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Abstract: The Lense-Thirring spacetime describes a 4-dimensiona slowly rotating approximate solution of vacuum Einstein equations valid to a
linear order in rotation parameter. It is fully characterized by a single metric function of the corresponding static (Schwarzschild) solution. We shall
discuss a generalization of the Lense-Thirring spacetimes to the case that is not necessarily fully characterized by a single (static) metric function.
This generalization lets us study slowly rotating spacetimes in various higher curvature gravities as well as in the presence of non-trivial matter such
as non-linear electrodynamics. In particular, we construct slowly multiply-spinning solutions in Lovelock gravity and notably show that in four
dimensions Einstein gravity is the only non-trivial theory amongst all up to quartic curvature gravities that

admits a Lense-Thirring solution characterized by a single metric function. We will also discuss a "'magic square' version of our ansatz and show that
it can be cast in the Painlevé-Gullstrand form (and thence is manifestly regular on the horizon) and admits a tower of exact rank-2 and higher rank
Killing tensors that rapidly grows with the number of dimensions.
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Plan of the talk

. Lense-Thirring (LT) spacetime
ll. Generalized LT metrics

a) Newmann-Janis algorithm & LT
b) Higher curvature theories & Einstein
uniqueness
c) Matter & non-linear electrodynamics
d) Higher dimensions & multiple rotations
lll. “Upgraded LT": PG form and hidden symmetries
IV. Summary
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Based on:

« Paper 1: F. Gray, DK, Slowly rotating black holes with exact
Killing tensor symmetries, ArXiv:2110:14671.

« Paper 2: F. Gray, R.A. Hennigar, DK, R.B. Mann, M. Srivastava,
Generalized Lense-Thirring metrics: higehr-curvature
corresctions and solutions with matter; Arxiv:2112.07649.

« Paper 3: DK, T. Tahamtan, O. Svitek, Slowly rotating black
holes in non-linear electrodynamics, ArXiv:2203:01919.

and
« J. Baines, T. Berry, A. Simpson, M. Visser, Killing tensor

and carter constant for Painleve-Gullstrand form of Lense-
Thirring spacetime, Arxiv:2110.01814.
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I) Lense-Thirring
spacetime
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Lense-Thirring spacetime (1918)

J=aM

1s? = — fdt? ﬂ 0. (F AN 2a1 1
rotating body ds” = —jat" + 7 + 2a(f — 1) sin” 0dtd¢

It 1'2(311_13 0([(}")3 + d()")) , J=1- e

. Spacetime outside a slowly rotating body
. Approximate (linear in a) vacuum solution of EE
. Linear in a approximation to Kerr (1963)

. Encodes gravitomagnetic effects
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Frame draqging (gravitomagnetism)

= general-relativistic effect due to the motion (in
particular rotation) of matter and gravitational waves,
analogous in a way to electromagnetic induction.

. Already in the weak field approximation

EAN .
T( ) fu = Tou = (91 7)

g 0

goo =—1—2¢0, gou= —4A; U = (1 = 2@)5:11'

. Einstein & geodesic equations then yield

AP = —4mjt | 9,A* =0

i o g .

T o Moved from electrostatics
——— i L) :

T2 Y " iY"  to electrodynamics
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Frame draqging (gravitomagnetism)

 Lense-Thirring (1918) (slowly rotating body)

d’ J . “radially infalling geodesic”
I / experiences “Coriolis type force”
g EL s g
A7 Bg d2o 2J dr
P e _/["T‘ 7 _— = —  ——
b dt? r3 dt
T v [fl L .IT)| i o

(spacetime outside is dragged
e along the rotation of the body)

f

o \

/ A N

J |
S lgr - g 0
\
\

. Frame dragging inside the
hollow shell
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Rotating gravitational waves and shells

\ - I
l‘\ ( \'.'.
A '1 %
| | 0
LA ) |
\ & v
v
“ N\ : N ,

/

i
|
/

—

- W. Barker, T. Ledvinka, D. Lynden-Bell, J. Bicak, Rotation of inertial

frames by angular momentum of matter and waves, CQG 34 (2017) 20,
205006; Arxiv:1710.10360.

« J. Bicak, J. Katz, T. Ledvinka, D. Lynden-Bell, Effects pf rotating
gravitational waves, Phys. Rev D85 (2012), 124003; Arxiv:1207.2957.
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Frame draqging (gravitomagnetism)

« Existence of a BH ergosphere

‘ Example of extremal frame

AN Sl dragging: particle inside the
ergosphere has to corotate
with the black hole

 Astrophysical applications

-
i)
=
=
(%2
o
=3
L

Bardeen-Petterson effect — aligning of the
accretion disc along the black hole spin axis
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The Gravity Probe B Experiment

Everitt; et al. "Gravity Probe B: Final Results of a Space Experiment
fo Test General Relativity". Phys. Rev. Lett. 106 (22): 221101 (2011)

Frame-dragging effect
39 milharcseconds/year
(0.000011 degrees/year)

Guide star -
IM Pegasi
(HR 8703)

Geodetic effect
6,606 milliarcseconds/year
(0.0018 degrees/year)

Measured Predicted
Geodetic precession 6602 + 18 6606
(mas)
Frame-dragging S FA=n TP 39.2
(mas)

https://physics.aps.org/articles/v4/43
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a) Newmann-Janis trick

= algorithm how to generate rotating solutions from the
static ones by a “complex coordinate transformation”.

1) Start from a spherical spacetime and write it ingoing
Finkelstein coordinates:

dT] 5o ngz ail = df — %

or, alternatively in terms of the null frame:

ds? = — fdt* +

g’ = =l¥n¥ = I"n* + m*m” + m"m*
' 1 i

TR e (e)w | )a
/. V29 sin 6
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Newmann-Janis trick

2) Perform the complex coordinate transformation:

u—u—tacost), r—r+iacosb

Together with
f = F(r,a,0) and ¢ — X(r,a,0).
F
| —=0,, n—0,— 5(‘),. ._
m (00 +iasin0(d, — 8,) + Sh’l 9)0(,)

3) Return back to the Boyer-Lindquist coordinates, by
du=dt + X(r)dr, dy=dyp+ x(r)dr
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Newmann-Janis trick

» Requiring that metric diagonal except gtcp results in

| A o L =
g8 = = S ((h‘ — asin” ()(/(j')) + 1—(/1" + Xdb”
Hi112 v, 9 o 9
+ [(r“ + a‘)do — mh‘}
= 1 + a® cos® 0, 20=r(1-f)

)
. 2 p 2 2 p 2
A=riftae =r —20rta .

Which yields the following standard LT
spacetime in the linear O(a) expansion:
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Standard LT spacetime

Ir? i |
( ; +2a(f — 1) sin” Odtde

ds® = —fdt* +
+ 72 (sin? 0d¢® + dh?)

. Completely characterized by the static (spherical)
metric function f _
. In particular, for vacuum Einstein gravity: ]l -1 — %
: »

. How generic is this ansatz? Can we apply it also for
modified gravity theories, or for non-vacuum
solutions?

. (Can the Newmann-Janis trick be used to generate
the corresponding rotating solutions?)
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b) Beyond Einstein gravity: higher-curvature
corrections

167

e I ((d— ]2£d 2) +R+Z“ini‘2)+Z"’)51R'£3)+ZWRE”)

l

where
9

Rl (b, - y (2 3
'R'(l 3 R”[”-{/R”h”!. 7-7 L P”,P”h R(; : R2

e

(3

’ \ " C € ] i{ { ’ (‘i) | € ; ({ ’ ('{] l{r - €
Rl = BGTRSPR". Ri= RaHu 'R, Ry =Rauall R
(3)

.Rl
1y (3) I 7y (3) k
R =aRIABOAR. Bl =R,

bed 1 (3) - »bd 1 (3) l
e /1,,;,”{/ ‘e H R,- e li’,,;,,,]li"” R 7 - f\’,“ e ]I}” Jll)ﬂ, i',,”.

<)

L | :
EOM Eub — )u(dt f{hf‘d( i 5.(/(-’(15 — 2V° v(/ F,m'rib =0

oL

F)uh( i
()Puh( '
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Einstein-like Lense-Thirring spacetime

)

c L E .
ds® = —Nfdt” + T + 2ah sin” Odtdo

Vg D %) )
+ r?(sin” 8d¢* + db?),

mpose N =1 h=f—1

. The first requirement has nothing to do with rotation
— requires that static solutions are characterized by
N=1. The corresponding theories are known as
generalized quasi-topological gravities.

Quadratic order: Gauss-Bonnet

ar=a, ay=-—4da, a3=u

L3
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Generalized quasi-topological gravities
Cubic order:
* Quasi-topological gravity (EOM on SSS are 2"d-order)

R. C. Myers and B. Robinson, Black Holes in Quasi-topological Gravity,
JHEP 1008 (2010) 067, [1003.5357].

« Einsteinian Cubic Gravity (active already in 4D)
P. Bueno and P. A. Cano, Einsteinian cubic gravity, Phys. Rev. D94
(2016) 104005,
» Single metric function (coincides with Einsteinian in 4D)

R. A. Hennigar, D. Kubiznak and R. B. Mann,Generalized
quasitopological gravity, Phys.Rev. D95(2017) 104042,
[1703.01631]

4-parametric theories (of (3+8)-parametric theories)
Quartic order:

J. Ahmed, R.A. Hennigar, R.B. Mann, M.Mir, Quintessential
Quasitopological Quartet, JHEP 05 (2017) Phys.Rev. D95(2017) 104042,
(L7035 1 1007]

19-parametric theories (of (3+8+25)-parametric theories)
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Einstein uniqueness

9
dr=

ds® = —fdt*> +

+ 2a(f — 1) sin” Odtde

+ r2(sin? 0d¢? + d6?),

Theorem: In D=4, Einstein gravity is the only non-
trivial gravitational theory up to powers quartic in
curvature, whose vacuum Lense-Thirring solutions
are of the above form (Paper 2)

Collorary: Newman-Janis trick cannot be used to
generate rotating solutions in other than Einstein gravity.

D. Hansen, N. Yunes, Applicability of the Newmann-Janis algorithm
to black hole solutions of modified gravity theories, Phys. Rev. D88
(2013) 10, 104020 [Arxiv:1308.6631].
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The proof:

Idea: To eliminate all theories, it is enough to consider
asymptotic solutions at large r:

2M a; 2M b;
f=l-— 3%, p=- T
r =T r i
=4 =4
Solving order by order constraints the couplings, to yield
only trivial topological terms. .

Interestingly: no longer true in 5d

Theorem: In D=5, there exists a 5-parametric
generalized quasi-topological theory that admits the
Einstein-like Lense-Thirring solutions. (Paper 2)

Page 20/44



c) Lense-Thirring spacetimes with matter

Maxwell-AdS case: the simple form remains valid

: _ 2M S
h=f—1fr=1 + 4+

r r2 {2

A — Q (d'/, —a sinz()d(b)

/4

(Kerr-Newmann solution can be generated by
Newman-Janis algorithm)

Kerr-Sen case: the simple form is not sufficient

)
(

] »
f, (R 4 qm‘-'(')“ (I)f);)(l) i Fuh ’_‘rrh — H,,g",H”i")

~ 167 ' 12

)

G St ) A\'—(H%)’. h=N(f-1

r

- ‘ o
e e
SO
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Non-linear electrodynamics

L=L(S,P)

1 > 1 7
= S FwB™ P = S Fu (o)

NLE (generalized Maxwell) equations
dxE =0, dF =0
oL
5 ¢ i

F;m — = 2(65 F;u/ g o E'P *Fpn)

Einstein equations -

1
T = —— (2F" F",Ls + PLpg" — Lg")

A
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Non-linear electrodynamics

Static solutions characterized by single metric

function f
N =1

T. Jacobson, When is g ttg rr=-1? CQG24 (2007) 5717
[0707.3222].

Rotating solutions not known yet!

1) Obviously wrong solutions (satisfy only half
of equations)

2) Newmann-Janis generated metrics

3) Other solutions that are not AF black holes
(e.g. Taub-NUT)
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Non-linear electrodynamics

In paper 3, we have shown how to construct slowly
rotating solutions in simplified NLE

L= L(S)

For example, magnetically charged solutions:

dr? :
7 + 2ah sin® 0dtdd

)

de = f

+ r*(sin® 0do* + d6?) ,

i aw
))—.

Theorem: The above ansatz with h=(f-1) is
inconsistent with any NLE but the Maxwell theory.
In particular, all solutions generated by Newmann-
Janis trick are incorrect at every order in a. (Paper 3)
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d) Higher-dimensional Lense-Thirring spacetimes

I

]
ds® = —Nfdt? + L + 3" iashidtde,

—
m

9 9 Ny ) 2 2
+1'“(Z du; + p;de;) + reedv”,

|

Here we have allowed for

Ld—l

Tm = TJ rotation parameters

Polar coordinates obey the following constraint:

m

2 D
E p: +ev” =1

u=1
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Einstein-like form
N=1, h=f-1

Einstein-Maxwell-AdS case:

Ly =

I —1)(d — 2
(H_f:,hf«‘”u(( 3(( ))

167

Solution given by
m (]2 e
,,.(/—.'3 + r2(d—3) (42

g g = o
A= \/‘2((] 3y a3 [d! - Z a; 4 (l(_,.-),}

1=1

hi=f—-1=—

Newmann-Janis works at O(a) order but not higher
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Einstein-like form
N=1, h=f-1

Multiply-spinning Lovelock solutions:

|_[rf 1) '.'J

| (d-1)(d - 2) . (d+1-2n)! o
¥ \ ) R ,\” \ = np2n _.1-‘,“
AL I(irr( 2 R EPER| I : )

n=2

]
p % o ; */ll ﬂ 2n Vivo . Von—1V2n
"}'211 7 2 Vl L9on 11)/!][1 9 11);I> —1M2n

Solution determined by the Wheeler polynomial

n 9 | (d—1 } 2 J D/ p
16 M £2 R(f = 1)
(d — 2)Qg_ord—] =" = o Z MW", Y= "

I-
n=2
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Einstein-like form
N —_— ].’ hﬂL —— f e 1

Does not work for D=5 minimal supergravity:
|

167

L =

] 1
O R Al R S \)
( ( 2 3V/3
Chern-Simons charge mixes rotation parameters

, 2m  q* r?
o e s

re r (...
bq aq
]lri—f_l+_~ hb—f—l
ar? br2
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IIT) Upgraded LT: P6

form and hidden
symmetries

Pirsa: 22090078



Pirsa: 22090078

Let us complete the square

)
dr*

instead ; . .
TSI ds® = —‘\‘f(]f') + 7 + ZZCLpHin') Odtdo

+ 1% (sin® 8do* + db?) ,

Consider the following “exact spacetime”:
. . dr? . ; anp 2 -
ds® = —Nfdt® + = r2 sinzf)(dq’) . —_idf;) + 12dp?

r

. Cures the O(a”2) divergence of invariants on the “horizon”
. Admits the Painleive-Gullstrand (PG) form

. Admits the exact irreducible Killing tensor

1
sin“0

J. Baines, T. Berry, A.Simpson, M. Visser, Arxiv:2110.01814.

2

K =—5-(9s)% + (8p)% [ K=L2+L2+L3

J
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Painleve-Gullstrand (PG) form

. i dr? o o an e 5
ds® = — fdt* + —f— + 7 Slllz()(d.d) + —,id[.) + r2df?
‘ r
. Radially infalling observer (from rest at “infinity”)
T, g V=7
u =dt+ —dr dt = dT — ——dr
/ f
ds® = —dT* + (dr + /1 — fdT)? + r*db*
+ 72 sin’0 ((/r_) + “U-’_; I ](f'/‘ = alf [lj/\/ I f{/;'):!
o FlEly el dp = dP + i :IJ)/ =l dr
ds® = —dT* + (dr + /1 — fdT)* + r“de*
( / | ) 5 K. Martel, E. Poisson,
“ a i .
+7° 5111“)9((]4) + ——=d1 ) , 9r-qc/0001069.
r2
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Killing tensors

=totally symmetric tensors obeying

v((’l] 1((12C13...CII_)+1) —0

Generate constants of geodesic motion of degree p
M. Walker and R. Penrose, Comm. Math. Phys. 18 , 265 (1970).

]Cp — I<a1...ap pal s & b pap
Poisson commute with the Hamiltonian generating

geodesic flow 1
H = 58" Dabb
Reducibility

(@ ;-0C) . @a ¢b C)
K(1)K(2)* 0l K(B_)K(él)K(S)*
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Algebra of Killing tensors

Killing tensors form an algebra with respect to
(symmetric) Schouten-Nijenhuis brackets:

[I<p’ I(q]a1(12...ap+q_1
A, 0Kq 9K AK,
aq' dpi  9q' ap;
[I<p, Kq]cg&z...apml pa] pGZ L pap-l—q—l .

{}Cps Kq} -

For example:

P abe ~e(a v 1.-bc) r~e(a v ~be)
Ky, K] Ky Vel — Ky VK

SN

3 Lo ([b ot > ] '(I[)
[()’_) /X(Z}]HX — L":)L‘J .[\ (I}
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Examples of spacetimes with rank-2 KTs

1. Kerr geometry (in all dimensions)

P. Krtous$, D. Kubiznak, D. N. Page, and V. P. Froloy, Killing-Yano
Tensors, Rank-2 Killing Tensors, and Conserved Quantities in
Higher Dimensions, JHEP 0702 (2007) 004

2. Taub-NUT space: generalization of Runge-Lenz vector

G. W. Gibbons and P. J. Ruback, “The Hidden Symmetries Of Taub-NUT
And Monopole Scattering,” Phys. Lett. B 188 (1987) 226.

3. Various SUGRA black holes

D.D. Chow, Symmetries of supergravity black holes, Class. Quant. Grav.
27, 205009 (2010) , arXiv:0811:1264.

Not known spacetimes with irreducible
higher-rank Killing-Stackel tensors!

See, however: G. Gibbons, T. Houri, DK, C. Warnick, Some
spacetimes with higher-rank Killing tensors, PLB700 (2011), 68.
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Upgraded LT spacetimes

T
)

(l ) -+ I'Q(X(/;:?) + er’dv?

=1

r/l ke aip;

ds* = =N fdt? + — + r* L [ ((/U +

Horizon m
. ] { aipi
f(,r_'_) — O E — (); s ; Szj()(_‘;, , $h=-— _!..2! e
ergosphere
PG form —

ds* = —NdT*? + ((h' + 1/ N(1 (U) + r° i/z ((M’ '1) (U)

m

+1'2(Zd/tf) + er‘dv®,

=1

(horizon is manifestly regular)

Explicit symmetries df 8@ (m+1)... can be enhanced
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Towers of hidden symmetries

Consider a set S — {17,,’7]@}

[ = P(S) .... a member of the power set of S
Define 2b) = r?(dt + Z aipsdg;), R\ =db
1€ 1

(relevant order expansion of PKY of Kerr-AdS)

Construct
1 _
= 2 (B A ... A BY)
= (e n )
| I|4+1 times
(1 N 2l [
le(w) - (H“") (f( ) -j( ))W
i ...rank-2 KTs
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Towers of hidden symmetries

Explicitly el s

K () _Z {(l ;.rf _.Z/if)((),,, 9 Z JLifL; r')/,,('),,f‘
el jETU{i}

i 1

m l T‘ i /!'_3
A Lgll'—_lr ] ‘ 9 ‘ \
+ [ = (9.) ] . (30)
11 £

Of these

m— 2+ m—23 I

I il
E ()L () v

... are irreducible

Note that this tower grows quadratically with number of
dimensions (compared to linear for Kerr-AdS)

For high enough d, provides an example of a spacetime
with more hidden than explicit symmetries
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Upgraded LT spacetimes

l . / m A) NL _ _ ‘
ds* = =N fdt- e L i L;( ((/(J + s (l ) + I'“(L(];!f) + er?di?

=1

Horizon m
. ] { aipi
f(,r_'_) — O E — (); s ; Szj()(_‘;, , $h=-— _!..2! e
ergosphere
PG form —

ds* = —NdT*? + ((h' + 1/ N(1 (U) i JL; ((M’ '1) a1 ) g

m

+1'2(Zd/tf) + er‘dv®,

=1

(horizon is manifestly regular)
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Towers of hidden symmetries

Explicitly s
=y {(1 —p3 =Y i) (0u)? -2 pin r')ﬂ,f)“,‘
il jel JETU{i}
m l T‘ e /!'_3
. Lagel '3 4+, 9 N
L L e Al (30)
27[ 1 ’ ]

Of these

m—2-+¢

B
i=0

m—3
I
Z (”_)) = —m(m — 1 + 2¢)
! 2

=0

... are irreducible
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Towers of hidden symmetries
Even more remarkably, while

KU gkEN  =00if N =1

Otherwise a new (potentially irreducible) higher-rank
Killing tensor is generated
For example, in 6d: [K(m_ K(”}r:.\‘ ) = [K(W)‘ K“’}

SN

BE = [K(U. [\'(‘-’)]:4_\. ... irreducible rank-3 KT

Further brackets with K1 and K2 generate rank 4
KT’s, and so on .... does the tower terminate at
some point?

Example of a physically motivated spacetime with
higher rank Killing tensors (is energy-momentum
unphysical?)
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Summary

1) Lense-Thirring metric describes an approximate
slowly rotating spacetime outside a rotating body/BH.

.
dr?

ds® = — fdt* 4 - 2a(f — 1) sin? @dtde

o ; I o : 2M
+ r%(sin® 0d¢® + d8?), f=1-—
.‘rl
It captures interesting effects such as frame dragging!

This has been measured by gravity probe B.

2) The above standard (Einstein-like) form is
intrinsically linked to Newmann-Janis algorithm

(truncated at linear order in a)
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Summary

3) We have considered generalizations to higher-
curvature gravities, spacetimes with matter (in
particular NLE), and higher dimensions.

Theorem: In D=4, Einstein gravity is the only non-
trivial gravitational theory up to powers quartic in
curvature, whose vacuum Lense-Thirring solutions
are of the above form (characterized by static f).

::> Newmann-Janis cannot be used beyond
Einstein gravity.

Theorem: The above ansatz is inconsistent with any
NLE but the Maxwell theory. (Excludes “all known”
rotating solutions in these theories.)
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Summary

4) Interesting (new) examples include:
 Charged-AdS slowly rotating black holes

« Multiply-spinning Lovelock black holes

« Slowly rotating NLE solutions

5) Magic square LT version:

* Admits PG form (manifestly regular on horizon)

* Admits remarkable tower of rank-2 and higher-rank
Killing tensors — deserves further study

* Price to pay: The corresponding energy momentum
may violate energy conditions.

6) Full solutions? In less than 50 years?
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