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Abstract: | will discuss the small speed of light expansion of general relativity, utilizing the modern perspective on non-Lorentzian geometry. The
leading order in the expansion leads to an action that corresponds to the electric Carroll limit of genera relativity, of which | will highlight some
interesting properties. The next-to-leading order will also be obtained, which exhibits a particular subsector that correspond to the magnetic Carroll
limit, which features a solution that describes the Carroll limit of a Schwarzschild black hole. The incorporation of a cosmological constant in the
Carroll (or ultra-local) expansion will also be commented on. Finally, | will describe how Carroll symmetry and geometry arises on the world-sheet
of certain limits of string theory sigma models.
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Carroll Symmetry in Gravity
and String Theory

Quantum Gravity around the corner, PI, Waterloo, Oct. 4, 2022

Niels Obers (Nordita & Niels Bohr Institute)
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based on work:

2110.02319 (Front. of Physics) (de Boer,Hartong, NO,Sybesma,Vandoren)
2112.12684 (SciPost) (Hansen,NO,Oling,Segaard)

2107.006542 (JHEP) (Bidussi,Harmark,Hartong, NO,Oling)
to appear 2210.xxxxx /22??.yyyyy ((Bidussi,Harmark,Hartong, NO,0Oling)

& carlier works
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Cube of physical theories

(h,Gn,1/c)

—_—ds

a third route towards

(relativistic) quantum gravity

how does this fit with

string theory/holography ?

already (classical) non-relativistic gravity (NRG) is more than just
Newtonian gravity

-=> uses Newton-Cartan geometry (and torsional generalization)
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What about small speed of light limit ?

Carroll limit:
zero speed of light contraction of Poincare

running (boosting) without moving:
Red Queens race of L. Carroll’s Through the looking qlqss

= expand relativistic theoties around ¢
what do we get ? what can we use it for ?

Carroll symmetry as an organizing principle for a perturbative
expansion around ¢=0

terminology: this is not ultra-relativistic limit (v/c = 1)
rather ultra-local limit
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Space-Time symmetries and Geometry

local
symmetries of space and time €= geometry of space and time

time translations, space translations, spatial rotations + .....

spacetime symmetries:

crucial difference = type of boosts

relativistic (Lorentz) t — 4(t + 77/c?)

non-relativisistic (Galilean) e
C — 00

ultra-relativistic (Carroll)

c—0

Pirsa: 22100039 Page 5/29



Pirsa: 22100039

lLorentz

Galilean

Carroll

Lightcones & Geometry

a2 “{5\‘4 X =gt

(pseudo-) Riemmanian
geometry (GR)

torsional Newton-Cartan
geometry

Carroll
geometry
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Non-Lorentzian geometries
recent progress in understanding non-relativistic
(large and small speed of light) corners of:

gravity, quantum field theory and string theory:

= builds on impr()ved understanding of non-Lorentzian geometries

= spacetimes with local symmetries other than Lorentz

NL geometries appear n:

bdry geometries in non-AdS holography (e.g. Lifshitz flat space)
covariant formulations of PN approximation in GR
covariant formulations of non-Lorentzian fluids and CMT systems
(FQHE, fractons, ..)
Horava—Lifshitz gravity, non-relativistic versions of CS, JT
double field theory
ultra-local GR (Carroll) - cosmology, black hole horizons
non-relativistic corners of String Theory
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Recent examples of Carroll

null hypersurfaces in Lorentzian geom exhibit Carroll

=> black hole membrane paradigm

BMS isomorphic to conformal Carroll
= (3D/4D) flat space holography & celestial holography

l

tensionless limits of strings

limits of GR/ulra-local behavior leads to solvable corners

see also:

* inflationary cosmology
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Plan

- part I: Carroll symmetry in gravity

Carroll geometry

review: pre-ultra-local parametrization of GR
leading-order action = electric theory
next-to-leading action (includes magnetic theory)

solutions of constraints and evolution equations

part 1I: Carroll symmetry in string theory

non-relativistic strings
two new classes of sigma models from NRST
=> one with Carrollian world-sheet structure

Outlook
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Carroll geometry

defined by
- timelike vector field

- spatial metric hu = 5abepaeyb,

oM

transforming under Carroll boosts:
(. ) from gauging the
LV L,V ' L/ £ -
ot =0, ONR? = 22X, A= R, Carroll algebra

orthogonality and completeness

T”'U“ —_ _1, TILI):F'U —_ 0, ha“‘yvy - 0, 55 —_— _UuTy + ’L’Lp}zpy.

Carroll compatible connection: — f» _ 0P8, T, — VT uLuT,)

pv

i 1
vPhMV — (]_ - o 2h'UA [Bllhfu,\ + E)DhAg. == aAhJJ.U] =2 hﬂATv Kp,,\s

extrinsic curvature Ky, = "%Evh,uu

* can be defined intrinsically or follows from small ¢ limit in GR:
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speed of light dependence in GR

metric: 9,“/ _— szT}LTU -+ H;u./

T = time-like vielbein
Pi = spatial metric

» £, (spatial vielbeins labelled by a)

small speed of light => light-cone closes up

assume the tensors T and Pi can be expanded as Taylor series:  expand in ¢”2

(large speed of light =>» light-cone opens up )
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PUL (pre-ultralocal) parametrization of GR

PUL (pre-ultralocal) parametrization of GR: time/space split

. 1
9w =T, T, +11,,, g*¥= o L o L

rewrite EH using PUL connection (adapted to Carroll when expanding)

é’f’ - —V"B(“T,,) = VPT(“‘CVTU)

par

1
£ §nﬂ* (0,11, + 8,105, — AAIL,] — IPAT, K,
K = —3LvI,,.
FEH takes form

\ /

1 v w 2 c v
R:~ (K"K — K2) + IRy, + JIPI (dT),,, (dT),,
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Carroll geometry from small c

expand in small ¢ in the PUL form

L o} At Do), Ty =7+ O(c?)
— pv )4 2 pHuv O(Cd), Hpu = h’ﬂV + O(CZ),

LO fields=Carroll é’;L‘“m NLO fields = extra gauge fields

small ¢ expansion of local Lorentz = Carroll boost transformations
* expansion of the PUL connection = Carroll compatible connection

%, = Ol _

Y c=0

- Remark: similar to the (previously considered) non-relativistic expansion
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LO and NLO action

- expand EH for small c: LO action = leading order part

(2) é
Vi K"K, — K?|,
A== 167G N [ 4 ]

@)

0Lro =

U Sk h Ny
81rG [G v* + G,wéh

@ 1 a
Gv = —ET“(K'UJK!,U — Kz) + h‘YAV)g(Kp”y - Kh,u"/)a

(2) 1 =
Ch = —Ehp_,,(KpaKpg - Kz) * K(I{;w - Kh;ﬂ!) - rWUVVIJ(I{MU - Kh!w)‘

- NLO action (includes EOMs of L.O)

v € 1 nEs v h
Lnro = 817G ih’ R, + G'uM"‘ + QGW@““
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PUL (pre-ultralocal) parametrization of GR

PUL (pre-ultralocal) parametrization of GR: time/space split

. 1
9w =T, T, +11,,, g*¥= o L o L

rewrite EH using PUL connection (adapted to Carroll when expanding)

é’f’ - —V"B(“T,,) = VPT(“‘CVTU)

par

1
£ §nﬂ* (0,11, + 8,105, — AAIL,] — IPAT, K,
K = —3LvI,,.
FEH takes form

\ /

1 v w 2 c v
R:~ (K"K — K2) + IRy, + JIPI (dT),,, (dT),,

Page 15/29



LO and NLO action

- expand EH for small c: LO action = leading order part

(2) é
Vi K"K, — K?|,
A== 167G N [ 4 ]

@)

0Lro =

U Sk h Ny
81rG [G v* + G,wéh

@ 1 a
Gv = —ET“(K'UJK!,U — Kz) + h‘YAV)g(Kp”y - Kh,u"/)a

(2) 1 =
Ch = —Ehp_,,(KpaKpg - Kz) * K(I{;w - Kh;ﬂ!) - rWUVVIJ(I{MU - Kh!w)‘

- NLO action (includes EOMs of L.O)

v € 1 nEs v h
Lnro = 817G ih’ R, + G'uM"‘ + QGW@““
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LO theory = timelike (electric) theory

N -QTH (KMKPU o KZ) + hvpep (Kuv - Kh;w) )
-
2

projections on time and space

K“”Km, — K = 0,
h°V (Kop — Khop) = 0,
LK, =—-2K,’K,, + KK,,, evolution equations

constraint equations

b (K Kpo = K2) + K (K — Khy) = vV, (Kpuy = Khy) -
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solutions of electric theory

evolution of (arbitrary) initial data

depends only on B _derivatives (ultra local)

can integrate in suitable

hij(t) = h(oyik exp[—2t h{g) K(oy;]-

adapated coordinates

= much simpler then evolution in full GR'!
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construct initial data using 3+1 methods (Bowen-York type solutions)
m—_—
ho,i; = ¥*d;j,

e 1
Koij = ¢ °LX;; + gKow“éij,

qa _ _ 112
p= |2 EX LX)
v [2}(@ j ]

TR T g ‘
LXY = 2:3 [:r.‘PJ + 2P - (5” - :Er:,; ) Pk:rk]

31, ; " ;
+ 5 [Elk{Jk.'B!:EJ + c.J"‘;ka‘:r’] ;

have physical boundary charges (linear momentum and angular momentum)
can be computed from charge integrand involving:

€

- ‘ . .
O = | (KhY — K*,)8v" — 5 (Khop ~ I(ap)v“Eh‘”’] | o]
s

QM = é(v[“ﬁ’"]ofo — ol K). Noether-Wald charge

no mass charge at LO !
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solutions of electric theory

evolution of (arbitrary) initial data

depends only on B _derivatives (ultra local)

can integrate in suitable

hij(t) = h(oyik exp[—2t h{g) K(oy;]-

adapated coordinates

= much simpler then evolution in full GR'!
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consistent subsector of NLO theory
= spacelike (magnetic) theory

NLO EOMs complicated

simplify by setting NLO fields to zero (need to be on-shell
in L.O theory)

action derivation:

rewrite PUL for of EH using Lagrange multiplier

167rG

[ G“Vpox;wxpa : 2 G”Vpax;wlcpa

€ 2
+II* R, + = 7 17 (dT) ,,, (d )a‘Eddm.

GHvPo — ; (H,upnua' oa 1 Gl § 2Hpunpa) ’

1 2

DeWitt metric
Gm,po — 5 (IIM,HW, <+ I'IMHUP — . 1IIP“,HW) ;
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small ¢ limit gives:

@) 1
Smag = 167G

Lagrange multiplier implementing zero extrinsic curvature
EOMs

5 ) 1 N
0=V, 90, —v10,¢" s + T.h° R)s + 2h”°hﬁr,,,\'u”'rm - Vu(h" 1),

1 = ~ 1 ~ 1 N
0= —§1JpvP¢ﬁw . ng - Eh;whopRap T ﬁh;wv,\(h)w'”ﬁ'r&’y)-

go to boost frame that allows for spatial foliation:
0=h"R,,

= ﬁuqﬁum
1

§£u¢’;w = Ry — v(pa’u) —ayay + hyh*® (V(pa‘o') + a‘pad) »  evolution eq.

constraint eq.
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solutions with cosmological constant

12 ©

¢! d+1
= — —2A). A=sA+A+,
Sh IGWGfd z E(~2A)., 5

LO NLO

- 1.O theory initial data h(O)ija K(O)ij = —Hh,(())ij,

h‘m,(t) = 82Hr’hf((]),um Kpu(t) = _Hh'p,u( )

simple physical example: h'(())ij standard flat metric
corresponds to Carroll limit of dS in planar coordinates

- NLO theory: both postive and negative Lambda possible

c.g. Carroll limit of (anti)de Sitter in static coordinates
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Outlook (part 1)

solutions: full NLO theory (and beyond), numerics/analytics..
apply 3+1 techniques to NR expansion

Cosmology and Carroll gravity

Carroll strings

Tensionless strings

Flat space Holography

Carroll tluids in curved spacetime |/

app lications to supersonic behavior ?
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prelude: Carroll (scalar) field theories

see talk Gerben Oling

c?

1 )
L= 53097 - 5097 -V(9). = L=-0x*+x08— 508~ V(9).

2

chi = Lagrange multiplier
l Carroll limit I

. 1
L= %q{s? —V(¢) L=x¢— 5 (0:9)* — V(9).

_r spacelike theory)
(timelike theory)

Sp=b-Fp, Ox=0b-Fx+b-0¢.
boost Ward identies imply:
(0(t,2)0(0,0)) = F(t)é(Z) (O(t,£)0(0,0)) = f(I2]),

=> 2D field theories (string theory wotldsheets) allow for more general Carroll theoties

can be found by considering worldsheet limits of non-relativistic string theory
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Main message:
two new classes of sigma models from NRST

non-relativistic strings on curved spactime:
torsional string Newton-Cartan geometry

two distinct
scaling limits

[ Galilean string ( arrrollian string
l physical constraint

‘particlc-string’

Galilean worldsheet structure Carrollian world-sheet structure

torsional Galilean geometry (target space) torsional Carrollian geometry (target space)

Virasoro x R (subalgebra of GCA) BMS3 symmetry
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Visualisation of world-sheet

Carroll Galilean

(drawing: courtesy of Gerben Oling)
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Polyakov action for Carrollian strings

T . ; _ ) .
S= =3 fdza[ (-e eo®eo N + e”‘ﬂmMN) ('),,X‘F"fdﬂXNi-we”ﬁel,,Tl,3+1/J6“H(enu1’]f3+el,,'r°5)]

- exhibits Carrollian world-sheet structure
- Weyl and local (2D) Carrollian boost act on the zweibeine:

f 1
w,w—>f

" 1
3ttt fea: €a—rftta, &= —w—

- v

- no problem with (wrong-sign) kinetic terms
; ; ; . M _
- Hamiltonian analysis for (subclass) of target spacetimes ™ = (z¥,v),

v = compact isometry
v
M == 6M 5 ?TIILV = 0 3 ?n'u‘t = —'rn‘-”

gauge-fixed action has residual symmetry: BMS_3
(contraction of Vir x Vir)
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Outlook

further study (quantization) of Carrollian sigma model

- Hamiltonian analysis

obtain beta functions

relation to limits of AdS/CFT

connections to Carrollian (small speed of light) gravity

> further examine Carroll geometry/gravity & Carrollian field theories
and connect to holography
- connections with corner symmetry...
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