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Our learning goals:
P Announcements (visit portal: check points/feedback)
P Revisiting some questions from previous lecture

P Find the different number of ways a given occupation number
configuration can be achieved :

» Maximizing it
> Finding the unknown parameters

P Analyzing the results (may be upload video??7?)
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Now we can write a solution:

(1) There are N, dots and (d; — 1) crosses. What we need to know Is how many different arrangements of these we
can do.

If they are all "differently labeled this", like

N+ 0- o 1o

We can arrange N things in Nl ways, so N, + d — 1 objects can be arranged in (N, +d = 1)! Ways
However all dots are the same, so there are N,! Equivalent ways to permute them that do not change the state. Also,
all crosses are equivalent, and permuting them (d, = 1)! wWaysdoes not change the state either. Therefore the

answer Is \
LN\ B dl'\)J_
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We can arrange N things in Nl ways, so N; + d — 1 objects can be arranged in (N; +d — 1)! Ways

However all dots are the same, so there are N,! Equivalent ways to permute them that do not change the state. Also,
all crosses are equivalent, and permuting them (d, — 1)! wWaysdoes not change the state either. Therefore the

answer Is
/LN| v dl’\)\. 5

()

N| " (dl- ‘)[

And the total answer for identical bosons is:

% -
'Qtﬂlnﬂt yNg») o == ) - Tr (an‘ dtn |)I.—-
ol Nﬂ', (dﬂ")'.

The most probable configuration:
()
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The most probable configuration:

7 Share

ol g

In thermal equilibrium, every configuration with energy E and number of particles N is equally likely. Therefore, the most

probable configuration Wy, Wy, Ny, . -+ ) isthe one for which@( Ny ,Ny Ny, - ** ) Is the largest, since it can be
produced in the largest number of different ways.

Therefore, to find the most probable configuration, we need to fund when Q Is a maximum assuming the following constraints:
0 2 .
T Naz N M- Nz2O
ot ns
o0 3 NeaEn-E = 0
T NEcE T2
) =
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The most probable configuration:

In thermal equilibrium, every configuration with energy E and number of particles N is equally likely. Therefore, the most

probable configuration{ Ny, Wy, Ny, . -+ ) isthe one for Which@Q( Ny ,Ny Ny, - - ) s the largest, since it can be
produced in the largest number of different ways.

Therefore, to find the most probable configuration, we need to fund when Q is a maximum assuming the following constraints:
Z Na:= N = 21 Na- Nz O
" b
v o0 E'E — 3ME1\_E =0
. i Naln "y
mz |
To maximize function F(x,, x,, x4, ... ) that is subjected to constraints f, (x;, x5, x4,..) = 0 and f,(x;, x5, x4,..) = 0, et¢, it is

convenient to use the method of Lagrange multipliers,
We introduce new function

c'l("-' 1 Xa y Xy .- )'.."‘. F+ )\,-c. . kl-‘cx.'
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m To maximize function F(x,, x;, X3, ... ) that is subjected to constraints f, (xy,x;,x3,..) = 0 and f5(x, x3,x3,..) = 0, etc, it is
convenient to use the method of Laﬁra ge multlphers
We introduce new function

P Gl )T Ee AT M

(

And set all derivatives to zero:

26 .09 ;, %G .o
DI.“ bh“ \1.

We will work with In(Q) to turn products into sums. The maxima of Q and In(Q) occur at the same point since In(Q) is a
monotonous function,
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o, Therefore, to find the most probable configuration, we need to fund when Q is a maximum assuming the following constraints:

| v E .
W \/:%anN = ?yN‘-N:O Q ] -Q,""\Q,

% %
"3 Npba: Ny
mz|
To maximize function F(x4, x;, x4, ... ) that is subjected to constraints f, (xy,x;, x3,..) = 0 and f,(xy, x3,x4,..) = 0, etc, it is

convenient to use the method of Lagrange multipliers.
We introduce new function

G (4 (X3 9%y - )E Ee+e AFI T Rade £

And set all derivatives to zero:

84 .09 ;, .o

o DI“ bk“-
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iy The most probable configuration:

In thermal equilibrium, every configuration with energy E and number of particles N is equally likely. Therefore, the most
probable configuration (™, , ¥y, Ny, .- ) isthe one for which@( N , Ny , Ny,

-+ ) Isthe largest, since it can be
produced in the largest number of different ways.

Therefore, to find the most probable configuration, we need to fund when Q is a maximum assuming the following constraints:

v E _
VE Nz N S %N..-N-O ® > g

nay
v’ -
00 E.: £ ﬁ 3 NaEn = P = 0
& T -3
me |
To maximize function F(x,, x;, x3, ... ) that is subjected to constraints f; (xy, x;,x3,..) = 0 and f,(x, x3,x3,..) = 0, etc, it s

convenient to use the method of LaErange multipliers.
o We introduce new function il
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‘L The most probable configuration:

®
In thermal equilibrium, every configuration with energy E and number of particles N is equally likely. Therefore, the most

probable configuration (™, , Wy, Ny, .- ) isthe one for which@( N ,Ny , Ny, - - ) Isthe largest, since it can be
produced in the largest number of different ways.

Therefore, to find the most probable configuration, we need to fund when Q is a maximum assuming the following constraints:

Ve v «- Nz
f N“: N =y ?‘“N’ N O d %

"l

:

v’
tn=E =0
? NﬂEh:E = %Nﬂ
=

To maximize function F(x,, x;, X3, ... ) that is subjected to constraints f, (x, X3, x3,..) = 0 and f;(x, x3,x3,..) = 0, etc, it is
convenient to use the method of Lagrange multipliers.
We introduce new function acpil

(14} Pl ne. e o AR EBe AEL ™t .
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We will work with In(Q) to turn products into sums. The maxima of Q and In(Q) occur at the same point since In(Q) is a
monotonous function.

G = dopgyt * (M= 2wy 48 (E- T NoEw)
AL ) —
Ay k—"—l_-/ ,; 2—
RS Ny '

: we MCPJ
0 - amd O _ g, ive bock dne covsthoints, 5©

AN 0 A 6 . o
BN, P T

Case |: Distinguishable particle:

Q:N[ﬁ —-d—“—)""

n=h N ! 0 . . & (E' f NME\')
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-'_M(N',) + g {N‘V\ In(dy) = Am LN')} + & (N~ Z" Nv\)
h=!

- L Nakn
+ p(E- &
Using Stirling's approximation for large occupation number N,

L
(] Inlz') ~ 2dne =2 fb 2%
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Physical significance of @ and f#

@ and f§ are the constants ingIvgg in the theory of Lagrange multipliers and they constraint the conservation of total number of
particles and total energy. Mathematically they can be calculated from the equations of constraints if one knows N,, and d,,. It is also
important that £, are also known.

Let us work this out for the case of infinite square well. For which the allowed energies are:
-

E, - t\Lkl wrhung k= j'llﬁ: m 'T‘Eﬁé)
k —— ’ !‘ 18 {I.

Let us now calculate the degeneracy of the energy E, i.e. how many number of states with energy £,

Imagine a 3-D space with axis kex ky, ky with planes drawn at

(1) Ao 3 _4F
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Physical significance of @ and f#

@ and f# are the constants ingIugg In the theory of Lagrange multipliers and they constraint the conservation of total number of
particles and total energy. Mathematically they can be calculated from the equations of constraints if one knows N,, and d,,. It is also
important that E,, are also known.

Let us work this out for the case of infinite square well. For which the allowed energies are:
- i 1 . _! f JNm. Fim.. 5?—‘“7\
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‘L Physical significance of @ and f#

O]
a and f# are the constants involved in the theory of Lagrange multipliers and they constraint the conservation of total number of

particles and total energy. Mathematically they can be calculated from the equations of constraints if one knows N,, and d,,. It Is also
Important that E,, are also known.

Let us work this out for the case of infinite square well. For which the allowed energies are:

E rt\Lk" w-twu‘:. h,f-‘ﬂ "E_M-z)
k T'-'- ‘\ "ﬂ -'_8 {'...

Let us now calculate the degeneracy of the energy Ej, i.e. how many number of states with energy E

Imagine a 3-D space with axis k, ky, k, with planes drawn at

kx - R Q_“— oy

-—-"‘—, a e A
'x *V

(14} k., % _ a»
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Physical significance of @ and f#

a and f§ are the constants involved in the theory of Lagrange multipliers and they

constraint the conservation of total number of
particles and total energy. Mathematically they can be calculated from the equations of constrain one knows N,, and d,,. It is also

mportant that E,, are also known.

[
Let us work this out for the case of infinite square well. For which the allowed energies are:
t\L 2 u L X'ﬂg g ’ZMZ
E. = h Kk whone kK= (222, Ty, =2
2m

Let us now calculate the degeneracy of the energy Ej, i.e. how many number of states with energy Ej

Imagine a 3-D space with axis k, ky, k, with planes drawn at

kx - ’t Q_W : : ot

-—-’ "'—,
'x *Y

O an
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Physical significance of @ and f#

a and f# are the constants involved in the theory of Lagrange multipliers and they

constraint the conservation of total number of
particles and total energy. Mathematically they can be calculated from the equations of constrain one knows N,, and d,,. It is also

mportant that E,, are also known. <

@~
i@n.: E

Let us work this out for the case of infinite square well. For which the allowed energies are:

E rt‘Lk" Mu: -11‘.,7& "E_‘“—z)
k -—.2-.;;_ > 2y -la 2

Let us now calculate the degeneracy of the energy Ej, i.e. how many number of states with energy E

Imagine a 3-D space with axis k, ky, k, with planes drawn at

kx - ).t Q_W ; : .

-—-’ "'—,
'x *Y

A | an
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Physical significance of @ and f#

a and f# are the constants involved in the theory of Lagrange multipliers and they

constraint the conservation of total number of
particles and total energy. Mathematically they can be calculated from the equations of constrain one knows N,, and d,,. It is also

mportant that E,, are also known.

M —
5y i
Let us work this out for the case of infinite square well. For which the allowed energies are: 5 9" : E
o -
& 2 o 3n I (M i%':
E : W B whune k= —8 o acit O B \
2 4 dm

L
Let us now calculate the degeneracy of the energy E, i.e. how many number of states with energy E,

Imagine a 3-D space with axis k, ky, k, with planes drawn at

kx - ).t Q_W : ‘ .

-—-’ "'—,
'x *V

A | an
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Imagine a 3-D space with axis ky ky, k, with planes drawn at
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Each intersection represents a distinct one particle state.

3
Each state occupies "7 volume of k space.
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Imagine a 3-D space with axis k k,, k; with planes drawn at
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Each Intersection represents a distinct one particle state. g
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Each intersection represents a distinct one particle state.

b |
Each state occupies "7 volume of k space.
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Each intersection represents a distinct one particle state.

Each state occupies "71 volume of k space. f‘w M wy ‘t\mp W
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3
Each state occupies "7 volume of k space.
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Let us calculate the volume of our bin (spherical shell in the first octant)
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So number of degenerate states with energy dE,, (momentum
between k and k + dk in our bin would be
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So number of degenerate states with energy dE,, (momentum
between k and k + dk in our bin would be
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So number of degenerate states with energy d£,, (momentum
between k and k + dk in our bin would be

T
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We have now have E,, and d,,. For DISTINGUISHABLE PARTICLES:
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Each intersection represents a distinct one particle state.

A
Each state occupies -’:7 volume of k space.
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So number of degenerate states with energy dE,, (momentum
between k and k + dk in our bin would be

v

_ - | UmirAdL




OneNote

Homa Insert Draw  View |/ Tellme

N (- _-,y Y ¥ ‘oooo — e B e N N

Test Lawso Ingper) Lraver Fen  Marher Highlighter
Mode Select Space Colour

- v BT %
/V .
o |

O]

We have now have E,, and d,,. For DISTINGUISHABLE PARTICLES:
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We have now have £, and d,,. For DISTINGUISHABLE PARTICLES:
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Comparing with the classical formula for the average energy of an atom at temperature T

E: _s_kgT '

Ky Is Boltzman constant and f is related to the temperature. The same conclusion can be infered for other particles as well.
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Thus one can rewrite our equations for the most probable number of particles in a particular state with energy ¢.
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Behavior of Fermi Dirac distribution:
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