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Abstract: The modular commutator is a recently discovered multipartite entanglement measure that quantifies the chirality of the underlying
many-body quantum state. In this Letter, we derive a universal expression for the modular commutator in conformal field theories in 1+1
dimensions and discuss its salient features. We show that the modular commutator depends only on the chiral central charge and the conformal cross
ratio. We test this formula for a gapped (2+1)-dimensiona system with a chiral edge, i.e., the quantum Hall state, and observe excellent agreement
with numerical simulations. Furthermore, we propose a geometric dual for the modular commutator in certain preferred states of the AAS/CFT
correspondence. For these states, we argue that the modular commutator can be obtained from a set of crossing angles between intersecting
Ryu-Takayanagi surfaces.

Zoom link: https://pitp.zoom.us/j/94069836709?pwd=RIA2ZUsxdXIPTIh2T StObHFDNUY 0Zz09
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Motivation

Characterizing universality is one of the main themes of condensed matter physics

Motto: It from Qubit
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Motivation

Gappable topological phases (e.g. string-net states)

2+1D topological phases

(with gapped bulk) \ / Non-chiral edge states (Levin 2013)
topological phases

\' Chiral edge states
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Motivation

Gappable topological phases (e.g. string-net states)

2+1D topological phases

(with gapped bulk) \ / Non-chiral edge states (Levin 2013)
topological phases

\' Chiral edge states

Quantum Hall states
(electron gas in magnetic field)
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Motivation

Long range entanglement is fundamental to topological phases
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Motivation

Long range entanglement is fundamental to topological phases
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Topological entanglement entropy  Entanglement spectrum Momentum polarization
(Levin, Wen; Kitaev, Preskill 2005) (Li, Haldane 2008) (Tu, Qi 2013)
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Motivation

Long range entanglement is fundamental to topological phases
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Topological entanglement entropy  Entanglement spectrum Momentum polarization Markov gap
(Levin, Wen; Kitaev, Preskill 2005) (Li, Haldane 2008) (Tu, Qi 2013) (Siva, Zou, Soejima,

Mong, Zaletel 2021)
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Result overview

Modular commutator: an entanglement measure to detect chirality
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Result overview

Modular commutator: an entanglement measure to detect chirality

t u v \
N y Bulk-edge correspondence @ \ (2) 2+1D
.;17::*2 Ila $'4 > @ @ Topological phase
7
J(A, B, C)ISZ> = %(21} —1) \Geometric dual Nﬁ p

(c— =cg — cRr)
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Modular commutator

* Usual entanglement measures are invariant under time reversal (TR).

S(p”) = S(p)
* Inorderto , we need an entanglement measure that is odd under TR
J(p*) =—J(p)

* Modular commutator: J(A, B,C) =iTr([logpags,logpsclpasc)
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Modular commutator

* Usual entanglement measures are invariant under time reversal (TR).

* |n orderto

, we need an entanglement measure that is odd under TR

J(p*) = —J(p)

* Modular commutator: J(A, B,C) =iTr([logpags,logpsclpasc)
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J(p*ABC)

iTr([log plap, log prclpasc)

iTr([log p4 3, 10g ppclphpe)

—iTr([log pas,log psc]’ pape)

—iTr([log pap.log ppclpasc) = —J(pabc)
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Modular commutator

* Vanishes for classical states papc = Zpiﬂf NP @I¢ = J(A,B,C) =0

* Vanishes for pure states papc = |¢)(¢| = J(A,B,C) =0

* Vanishes for Markov states (A : C|B) S(AB) + S8(BC)—-S(ABC)-S8(B) >0
I(A:C|B) = 0 — J(A,B,C) =0
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Modular commutator

* Vanishes for classical states papc = Zpiﬂf NP @I¢ = J(A,B,C) =0

* Vanishes for pure states  papc = |¢){(¥| = J(A,B,C) =0
J(A?B,C) = i([KAB-;KBCD = Z([Kc,KA]) =1 (KX = —logpx)

* Vanishes for Markov states [(A:C|B) = S(AB)+ S5(BC)—-S(ABC)—-S(B) >0
I(A:C|B) = 0 = J(A,B,C)=0
I(A:C|B) =0— Kapc = Kap+ Kpc — Kp  (Petz 2002)
J(A,B,C) = iTr([Kap,Kpclpapc)
= iTr([Kapc,Kpclpape) +iTr([Kp, Kpclpas)

= —iTr([Kapc,papclKpc) +iTr([Kpe, pa|KB)
= @

Pirsa: 22100092 Page 15/39



A u v
AN
A B | C :
I S—
€y To I3 Ty
\LU
ey I L1234
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(c_ =cp —cRr)
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Derivation sketch

Chen, Dong, Lewkowycz, Qi '18
Modular commutator from modular flow Faulkner, Li, Wang 19
Kim, Shi, Kato, Albert 21

is —q dS S
pBc(s) = Tra(pippaBcrag) % =-J(4,B,0C),
s=0

Within the causal diamond:

du (u—uy)(uz—u)
ds . u1—ug
d | T\ w—v1)(vs—v)
ds v3—v1
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Derivation sketch

Chen, Dong, Lewkowycz, Qi '18
Modular commutator from modular flow Faulkner, Li, Wang 19
Kim, Shi, Kato, Albert 21

is —q dS S
pBc(s) = Tra(pippaBcrag) % =-J(4,B,0C),
s=0

Within the causal diamond:

du (u—uy)(uz—u)
ds . u1—ug
d | T\ w—v1)(vs—v)
ds v3—v1

CL M + °R In M
12 €v2€04 12 €u2€ud  nopal Wall ‘16]
dlne,o = —dlne,s = dy
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Properties

TC— L1234
4 B C. 6 13724
Iy Ty I3 Ty (C_ = CL - CR)
T
* Changes sign under “crossing symmetry” n — 1 —n
TC_
2 = e as r1 — —00,Tr4 — 00 or equivalently xo — x3. This value is topological.
sin(wx12/L)sin(wzs4/L)
o (L) _ | sin(mers/D)sin(reaa/L)> PIL =00
* Generalization to finite size or finite temperature 7.5 = = ; :
Smh('fraclz/,ﬁ) SlI‘lh(‘ITCng;/,B) L/B R

sinh(wz13/3) sinh(wx24/5)°
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Gravitational anomaly

* If cL # cr then J(A, B,C) # 0 for pure state |1)) 4 gc . Contradiction!
* This means that a cannot admit a lattice regularization.

* Entanglement is still well defined, but frame dependent.
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Modular commutator

* Vanishes for classical states papc = Zpiﬂf NP @I¢ = J(A,B,C) =0
* Vanishes for pure states  papc = |¢){(¥| = J(A,B,C) =0
J(A?B,C) = i([KAB-;KBCD = ’L([Kc,KA]) =1 (KX = —logpx)

* Vanishes for Markov states (A : C|B) S(AB) + S8(BC)—-S(ABC)-S8(B) >0
I(A:C|B) = 0 — J(A,B,C) =0
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Gravitational anomaly

* If cL # cr then J(A, B,C) # 0 for pure state |1)) 4 gc . Contradiction!

* This means that a cannot admit a lattice regularization.

* Entanglement is still well defined, but frame dependent. 1 1 4 1
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Gravitational anomaly

If cL # cr then J(A,B,C) # 0 for pure state |¢)) 4pc . Contradiction!

* This means that a cannot admit a lattice regularization.
;v
v
* Entanglement is still well defined, but frame dependent. B G
L To I3 T4
* This is the effect of (stress tensor not conserved in curved spacetimes)

Alternative argument: no conformal boundary condition due to net energy flow
[Hellerman, Orlando, Watanabe "21]
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Derivation sketch

Chen, Dong, Lewkowycz, Qi '18
Modular commutator from modular flow Faulkner, Li, Wang 19
Kim, Shi, Kato, Albert 21

is —q dS S
pBc(s) = Tra(pippaBcrag) % =-J(4,B,0C),
s=0

Within the causal diamond:

du (u—uy)(uz—u)
ds . u1—ug
d | T\ w—v1)(vs—v)
ds v3—v1

CL M + °R In M
12 €v2€04 12 €u2€ud  nopal Wall ‘16]
dlne,o = —dlne,s = dy
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Chiral thermal states

» Non-chiral CFT with different left/right temperatures (grand canonical ensemble)

p(BL,ﬁR) . %e_ﬁLHLe_JBRHR

U Br;L BR;L

* Modular commutator J(A,B,C’)p(@L,aR;r.) = gc(néﬁn ) _ néﬁ ))

0.5 e 0.25 i PR '.

g / A

—~0.4 P 2) - T 0.010 e
;: . Q: 0.20 "4,,1- Q ./_,,,,
<03 i = B S e Free fermion CFT
i o L - * 0.005 el .

0.2 r 0.15 W / Numerical results

0.11 & -~ 0.000

01 0.2 03 0.4 0.5 0.15 0.20 0.25 0.000 0.005 0.010 0.015
n i ’v'!-‘l? "-'~-:,r - "ﬁ-fi?
(a) (BL,BR) = (00,80),La = Lc = (b) (BL,BRr) = (00,80),La =L¢c = (c) (BL,BR) = (82,78),La = Lc =
320,120 < Ly < 800 40,10 < L <80 40,10 < Lp < 80
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2. Modular commutators in topological order
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Edge of quantum Hall states

I _
Pedge = Ee b

T : :
\ i J(ADBaC)p(BL,ﬁR;L) — gC(’I}éffL’L) — n(()gR’L))
b

e PrHrR  Br =o00,Br — 0  [Tu, Qi‘13]
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Edge of quantum Hall states

Pirsa: 22100092

Pedge

1

= —e€

A

—5LHL6

—BrHR

J(A, B,C) om0 =

e
3

sin(mwxy2 /L) sin(rxze /L)

sin(wxy3/L) sin(mxag/L)

g
= 1
J(A,B,C) = 1

Br = o00,B8r — 0

(

(Br;L)

ncﬂ’

(ﬁRaL)

eff

— Nesr

(ﬁR;L))

[Tu, Qi “13]
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Topological robustness

* |nvariant under local deformations

(a) (b)

%@@ ¥

J(A'X,B'W,C'Z) = %c

for all |¢) = Uarprer|¥0)
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Entanglement bootstrap

* Entanglement bootstrap: a systematic quantum information technique to understand
entanglement in 2+1D topological order [Shi, Kim 2021; Shi, Kato, Kim 2020; Shi 2020]

* Axioms: O O
O %) Al: (Spc+ Scp — 5B — SD)|y,p)y = 0.
2% o
O OO AO0: (Spc + Sc — SB)jyap) = 0.

* These axioms are very powerful. They generate a series of quantum Markov chains in the bulk.
They have been used to derive fusion rules of anyons, Verlinde formula, gapped boundaries, etc.

* No extra assumption for topological phases with a boundary!
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A B C

mC_

J(A,B,C)zT cos 0
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Holographic duality

1+1 dimensional large-N CFT

CFT state
CFT ground state
CFT (chiral) thermal state
Global conformal symmetry
Central charge ¢
Entanglement entropy

Modular Hamiltonian
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2+1 dimensional semiclassical gravity
in asymptotic AdS spacetimes

Semiclassical geometry
Vacuum AdS
(Rotating) BTZ black hole
Isometry of AdS
AdS curvature [ [Brown, Henneaux ‘86]
Area of RT surfaces  [Ryu, Takayanagi ‘06]

Area operator [JLMS ’14]
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RT formula & JLMS formula

Hyperbolic plane . 12 . 5
(a time slice of vacuum AdS) ds® = ) (dz® + dz”)

vx = argmin{A,,y homologous to X}

YAB
‘A’YX

= +01) Ay, = [ ds\/guvrv” LEC
4G N v 0
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RT formula & JLMS formula

Hyperbolic plane . 12 . 5
(a time slice of vacuum AdS) ds® = ) (dz® + dz”)

vx = argmin{A,,y homologous to X}

YAB
Sx = Arx +0(1) Ay = [ ds\/guviv” 1L
4G N v 0
Regarding area as an operator A B C
A
Sx = (Kx) Kx = 2% + Kpuik
4G N

Modular commutator in CFT = commutator of area operator in AdS
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Modular commutators in chiral AdS/CFT

Vacuum AdS BTZ black hole

cos) =2n—1 cos ) = 2neg — 1

J(A,B,C) = %COSG
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Uncertainty relation of geometric operators

* In chiral AdS/CFT, modular Hamiltonian K x is dual to some geometric operator F'y

mC_

J(A,B,C) = TCOSQ

TC_—

) A ypAFpco > E|cos€\

J(A,B,C) =i{[Kap, Kpcl|)
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Conclusion

Modular commutator: an entanglement measure to detect chirality
{ u v \
N ©

(2) 2+1D
—— 1
S —— S — @ © Topological phase
i
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Open questions

* Beyond conformal family of identity states
* Modular commutators under scrambling or integrable dynamics

* Higher dimensions

* Nontrivial anyon flux in fractional quantum Hall states
* Making use of global symmetries, detecting SPT phases

* Topological quantum field theory derivation for the bulk formula
* Beyond contiguous intervals

 Warped black holes in topologically massive gravity

* Non-stationary spacetimes, such as black hole formation
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Thank you for listening!
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