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Abstract: The goa of this talk is to discuss residual gauge symmetries in electromagnetism and gravity in Dirac's front form. Working in the
light-cone gauge, | will demonstrate how the large gauge transformations and BMS supertranslations may be obtained from residual gauge
invariance of the Hamiltonian action. The residual gauge symmetries in this (2+2) formulation share some striking similarities with the asymptotic
symmetries in the conventional (3+1) Hamiltonian formulation. | will illustrate this fact using the example of electromagnetism and show how the
the zero modes play a crucia role akin to boundary degrees of freedom in the asymptotic analysis at spatial infinity ala Henneaux-Troessaert.
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Dirac’s Front Form

REVIEWS OF MODERN FHYSICS VOLUME 2 NUMBER 3

Forms of Relativistic Dynamics

P. A. M, Digrac
St, John's College, Cambridge, England

For the purposes of atomic theory it is necessary to combine the restricted principle of relativity with
the Hamiltonlan formulation of dynamics. This combination leads to the appearance of ten fundamental
quantities for each dynamical system, namely the total energy, the total momentum and the 6-vector

s three components equal to the total angular momentum. The usual form of dynamics expresses
& in terms of dynamical vaniables at one instant of time, which results in specially simple expres-
six or these ten, namely the components of momentum and of angular momentum. There are
other forms for relativistic dynamics in which others of the ten are specially simple, corresponding to
various sub-groups of the inhomogeneous lorentsz group. These forms are investigated and applied to a

system of particles in interaction and 1o the electromagnetic fiekl

@ Dirac introduced three forms of relativistic dynamics

(a) Instant form: time x°
Initial data on a spatial hypersurface

(b) Front form: time x+ = X043

‘ ) Initial data on a null hypersurface

(c) Instant form: Proper time
DOI:10.1016/.physrep.2015.05.001

@ Front form — Use a null time parameter to study the dynamcis
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Dirac’s front form

@ Light-cone coordinates
0. 8

v,

x*  Light-cone time = P, = i®, = —P~ Hamiltonian

¥ (i=1,2)

@ The three “Hamiltonians” in the front form

Poincaré generators in the instant form: (P, M,..)
[P,PI~0, [PM~P, [M\M~M
(Po, Mp;) — four dynamical generators or “Hamiltonians”
Poincaré generators in front form

Kinematical K = {P;, P ,M;, M, _},

Dynamical D = {P;, M;, } — three "Hamiltonians” pick up corrections

@ Constraint equations in the front form are often soluble: Unconstrained Hamiltonian systems
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Outline

Electromagnetism in the front form
Residual gauge symmetries in light-cone EM

Links to asymptotic analysis at spatial infinity

Light-cone gravity in the front form

b |

BMS symmetries in light-cone gravity
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Outline

Electromagnetism in the front form
Residual gauge symmetries in light-cone EM
Links to asymptotic analysis at spatial infinity
Light-cone gravity in the front form

BMS symmetries in light-cone gravity

One-line summary

A particular example of null-front Hamiltonian analysis and its connections with the corner
I
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Electromagnetism in the front form

@ Light-cone gauge

@ Maxwell equations: 9, F*¥ =0

1) Constraints

9,A

a-

(v=+4): P A +90_A=0 = A = S alxt . x)x +B(x",x)
(v = =) : constraintrelating« and 2 = only one arbitrary constant
A further choice: set the constant to zero

2) Dynamical equation

(v=1i): (26_8+ — 8;9")A = O,A =0 = two propagating modes of the photon

The “inverse derivative” operator

8_f(x )=gx”) = fx)= a%g(x_) = — [:-(x_ —y )gly )dy + “constant”

[Mandelstam '83, Leibbrandt '83]
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Electromagnetism in the front form

e Complexify the x'

14 pe 1. h?
xV 4+ ix L X~ A E
X = , X= d; — (8,0)

V2
A" - (A A):  +1 helicity states of the photon

@ Light-cone action for electromagnetism

S = %[d“x Zm,cAfd“x A(8;0- —83)A

—  Ic; formalism of electromagnetism

@ Hamiltonian and Poisson brackets (recall: x* is time)

: ) -
e Y L aa ya %0 L5
5(0: A) 59, A)

(m, ®) not independent variables = Half the d.o.f than in the 3+1 formalism
— a feature of all null-front Hamiltonian systems

Poisson brackets

[AX), A(Y)] = e(x™ =y )6P(x—y), [A(X),A(y)] = [A(x),A(y)] = 0.
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Residual gauge transformations

Symmetries in light-cone formulation

| @ Canonical transformation in the phase space: (A, A) 2, (A, i)
@ Strict invariance of action: §x S[A, A] = 0
e Transformation = Poisson bracket with a generator Gx[A, A,

dxA = [A,Gx]es

Is there any residual gauge freedom left?
@ AX(x) — A¥(Xx) + O*A(x)
All such A(x) that respects the light-cone gauge choice: A- =0
O_ANxX)=0 = A=AXT, x2X)
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Residual gauge transformations

Symmetries in light-cone formulation

@ Canonical transformation in the phase space: (A, A) 6—”) (ﬁt, 2)
@ Strict invariance of action: §x S[A, A] = 0
e Transformation = Poisson bracket with a generator Gx[A, A,

dxA = [A,Gx]prs

Is there any residual gauge freedom left?
@ AX(x) — AH(Xx) + 0*A(x)
All such A(x) that respects the light-cone gauge choice: A- =0
O_Ax)=0 = A=A(x"xX)

@ Check for invariance of the light-cone action
1

Extra condition: 80A(x) =0 = A(x) = f(x,x*) + g(x, x*)

Not the most general function of (x*, x, X)
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Role of the zero modes

Resolution: Put back the integration constant (zero modes)

. ;A
0- 1
AB =8,a; A =288

A= = Salx T X Pt X X);

Modified light-cone action

S[A A, a] = fd“x [A(8:0- — 8B) A — 2(AADa + AND:) — 20ada];

Residual gauge symmetry: 6o = —A —  arbitrary function of (x*, x, )
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Role of the zero modes
Resolution: Put back the integration constant (zero modes)

QA
-
AB=8,a; A=288

A= + Oolxt ¥ X0 + 0yt x X):

Modified light-cone action
S[A A, a] = fd“x [A(8:+8- — 8B) A — 2(AADa + AADa) — 20ada];
Residual gauge symmetry: 6o = —A —  arbitrary function of (x*, x, X)

@ Putting a, 3 to zero amounts to residual
gauge fixing

@ Zero modes — a part of the initial data set / i

@ Cauchy surface equivalent:
a(x* = constant) U b(x~ = constant)

[Image courtesy: https://arxiv.org/abs/hep-th/9501107]

[McCartor-Roberston’ 95]
8
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Asymptotic analysis of EM a la Henneaux-Troessaert

@ Hamiltonian action

S[A_;,?Tf,Aol . fdr {/dBXﬂJ‘Ap T /de (%71"—77; + l_FUE,}- +A0g) + Fﬁo}

Gauss constraint, ¢ = 9,7’ &~

@ Fall-off conditions:

1
r
(Gauge-twisted) parity conditions

A = -A+0U 2%, o = :—2nf+@(r3)

Ar = (A%,  Ag = (Ag)™"+ 0%, ®=even
ﬁA i (EA)Odd

ﬁ! — (7—Tr)even

]

Canonical generator for gauge symmetries
Gle] = fd3xeg+fdes,-ﬁ"

o Gauge symmetry: surface charge = 0 — Proper gauge transformations

o True symmetry: surface charge # 0 — Improper gauge transformations
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Electromagnetism in the Hamiltonian formulation
@ Symmetry = Strict invariance of the symplectic form (not upto boundary terms)
LeN=0, Q= / d®x dyn'dyA;, dy = exterior derivative in field space

Canonical generator

A =0 = w©R=—-dGe

Invariance under boosts is violated with the gauge-twisted parity conditions

@ Resolution: Add a surface dof to the symplectic form

—~ fa@x V7 dvA; dy ¥

W, which is related to A°, has its own gauge symmetry
uVW=p, p=o0dd

@ Full angle-dependent U(1) gauge symmetry recovered
el Vo) = [ dxeg+ § F xien’ = izA)

(€even, fiogq): Non-zero surface charge — Improper gauge transformations
[Henneaux-Troessaert 18]

1
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Does (2+2) equal (3+1)?

(3+1): Asymptotic symmetries at spatial inpnity

@ Symmetry = invariance of symplectic form or Hamiltonian action
@ Boundary value problem on a Cauchy hypersurface

@ Spin 1: Must include a surface dof W to obtain full U(1) gauge symmetries
Setting W to zero amounts to improper gauge fixing

(2+2): Residual gauge symmetries in light-cone formulation

@ Symmetry = invariance of light-cone action
@ Characteristic initial value problem on a null hypersurface

@ Spin 1: Must include the zero mode « to obtain all residual gauge symmetries
Setting o to zero amounts to residual gauge fixing
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Gravity in the (2+2) formulation
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(2+2) or “double-null” formulation of gravity

“On the characteristic initial value problem in gravitational theory” [R. K. Sachs '62]

“Covariant 2+2 formulation of the initial-value problem in general relativity”
[d'Inverno and Smallwood '79]
[Gambini-Restuccia, Nagarajan-Goldberg, C. Torre, M. Kaku, S. Hayward...]

@ Spacelike foliation of codim 2 (instead of 1)
@ Unconstrained Hamiltonian systems
@ Gravitational d.o.f. identified with the “conformal two-metric”

Our focus

A particular example of 2+2 formulation of gravity: /c, gravity
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Light-cone gravity a la Scherk-Schwartz
@ Light-cone gauge: Set the “minus” components to zero
g-- =9-i =0, (i=1,2)
Parametrization

g+- = *ed), g’} =
¢,%,j are real and det ~; = 1

Light-cone metric

dS2, = guudxtdx¥ = —2e%dxtaxt + gi+(dxt)? + giidxtdx! + e¥ v dx/dx

given in terms of 7 functions {&, ¥, ¥ji, g+ +, 94}

@ “2+2" split of the Einstein field equations R,,,, = 0 [Sachs, d'Inverno-Smallwood, ...]

Dynamical equations: Aj = Q
Constraint equations: R_._ =R _; =0
Subsidiary equations: R, . = R,; =0
Trivial equations: R, =0
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Gravity in the light-cone gauge

@ Constraintequation A . = 0
I
[ [& [ 2 [ 2 1 [ .I"j «
20-¢0-y — (0-¥¢)° — 20-“¢y + éd_’y O-7j = 0.

Fourth gauge choice

allows us to integrate ' out ¢

1y .
Y = 45?(‘) {5 i)

@ The constraint R_; = 0 eliminates g, ;

@ A_, = 0 allows us to eliminates g. +

@ Gravitational d.o.f. identified with the “conformal two-metric™: ~;

 All intergration constants set to zero
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Light-cone action for gravity

@ Closed form expression
1

1 \ 1 ,- :
Slvj] = = [d“x e’ (2(‘).0 & 4 BBy = éf)“y’(') 7,,-) - 59“” . PR

i 1 1 1
-e%4' (;),-8,-¢» t 501996 — g9y - 4;),-7”3,7,‘, t Zia,q-"'am,)

R = e (50‘ YOy — 0_8ip — B_8y + a,-«zn')_w) + ax(e¥ Y a_y)
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Light-cone Hamiltonian for gravity

@ Conjugate momenta
oC . oL

—— - :—3,’?, ﬁ': — :*(?,h
6(9+h) 5(84h)

™

(=, @) not independent variables = Half the d.o.f than in the ADM formalism

@ Light-cone Hamiltonian for gravity

L. - 52 4.8
H = Ohdh + 2xkd%h (h I h) +ecc + O(x?)

92 -
@ Poisson brackets
[h(x), h()] = e(x™ =y )8@(x —y), [h(x),h(y)] = [h(x),h(y)] = 0.
[Scherk-Schwarz' 75, Bengtsson-Cederwall-Lindgren '83)
Symmetries in light-cone gravity

e Strict invariance of action: 8y S[h, h] = 0
e Transformation = Poisson bracket with a {;eneralor Gx[h, h),
dxh = [h, Gy]ps
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BMS symmetry from residual gauge invariance

Is there any residual reparameterization freedom x#* — x#* + ¢+ left?
@ First gauge condition holds
g - =0l = g et=p | - &=t
Second gauge condition g_; = 0 gives
8-&'gy + 8 gr- =0
Fourth gauge condition fixes x* dependence of f(x*, x/)

@ Residual reparameterizations

& = %x+a,-v"+r(xk)

. 1 : :
§ = -a/; (g-+9%) + Y(x¥)

& =9Y'x™ + (8+&)x'
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BMS algebra in light-cone gravity

@ BMS transformation law (on the initial surface x* = 0),

dyyoh = Y0 3h+ Y(x)dh + (0Y —dY)h+ T ‘;—d h

5 8._18 1 e s
Cor Ty LR g TipN o g S| RUpAR g
28 ( 2 . '8 ) o (ai —)

9

;i S ] . ia 2
2”Té)§ (ho® h) 4 4HTE’2; (d m‘)h) FO(K%)

@ Symmetry algebra
(6071, Y1, T, 6(Ye, Yo, To) | b = 6(Yi, Vi, Tia)
with parameters

Yi2 Y8Y; - Y18 Y,
Yie = Y:0Y - Y19

= [Ygé Ty + Yg.('i?n +; T2({§Y1 + (")Y|)] — (1 92)

— BMS algebra from residual gauge invariance without reintroducing the zero modes
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Does (2+2) equal (3+1)?

(3+1): Asymptotic symmetries at spatial infinity

@ Symmetry = invariance of symplectic form or Hamiltonian action
@ Boundary value problem on a Cauchy hypersurface

@ Spin 1: Must include a surface dof W to obtain full U(1) gauge symmetries
Setting W to zero amounts to improper gauge fixing

@ Spin 2: Supertranslations obtained without any extra surface degrees of freedom
[Henneaux-Troessaert '18]

(2+2): Residual gauge symmetries in light-cone formulation

@ Symmetry = invariance of light-cone action
@ Characteristic initial value problem on a null hypersurface

@ Spin 1: Must include the zero mode « to obtain all residual gauge symmetries
Setting « to zero amounts to residual gauge fixing

@ Spin 2: Supertranslations obtained without reﬂnroducing the zero modes
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Some concluding remarks...

Connections with amplitudes
@ Action in terms of helicity states - closer to on-shell physics
@ Various applications- MHV Lagrangians , KLT relations , Double copy methods
[Gorsky-Rosly, Ananth-Theisen, Ananth-Kovacs-Parikh, ...j}

Self-dual, Anti self-dual and all that

: : 1 :
@ Closely related to Chalmers-Seigel action, double copy construction for SD sectors

[Campiglia-Nagy 21]
@ Double copy for BMS symmetries [work in progress]
@ Newmann-Penrose formalism [work in progress], Weyl double copy, ...
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Some concluding remarks...

Connections with amplitudes
@ Action in terms of helicity states - closer to on-shell physics
@ Various applications- MHV Lagrangians , KLT relations , Double copy methods
[Gorsky-Rosly, Ananth-Theisen, Ananth-Kovacs-Parikh, ...j)

Self-dual, Anti self-dual and all that

1
@ Closely related to Chalmers-Seigel action, double copy construction for SD sectors

[Campiglia-Nagy '21]
@ Double copy for BMS symmetries [work in progress]
@ Newmann-Penrose formalism [work in progress], Weyl double copy, ...

Formal (2+2) Hamiltonian analysis
@ First-order formalism with physical dof
@ Role of gauge constraints, zero modes, etc. [work in progress]
@ Dictionary between residual gauge symmetries in (2+2) with asymptotic symmetries
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“Canonical formalism on a null surface: The scalar and the electromagnetic fields

[Nagarajan-Goldber

L.

FIG. 1. The Cauchy surface X is replaced by the union of an
outgoing null cone N and the section of .# * extending back to X
at spacelike infinity. M =NUN.

Thank you for your attention!
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