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I. Preliminaries

Group Metric Equation

S0(3) (w, Aw! Euler top
SO(3) x R*  quadratic forms  Kirchhofl equation for a body in a fluid BORIS A.KHESIN
SO(n) Manakov's metrics n-dimensional top ROBERT WENDT
DIff(S") I Hop( (or, inviscid Burgers) equation
Virasoro L? KdV equation
Virasoro H! Camassa—Holm equation Volume s1
Virasoro H' Hunter-Saxton (or Dym) equation e
,‘TDWIE( M) L ] Euler ]El(‘-‘ll. fluid A Ml:i:ﬂ'::x The Geometry of
SDitf( M) . H averaged Euler How und thtes

SDf (M) HI\'(‘t (M) Pl ]f,'. Magnetohydrodynamics Grenzgebiete lnﬁnite“Dimensional
Maps(S°, 5O(3)) H Heisenberg magnetic chain 3. Folge G
roups

A Series

Table 4.1: Euler equations related to various Lie groups. e
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In the study of spin-weighted spherical harmonics it is useful to contem-
plate the following array:

Lipe, 7oA [-w, -s-4]
j=0

i : ~ , o G!{Wf M.J’f& fomf
- - : we: 6‘_ (’fi ;

T L

G A f y
g 3 Jdite J‘o( ‘u‘ﬁ, ows
(4.15.60}
'he numbers in this triangular array (which extends indefinitely

downwards) represent the complex dimensions of the various spaces
of spin-weighted spherical harmonics, as discussed in (4.15.43) er seq.

Ch.»—‘d [ S t \( L.’A\é ol w \(' - [S [,

Each of these spaces is characterized by its values of s and j, as shown
I'he dimension zero is assigned wherever a blank space appears in the
array. The operator & carries us a step of one s-unit to the right and &'
one s-unit to the left. (From our earlier discussion, the j-value is not

'3_3‘ w-A4 [/( w4 Ig“f

A, -5
WA, -8
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Xl
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137 &

affected by o or &) Whenever such a step carries us off the array, the
result of the operator O or & 1s zero. Note that the dimension remains
constant whenever it does not drop to, or increase from, zero.
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For asymptotically flat spaces, M is in fact a null hypersurface
|7]. The structure of M is essentially the same as for Minkowski
"_'(‘f f) space (Figure 4). We shall omit the three points I, I, I' here.

} 3 \ = T ﬁ ~ » — Then M consists of iwo portions, each of which is topologically a

. ll_. Pl . s 2 C el “cylinder” 8*x E'. We are concerned, here, only with the future
{ [ —2 2 oS )

[{_sg portion M ', and by judicious choice of conformal factor 2, we can

etwure that the geometry of M" is as simple as possible. In fact, by

tuking one generator of M * “back to infinity” we can open out the

vylinder into a space with Euclidean three-space topology. Further-

wore, it turns out that we can also make this three-space metrically
flat (Figure 6). This will simplify matters considerably.
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For asymptotically flat spaces, M is in fact a null hypersurface
|7]. The structure of M is essentially the same as for Minkowski
"_'(‘f f) space (Figure 4). We shall omit the three points I, I, I' here.

} 3 \ = T ﬁ ~ » — Then M consists of iwo portions, each of which is topologically a

. ll_. Pl . s 2 C el “cylinder” 8*x E'. We are concerned, here, only with the future
{ [ —2 2 oS )

[{_sg portion M ', and by judicious choice of conformal factor 2, we can

etwure that the geometry of M" is as simple as possible. In fact, by

tuking one generator of M * “back to infinity” we can open out the

vylinder into a space with Euclidean three-space topology. Further-

wore, it turns out that we can also make this three-space metrically
flat (Figure 6). This will simplify matters considerably.
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In this case, the associated equations of motion are

"" f '7“7%-.

du ° du

. AT . T .
s ‘E,l_,”; o(fL, N, (@.41)

which means that f, f are u-independent, while 7 = T (z, 2) 4 u[f'f']2 o (f ', /). together

with
dP A o dJ
= ()

du du du

= 0(-). (4.42)

The Poisson brackets {7, m} = f;,’,,n,. read explicitly

{J(z,2), Plw,w)} = [jf’(:. £)0.0(z, w) + ‘])PJ’(:. $)8(z, w)]d (=, @),

{J(z, 8), P(w,®)} = 4(z, u'][%l’[_-.. £)d:0(%, w) + %FJ’(:.:)M:‘ )],
{J(2,%), J(w,0)} = [2J(2, £)2.0(z, w) + &:.J (2, £)6(2, w)]6(%, W),
{J(2,%), J(w, @)} = 8(z,w)[2J(2, £)2:0(%, @) + d:J (2, £)d(E, )],
{J(z,3), J(w, @)} = J(z,2)0.0(z, w)d(2, @) = J(w, @)d(z, w)P:d(Z, @),
o))

i
{P(z,%), Plw,d)} = 0.

Relations:
d;0(z,w) =

Ouo(z,w), F(w)d,0(z,w) = F(2)0.,6(z,w) + d,F(2)6(z,w),
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