold definition

e 3(X) 2 ¥(X) and £(Y) = X(Y) and moreover
dimV,(X) =dimV,.(X), Va € Csx.
dimV,(Y) =dimV,(Y), Va € Coy.

e Furthermore, the pairing matrix is square:

Y dimVe(X)?= ) dimVa(Y)? = dim V(M),

a€Cahx acCsyy

e.g. this counts genus-g graph excitations for all g in terms of fusion
dimensions of ball minus g balls:

#{genus-g graph excitations} = Zal__%ﬂ (Nal---ag+l)2-

e The TEEs computed from Xiand Y agree:

Sep= > dimVa(X) da= > dimVa(Y) da =Sy

a€Cpx a€Cpy
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Application: pairing matrix, case I
If both X and Y are sectorizable, then ¥(M) = states on V(M) with
dim V(M) = # of extreme points of (X ) = # of extreme points of 3(Y):
e

e Extreme points of X, «,
provide an ON basis for V(M), {|ax)}.

e Extreme points of Y, a,

provide an ON basis for V(M), {|ay)}.

The unitary matrix that takes one basis to the other is
Sa’a, = (aX\aY)

Why is this the S-matrix for M = T?: |ax) are minimally-entangled states
along X, |ay) are minimally-entangled states along Y.

[Zhang-Grover-Turner-Oshikawa-Vishwanath 11, 14]
Fix phase ambiguities: the uncertainty principle implies that we can take
da da.

S1,0 = —F—5

1/255%3 ’ Vi, &

Sa}l —
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Pairing matrix, case 2

Nice precedent in gapped boundary case: [Shen-Hung 1901.08285]

Now suppose Y is not sectorizable. For example:

e Extreme points of X, a € Cx provide a basis for V(M), |ax) still.
e A state of V,(Y) and a state of V,(Y) combine to give a basis state
@iy, a;y) of V(M).

The unitary matrix that takes one basis to the other is

Sa,a;; = (ax|aiv, a;v).
J

Partial fix of phase ambiguity: the uncertainty principle says that 1x) is a
sort of maximally-entangled state between Y and Y:

|1X Z Z Z debla"@Yaa%Y)

a|Ng >0 i=1

This means S1,q;; o d;; — can’t quite fix all the phases.
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Verlinde formulae!

e By studying (« X‘(Wg)”ﬂ;g:;y) in two different ways, we can show:

trrSaa Sﬁa S*
Fo:,B* = 'ya
S

[Shen-Hung 19]

e If Y has fusion multiplicity, K (Y) is not abelian: F%# # Ff*,

e Similarly, there are flexible operators on X such that |aijy) = Wg”|1y).
(Notation assumes X is sectorizable but Y is not.)
This leads to a second Verlinde formula

awb@f R aazg Ctb ! g
C .r'f 1 ==
a

*
il SCEC H 1

1

e In some cases, we can show FS* L N2? = dimV2# () € Z for some

fusion region 2.
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Relation between S and mapping class group of M?

e For 2d anyons, the braiding operation is

associated with exchange of the two cycles of
M= T2, S e MCG(T2) [Moore-Seiberg].

e But: (Orientation-preserving)

MCG(S® x S') ~ Zy x Zy = (F, I)

I:(t,z)— (—t,2)

reverses orientation of each factor.

Neither of these relates particle and loop

excitations.

(F is likely related to the statistics, like T in o)
(e = (6™

2+1d.) el
e For M = S? x S? there is again an element of the MCG associated with

exchange of the two factors.
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Final thoughts

e The punctured S-matrix and defect S-matrix
[Barkeshli-Bonderson-Cheng-Wang] require a generalization.

|ICx| # |Cy| but S-matrix is still square!

¢ T° requires a new concept: Not a pairing manifold.
Rather, T° = XX =YY =ZZ,but XNY # B°.

e (Q: Do the manifolds that cannot be immersed in
R"™ after removing balls hide some thus-far

inaccessible universal information?

e Big Goal: Understand universal properties starting from just
a single representative density matrix

on a simply-connected domain.
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Thanks for listening.

context ‘ pairing manifold, M

X

Y

excitation detected by

X

excitation detected by
Y

2d bulk || T?

annulus

annulus

particle pair

particle pair

2d bulk genus-g > 1 Riemann surface

g-hole disk

g-hole disk

g + l-particle cluster

g + 1-particle cluster

2d gapped || cylinder with two identical

| boundary gapped boundaries
| 3d bulk xS

3d bulk S§% % S #85* x &

g times, g>1

3d bulk S ST L% 5 G1

3d gapped
boundary

sphere shell with
two gapped boundaries

solid torus with
gapped boundary

3d gapped
boundary

half-annulus @)

solid torus

genus-g
handlebody

ball minus torus

&

solid cylinder D:

bundt cake Qﬁa

boundary annulus @

sphere shell

ball minus g balls
=85,

tl

ball minus torus

boundary spher§ shell

half sphere shell (7Y

boundary particle

loop

genus-g graph excita-

tion Gj

| Toop-particle cluster

‘boundary string exci-

tation O

|| string excitation end-

ing on the boundary

bulk anyon condensed
on boundary
particle

g + l-particle cluster
loop-particle cluster

};liﬂrkii‘l,i)’()n (:(thd;j;lﬁilidm

on boundary O

boundary
pair —— .

particle

genus-g handlebody
with gapped boundary

3d gapped
boundary

4d bulk St x 8

genus-g

bundt cake @
3-sphere shell,
B' x §%

B, cut in half @

B¥ w6

e
g-arch bridge excita-

|l tion

particle

g+ 1 boundary parti-
cles ws

2-brane

| 4d bulk 57 x §°

G2 12

Bx g2

loop

loop

Table 1: This table summarizes some examples of the pairing manifolds we study. Highlighted in red are the examples of X or ¥ that are not sectorizable. Regions
marked with * are not given a special name. In the cartoons, gapped boundaries are depicted in thick dark blue; entanglement boundaries are in black. Icing on bundt

cake is decorative,
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