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Abstract: In the last few years, various authors have extended the covariant phase space to include arbitrary anomalies, and a notion of i
Noether charge. After reviewing this construction and discussing examples of anomalies, | will point out that the covariance requirements
seminal Wald-Zoupas paper permit the presence of a special class of anomalies. To illustrate the meaning of such anomalies, one can lo
case of future null infinity where they take the form of the soft terms in the flux-balance laws.
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Laurent Freidel, Roberto Oliveri, Daniele Pranzetti, Romain Ruzziconi,

Anthony Speranza and Wolfgang Wieland
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Motivational question

» Wald-Zoupas (’99) showed how the covariant phase space (CPS) can be used to derive (previously
known) expressions for BMS charges and fluxes at future null infinity

e In the years since, the CPS has been developed to include a general treatment of \
(i) field-dependent diffeomorphisms and (ii) anomalies
(Barnich-Compere, Hopfmuller-Freidel, Speranza, FOPS2, Chandrasekaran-Flanagan-Shehzad...)
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Motivational question

» Wald-Zoupas (’99) showed how the covariant phase space (CPS) can be used to derive (previously
known) expressions for BMS charges and fluxes at future null infinity

* In the years since, the CPS has been developed to include a general treatment of
(i) field-dependent diffeomorphisms and (ii) anomalies
(Barnich-Compere, Hopfmuller-Freidel, Speranza, FOPS2, Chandrasekaran-Flanagan-Shehzad...)

* WZ never talk much about either aspects, yet the BMS group includes both;
so how come they get the right result?
and, what new perspective bring the recent developments to the WZ prescription?
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Outline:

Motivations and the inclusions of anomalies in the covariant phase space

Charge prescriptions: WZ and anomalies

The example of finite null hypersurfaces

The example of null infinity: anomalies as soft terms
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Field-dependent diffeomorphisms

There can be various reasons to consider field-dependent diffeomorphisms

1. Gauge-fixing

2. Manipulating the constraint algebra
3. “Slicing’ in field space

.

Typical example of 1: BMS bulk extension

» the universal structure used at future null infinity fixes the symmetry vector fields there as well as
their first order extension away from it; from the second order onwardes, it is arbitrary

e.g. Bondi-Sachs coordinates:

£ =70, +Y"09, - Q(;D . Ydq + 047184) - QQ(;AT& - ;CABGB'T(?A) +...

o e AL e Yl et i i, et e ey

tangential fixed by the arbitrary

part universal structure (namely, fixed by the bulk
coordinate choice)
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Field-dependent diffeomorphisms

There can be various reasons to consider field-dependent diffeomorphisms

1. Gauge-fixing

2. Manipulating the constraint algebra
3. “Slicing’ in field space

4

Typical example of 1: BMS bulk extension
» the universal structure used at future null infinity fixes the symmetry vector fields there as well as
their first order extension away from it; from the second order onwardes, it is arbitrary

e.g. Bondi-Sachs coordinates:

. 1 :
£ =710, + Y40, - Q(;D - Yq + 0%704) - QQ(EAT@T = ;CABGB'T@A) +..

o oo Ay Y b e

tangential fixed by the arbitrary

part universal structure (namely, fixed by the bulk
coordinate choice)
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Field-dependent diffeomorphisms

There can be various reasons to consider field-dependent diffeomorphisms

1. Gauge-fixing

2. Manipulating the constraint algebra
3. “Slicing’ in field space

.

Typical example of 1: BMS bulk extension

» the universal structure used at future null infinity fixes the symmetry vector fields there as well as
their first order extension away from it; from the second order onwardes, it is arbitrary

e.g. Bondi-Sachs coordinates:

£ =78, +Y%9,4 - Q 1D Yoq + 0 784) Q( A7, ——C4BSBT84)+

S s s i, o it B e

ms This 1 vs 2 captures the difference

Remark: between the finite and the infinite-distance case;
Wﬂ: and it has a very clear origin that | will explain at the end
=70, + Y204 +ri0, + 1 ( ) BMSW group of arbitrary null surfaces

i
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Anomalies

When Sachs ’62 computed the transformation of the asymptotic shear under a BMS
transformation, it was pretty clear that it was not a diffeomorphism: d:0 # £¢0

In the modern CPS construction, this discrepancy is understood by the presence of background
fields breaking covariance;

¢ in the BMS example, the conformal factor Q;

e if spacetime has a boundary at finite distance, the field ® localising the boundary

Notation | will use for the CPS: (z¥, d, i, £¢ g, 0, I, &)
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Anomalies
When Sachs ’62 computed the transformation of the asymptotic shear under a BMS
transformation, it was pretty clear that it was not a diffeomorphism: d:0 # £¢0

In the modern CPS construction, this discrepancy is understood by the presence of background
fields breaking covariance;

¢ in the BMS example, the conformal factor Q;
e if spacetime has a boundary at finite distance, the field ® localising the boundary

Notation | will use for the CPS: (z¥, d, i, £¢ g, 0, I, &)

e dynamical fields: 9 0¢g = Leg
* background fields: D, deP=0%# L:P

Then for an arbitrary functional  §:F (g, ®) = 0gFécg + 000 ® = 0y F L£eg — £cF — 0o F £¢®
AEF = (55 = .EE)F = (?@FfE(I)

If itis a form in field-space d¢[F(g,®)dg] = 0,F £:90g + Fo£eg = Le[Fog| — Os F£:P0g + F Lseg

& Anomaly operator (Speranza ’18) (/_\5 =0 — £ — IJE)
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Anomalies from a boundary

Consider a spacetime with a boundary B characterized by a Cartesian equation ®¢(z*) =0
and normal 1-form n, = —f9,®

)|
Residual diffeomorphisms: the possible symmetries of the CPS associated B
with this boundary must be tangential to it in order to preserve it:

B z 5 = Zo
¢n20 = r=F4ofr, =0

Because @ is a fixed background structure in the CPS, we have an anomaly: A¢ := 6 — £¢ — I
Agn, = (Ayln f — {fq')n‘u

diffeos tangent at B but not
* E.g. For a gradient, f=1, the anomaly comes entirely from ¢®  at the other leaves of the ®
foliations

o

« There is one choice for which the anomaly vanishes: pick f = f(g) such that n® = +1

So what is the anomaly really capturing? the foliation-dependence, which breaks covariance;
and it is possible to remove anomalies working with the foliation-independent choice of unit-norm
& we can anticipate that anomalies will be prominent on null boundaries
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Anomalies on a null boundary

On an arbitrary null boundary, there is no preferred choice of f l,=-f0,9

any quantity explicitly dependent on f will be anomalous, namely non-covariant;

e.g., the inaffinity k of the normal (Chandrasekaran-Speranza 19)

* There is no choice of normal for which the anomaly vanishes Aely, = wel,
I-dep. quantities will inherit the anomaly Ay = weby ADgen = —ween

Nonetheless, the pull-back of the EH symplectic potential is not anomalous:
(Parattu et al 15, Myers et al "16, Hopfmuller-Freidel 16, Oliveri-Speziale 18, ...)

1 - . 1 . :
B= f [(" — = (0 + 2k) Y*) 0y + 2(mp — O )1 + =8, 1> n* 0l [ enr — 6€° + / gun
N 2 2 ON

where £° = —2(0 + k@))en  Onecancheckthat: A© =0

But any individual term in general not covariant:

(as observed for instance in Myers et al 16, Chandrasekaran-Speranza '19)
« the boundary Lagrangian by itself is not covariant

» the Dirichlet flux here identified is not covariant

(unless we do restrictions on the variations, we will come back to this)
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CPS with field-dependent diffeos and anomalies

—lew =d(dgg —icl) o —Iew =d(dge —ic — qse) & —Icw = d(dge — ich — gsc — A¢)

lyer-Wald '94, WZ ‘99 Barnich-Brandt 'o1 Freidel-Oliveri-Pranzetti-SS 21
Barnich-Compere ‘05 Chandrasekaran-Flanagan-Shehzad-Speranza 21
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CPS with field-dependent diffeos and anomalies

—lew = d(dgg —icl) o —Iew =d(dge —ic — qse) & —Icw = d(dge — ich — gsc — A)

lyer-Wald '94, WZ ‘99 Barnich-Brandt ’o1 Freidel-Oliveri-Pranzetti-SS 21
Barnich-Compere ‘05 Chandrasekaran-Flanagan-Shehzad-Speranza 21

Only assumption: the anomaly is a boundary term, in other words, there always exist a choice of

covariant bulk Lagrangian AL = dag . L=L°+dl, Acl=ae
(interesting to go beyond this assumption, but not for this talk) a: Lagrangian anomaly

It follows that A0 = dag — ase + dA¢ A: symplectic anomaly
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CPS with field-dependent diffeos and anomalies

—lew = d(dgg —icl) o —Iew =d(dge —ic — qse) & —Icw = d(dge — ich — gsc — A)

lyer-Wald '94, WZ ‘99 Barnich-Brandt 'o1 Freidel-Oliveri-Pranzetti-SS 21
Barnich-Compere ‘05 Chandrasekaran-Flanagan-Shehzad-Speranza "21

Only assumption: the anomaly is a boundary term, in other words, there always exist a choice of

covariant bulk Lagrangian AeL = dag . L=L°+df, Acl=ae
(interesting to go beyond this assumption, but not for this talk) a: Lagrangian anomaly

It follows that A0 = dag — ase + dA¢ A: symplectic anomaly

The two anomalies enter respectively the Noether charge and canonical generator calculations,

jf = I{f‘) = ’igL — ag édlk 5}&5 = —Igf.&J: 5]59 = 5E9 = 5159 =3 ££9 — AEB — 1559

=d (00 i) — a5 = A¢)

e

Let us comment on the two roles separately
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Flux of the Noether charge

The Lagrangian anomaly enters the variation of the Noether charge

Je = Ie0 — QL — ag = dge A¢L=dag & L=L+dl, Afdl=a
Consider a lateral boundary B (can be time-like or null)
Restricting to tangent diffeos that preserve the boundary, B

the second term vanishes in the pull-back
Then, two contributions to the flux:
e the symplectic flux

* the Lagrangian anomaly B %

The anomaly introduces a contribution to the flux which is “polluted” by non-geometric quantities
Clarifying the meaning of the anomaly contribution to the flux is a goal of this talk

We will see below an example of this: the soft terms, where the non-geometric “pollution” is their
dependence on ST

Pirsa: 22100031 Page 23/60



Pirsa: 22100031

Non-integrability and charge prescriptions

The symplectic anomaly contributes to the obstruction to integrability

6}1,5 — —Igw = d(O‘qE — 'ig@ —hE — AE) b h£

Examples of different prescriptions in the literature:

1.

Improved Noether charge

(lyer-Wald "95, Harlow 19, Freidel-Geiller-Pranzetti ‘20, Margalef-Villasenor 20,
Freidel-Oliveri-Pranzetti-SS ‘21, Chandrasekaran-Flanagan-Shehzad-Speranza ’21, ...)
Wald-Zoupas

(Wald-Zoupas '99, Chandrasekaran-Flanagan-Prabhu "18,
Ashtekar-Khera-Kolanowski-Lewandowski ’21, ...)

Path-independence in field space

(Barnich-Brandt, Troessaert, Henneaux, Compere...)

Slicing

(Barnich-Troessaert, Grumiller, Sheikh-Jabbari, Zwikel, Geiller, Adami...)

. Other requirements... e.g. taking ¥, instead of DS as angular momentum

(Strominger et al 15, Compere-Fiorucci-Ruzziconi ‘20, Freidel-Pranzetti-Raclariu ’21,...)
Extending the phase space, or adding a symmetric part to the symplectic form
(Ciambelli-Leigh ’21, Freidel "21, Wieland 22)
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Improved Noether charge prescription

The idea is to work with a symplectic potential that vanishes when conservative boundary
conditions are imposed: that way the system is made Hamiltonian and the charges are integrable
To achieve that, we take the pull-back on B of whatever 9 we are starting with,

(Hzﬁ’_éf+d1ﬂ %
= B

where ' = pdq for some choice of polarization of the phase space

and decompose it as follows:

That way, the new symplectic flux will vanish if:

o 0'|5q=0 £0 restricting the variations throughout the phase space:
& useful for conservative boundary conditions

B
o §|p=0=0 no flux for arbitrary variations
around special ‘stationary’ configurations in the phase space
= useful for leaky boundary conditions

(both options can and have been used in the literature)
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Improved Noether charge prescription

By changing the symplectic potential to 0 =0+ 80— do
we obtain a new Noether charge je = 10" —ic L' — a; = dg;

This turns out to be related to the initial one by :

[qg = q¢ + il — 1.519] improved Noether charge

Why improved?

o If 9 was the bare potential of the EH action and ¢ is GHY, then the result turns the Komar
formulas into the Brown-York formulas, and this fixes the factors of two mismatch
in the masses at spatial and null infinity
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Cohomological ambiguities

Hoping that | am doing well with time, it is useful to pause for a second here in order to clarify the
relation between two seemingly opposite approaches that can be found in the literature:

Freidel-Oliveri-Pranzetti-SS 21 [9 . RS E dﬁ)
—

Chandrasekaran-Flanagan-Shehzad-Speranza 21

The difference has to do with the way the cohomological ambiguities are handled:
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Cohomological ambiguities

Hoping that | am doing well with time, it is useful to pause for a second here in order to clarify the
relation between two seemingly opposite approaches that can be found in the literature:

Freidel-Oliveri-Pranzetti-SS 21 [9 =@ 5y dﬁ]
—

Chandrasekaran-Flanagan-Shehzad-Speranza 21

The difference has to do with the way the cohomological ambiguities are handled:

To have a unique charge:
e FOPS2: Use a prescription to fix the cohomology ambiguities once and for all
(e.g. Anderson’s homotopy operator, or just hand-pick the ‘bare’ potentials df — 6 )

Then,
(L,£) — (6,6,9)

e CFSS: Fix 0’ via a choice of boundary conditions, plus fix the corner ambiguity by prescribing £

Then,
1(6",¢), (0,0) arbitrary but ambiguity affects only q and not g’
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Cohomological ambiguities

Hoping that | am doing well with time, it is useful to pause for a second here in order to clarify the
relation between two seemingly opposite approaches that can be found in the literature:

Freidel-Oliveri-Pranzetti-SS 21 [9 =0 — 524 dﬁj
—

Chandrasekaran-Flanagan-Shehzad-Speranza 21

The difference has to do with the way the cohomological ambiguities are handled:

To have a unique char

e FOPS2: Use a prescr ‘or all
(e.g. Anderson itials df — 6)
Then, (L.0)
L. ¢
\
e CFSS: Fix 6’ via a ch¢ iguity by prescribing £
Then,
16, 4 d not g’
My viewpoint: it does gl — e

A notational advantages of the homotopy procedure however is that the formula is completely

symmetric
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Barnich-Troessaert bracket for the charges

Suppose we fix a prescription for the charges: AT %
—Tew = #he = 6gc — Fe

/N %o
integrable piece flux term

now we can ask: Is the algebra of charges correctly represented?

Recall that in standard situations, —LIew = 6, he = {hy, he} = hpy g

But in the presence of flux, this equation fails
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Barnich-Troessaert bracket for the charges

Suppose we fix a prescription for the charges: AT %
—Jew = Jhg = 0ge — F¢
I e
integrable piece flux term

now we can ask: Is the algebra of charges correctly represented?

Recall that in standard situations, —LIew = 6 he = {hy, he} = hpy g

But in the presence of flux, this equation fails

¢ Barnich-Troessaert "11:
new prescription for the bracket,

{ax,qc} = 0xqe + Ie Fy # —L Iew
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Cocycle and anomalies

{ax>qe} = 0xqc + IeFx = gy, + K0

Freidel-Oliveri-Pranzetti-S "21: we can compute K for an arbitrary theory, verify it satisfies Jacobi

KE:X = ?’f?’XL + Z.gax — ?;XCLE
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Cocycle and anomalies

{ax,ae} = 0x@e + Ie Fx = qxe + K
Freidel-Oliveri-Pranzetti-S "21: we can compute K for an arbitrary theory, verify it satisfies Jacobi

Kex = tgiyL +tcay —iyag previously identified in Speranza '17
k_// (see also Chandra-Speranza "20,

Chandra-Flanagan-Shehzad-Speranza "22: )

Remarks
* The cocycle can not be reabsorbed in the definition of the bracket if desired, so to have

{hxs hf}L = hiy ¢

« Significantly, there exist an off-shell version of this formula, given by {g,, q§}L = flt5e5] T2Gx
& imposing the closure of the algebra implies (projections of) the Einstein’s equations
= the larger the algebra, the more equations can be obtained
This reversed logic provides an independent motivation to look for enlargements of the
asymptotic symmetry group (See Laurent’s talk)

* More recent developments relating these brackets to Poisson brackets
(Ciambelli-Leigh ‘22, Freidel ‘22, Wieland ’22; Chandrasekaran-Flanagan-Shehrad-Speranza ‘22)
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Wald-Zoupas prescription

Let’s look again at the formula for the Hamiltonian generators,
Jhg = —Igw =d ((5(]5 = ?:59 — g5t — Ag)
Situations where integrability occurs discussed in the WZ paper:

WZ'’s Case I: 1¢0 + gs¢ + Ag = 60X

e.g. spatial infinity
WZ’s Case Il i¢6 + gse + Ag = i + 60X where i¢f is some physically recognizable
and unambiguous flux, then we can shove it

e.g. null infinity
on the left-hand side

If X is not zero, we have a shift wrt Noether charge

As we already remarked, such a shift may actually welcomed, since e.g. starting from the EH
Lagrangian the bare Noether charge would be given by the Komar formula which has well-known
shortcomings, such as giving wrong factors of 2 at both spatial and future null infinity
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The WZ prescription: flux

Case Il. To identify the preferred potential @, proceed as follows: ¥
start from the pull-back of the symplectic 2-form on the boundary, N ﬁ
and require

b

0. w=460 o 0=0+6b
Fl -

1. it must be a local and covariant functional of the dynamical fields and background structure
2. is must vanish for arbitrary perturbations around stationary solutions
3. additional requirements that may be needed in case the first two requirements

are not enough to select a single preferred one

Remarks:

e Concerning ©: You can pick it with the homotopy, you can pick it at random; it doesn’t matter
- If you pick it a la FOPS, then the prescription is: use the freedom to change the boundary
Lagrangian to identify the physical flux
- If you pick it random, then the prescription is: use the ambiguities to change it

e Concerning 3: requirements 1 and 2 are enough for the cases studied so far

* Starting from the EH action and its "bare’ 6, one generically gets a non-zero b
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The WZ prescription: flux

Case Il. To identify the preferred potential @, proceed as follows:

start from the pull-back of the symplectic 2-form on the boundary, )P

and require N é

0. w=060  0=20+48b ¢ 3 E——
— —

1. it must be a local and covariant functional of the dynamical fields and background structure
2. is must vanish for arbitrary perturbations around stationary solutions
3. additional requirements that may be needed in case the first two requirements

are not enough to select a single preferred one
Notice that there is no discussion of boundary conditions nor of boundary Lagrangian;

so this is not an improved Noether charge a priori.

However, let us zoom in on condition 2:
& It means that it has to be in the form 8 = pdq where P(Gstationary) = 0

This suggest that we can use this prescription to define an improved Noether charge with :

0 =0 (¢,9) = (b+ de, 0 + dc)

But let us see first what is the prescription given by WZ for the charge
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The WZ prescription: charges

Since we have identified the physical flux through 6 = 6 + 6b,
{_
that is the only quantity that should be subtracted in order to obtain an integrable charge:

$lagd*:= — Iew + dicf
<_

Comparing this to the general formula: Jhg = —lew=d (5% — gl — qse — A&)

» we see that we are shoving the flux on the LHS;
* we can already anticipate a potential discrepancy if it happens that gs¢ + A¢ =0X # 0

This potential discrepancy turns out to be exactly the anomaly of b

To prove this, we need to go into some details, starting with a bit of archeology:
do WZ allow for anomalies and 0§ # 0?
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WZ covariance and soft anomalies

GEES

Fooll nfinsty, @ 55 raquired to be conformally mvanant ). Our propesal
is the following: Let M, satisfy'?

(26)

and (&'
that: for

T 11 emsentla
sothness or nnsl
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WZ covariance and soft anomalies

cass of null infimty, @ 12 required to be conformally mvanant). Our proposal
is the following: Let M, satisfy'?

AEE =0 = Agg # 6A£b = Aégb = 5(15 — as¢ + dAg =[],

I&gé =0 = ase = -—dtjgg.
Putting together the two requirements, we find

dag = —d(@se + Ag)

1. WZis defined also with a class of anomalies and field-dep. diffeos: mild/soft anomalies
2. When they are present, the prescription is to shift the Noether charge so to remove
the anomalous flux:

d(fg = IEG — fig Ay dq£ = d(j& +q: = 159
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First example:
null hypersurface at finite distance
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CFP covariant phase space on a null hypersurface
Chandrasekaran-Flanaga-Prabhu ‘18

There is an interesting story about the pull-back on null hypersurfaces, and various covariant
phase spaces have been studied

For lack of time, | will just go straight to CFP and refer you to
a paper we are posting very soon for a more general discussion
In CFP, we restrict o=l = dk =

! 0l, =0k =0 I, = —f0,®
then: 't ‘

N

u . N
g = (UH - (2"7# )6’}’u}} EN + 25(9(})@\/‘)

R

candidate §

We want to identify a preferred potential via 6 = g + 0b , satisfying:

1. Covariance can be satisfied using the kinematical freedom to get rid of
the inaffinity and of the spin-1t momentum : Al =0

2.Stationarity satisfied by non-expanding horizons: """ =6, =0

[ b= —29(”6}\{ = —QdES
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The CFP anomalies and charges

ol 0
Preferred WZ potential: f= (0’“" - %7“”)57W EN

Charge shift: b= —29(5)6‘/\/‘

Recall that Ay = weby Agey = —weey Aeb=0

no anomaly shift

Furthermore, A¢0 =0 hence a; =0

We conclude that :
* no anomalous flux
* the WZ charge obtained by CFP is an improved Noether charge with £ =10, ¥ =0

In particular, no anomaly contribution to the i-Noether fluxes ~ dgec = 1¢0
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Comments

On the importance of the covariance requirement:
without it we can for instance keep k, and then the charges will depend on it

= 6 ) = O + 2k "
9 — (UU«U . %},YM»V) o’ﬂuu EN —y 9 — (U.UV ) mfmf},ﬂu)o,},uy EN

Acb#0

(the problem here is that the inaffinity does not capture properties of the geometry of the
hypersurface, but depends on non-geometric choices such as the scaling and the extension

On the importance of the stationarity requirement:

It allows us to get charges that automatically preserved on non-expanding horizons,
such as the area, and all multipole moments (AKKL "21)

on the other hand, such charges are not great beyond the NEH case;

for instance, the area changes on a null cone in Minkowski, even though there is no physical flux;
one may then be interested in an alternative definition that gives conserved charges in this case
This can be obtained playing with the boundary conditions (with Odak and Rignon-ret, to appear)
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Second example:
future null infinity

Disclaimer: We already know that the WZ charges at null infinity are Noether charges
for a specific boundary Lagrangian (BMSW "21)

Here | want to show how they can be derived as an improved Noether charge,

and how this requires discussing anomalies
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Scri symplectic potential

Pull-back of the EH symplectic potential at Scri, in Bondi coordinates:
g = —(26M _ L s(DaDsCAB) + LN pocaB — 15(N45C7"1B))q
+— 2 ) ‘ s 8 =

To identify the preferred symplectic potential:
1. covariance
2. stationarity

At first sight, we could identify it as NoC : it vanishes for all perturbations are stationary
spacetimes, thus 2 is satisfied. But1? A;(NdCez) = 07

To answer that, we have to look at the anomalies at Scri.
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Anomalies and Geroch’s news

) Residual diffeomorphisms:
Starting from the general framework of BMSW, LS i

= 70, + Y404 =T+ ul

the transformations on the phase space are:

0¢ gap = (£y — 27)qan,
8¢ Cap = (18u + Ly — 7)Cap — 2D(40pT,
0¢ Nap = (104 + £¥)Nap — 2D<ABB)%_,

These quantities live on the bundle R x S, whose Lie derivative is L¢ = 70, + £y
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Anomalies and Geroch’s news

) Residual diffeomorphisms:
Starting from the general framework of BMSW, 4

§ =710, +Y 04 r=T+uW
the transformations on the phase space are:
0¢ gap = (£y — 27)qas, AgGap = —27qaB,
8¢ Cap = (10u + Ly — 7)Cap — 2D (4057, & A;Cap = —7Cap — 2D (40pT,
0¢ Nap = (T0y + £v)Nap — 2D<ABB)%_, AE Nap = —ZD(ABBﬁ,

These quantities live on the bundle R x S, whose Lie derivative is L¢ = 70, + £y

Remark: the anomalous transformations are identical for the BMS case.
Let’s focus on the BMS case from now on
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