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Abstract: In this talk | will discuss recent advances in Neural-Network parametrisations of pure and mixed quantum states that can be efficiently
sampled. In the first part | will generalise the Neural Density Operator ansatz originally proposed by Torlai and Melko by combining two general
ingredients that can be used to construct deep, autoregressive ansatze that automatically enforce positive definitness. In the second part, instead, |
will show that any matrix product state can be exactly represented by a recurrent neural network with a linear memory update. | will then discuss
how to generalise thislinear RNN architecture to 2D lattices, comparing both approaches to standard DMRG calculations.

Zoom link: https://pitp.zoom.us/j/98833163484?pwd=bEZTeTB0c1l 1QmkrQXdEc3dBQ0dJZz09
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STUDYING FINITE TEMPERATURE SYSTEMS

VARIATIONAL PRINCIPLE FOR STEADY-STATE DEEP, PosITIVE DEFINITE NQS MPS < RECURRENT NN MAPPING
Clo) = 19Po/dtlly _ Tr[PLLLh] N [P0 g U g
- ~ 2 - . as —t 2 1 L n .
Il i . e
[EV. et Al, PRL (2019)] [FV. et Al, arXiv:2206.13488 (2022)] [Wu, Rossi, EV. et Al, arXiv:2206.12363 (2022)])
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OPEN QUANTUM SYSTEMS

Introduction and Motivation
Machine Learning for Quantum Physics

My Research (Past and Future)
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OPEN QUANTUM SYSTEMS

Study the properties of a system (strongly) coupled to the environment and driven

far from equilibrium Environment He

ENVIRONMENTS X
« Thermal Bath (trivial relaxation towards e # ) L4
* Parametric Baths (reservoir engineering)

PUMPING L
* Drives the system away from the thermal state

QUANTUM CASE
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OPEN QUANTUM SYSTEMS

Study the properties of a system (strongly) coupled to the environment and driven

far from equilibrium .
q Environment He
ENVIRONMENTS X "
« Thermal Bath (trivial relaxation towards e # ) L4 Ly
* Parametric Baths (reservoir engineering)
PUMPING L,
* Drives the system away from the thermal state
CAV(':T:E%L;?::UM Quantum Biology
ARRAY OF RESONATORS ULTRACOLD ATOMIC GASES CEET - .
T N — ™ W
F = | — Y
> e wibn SR =4 = !
, L],',‘ i b : = = :
P = E
2 - .,‘.‘1“-:‘ > | é‘ !
| = N\
[Flick et Al, Nanophotonics (2018)] [KcchiCHA BRRp e242020]] ‘\ = o j\\f /
[Rubio et Al, PNAS (2019)] I .
[Vidal et Al, Science (2021)] N. Lambert et Al.

Nat Phys 9, 10 (2013)
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OPEN QUANTUM SYSTEMS

Study the properties of a system (strongly) coupled to the environment and driven

far from equilibrium Environment He

ENVIRONMENTS X -
« Thermal Bath (trivial relaxation towards e % ) L4 Ly
* Parametric Baths (reservoir engineering)

PUMPING
* Drives the system away from the thermal state

NOVEL PROPERTIES!
* Dissipative phase transitions
. Q_uaptur_n-nonequ:hl:_)rlum critical exponents ULTRACOLD ATOMIC GASES =
* Dissipative symmetries

Quantum Biology
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(SoME) FUNDAMENTAL OPEN QUESTIONS: |
* Role of Long-range-correlations BS e e s we
* Role of Symmetries = S/
* Transport properties (diffusive vs balistic) VET_ LS
 Differences different frameworks —

1
A
A
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N. Lambert et Al.
Nat Phys 9, 10 (2013)

Pirsa: 22070028 Page 7/36



A RELATED PROBLEM: IMAGINARY TIME EVOLUTION

Environment He

IMAGINARY-TIME EVOLUTION

Assumption:
- Secular Approx.
THE LINDBLAD MASTER EQUATION - Born-Markov Approx.
dﬁ Nchannels
— =L(p)=- [ ] Z ( JpLT——{LTLJ, })
dt 2
COHERENT EVOLUTION INCOHERENT EVOLUTION
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(SOME) COMPUTATIONAL METHODS
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Quantum
Correlations
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01,02,4..4,

MEAN-FIELD APPROACHES

Mean Field

Cluster-Mean Field [Yamamoto..., PRB, 79 (2020)]

Gutzwiller wf [Krauth et al, PRB 45 (1992)]

TENSOR NETWORKS

long intro: [Montangero, Springer (2008)])
short intro: [Biamonte et al, arXiv:1708 (2017)]

[White et al, PRB, 48 (1993)]
[Verstraete et al, QIC 7 (2008)]
[Cirac et al,RMP, 93 (2021)]

DMRG
MPS Ansatz
PEPS Ansatz

Y(o1,02,...,0N) |01,02,...,0N)
oN

QUANTUM MONTE CARLO

[Foulkes et al, RMP 73, (2001)]
[Becca, Sorella CUP (2017)]

Green’s function MC  [Leeetal, CIP 6, (1992)]
Diffusion MC [Reynolds et al, CIP 4, (1990)]
Auxiliary-Field [Baeurle et al, JCP 184, (2003)]
Path Integral [Herman et al, JCP 76, (1982)]
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(SOME) COMPUTATIONAL METHODS
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MEAN-FIELD APPROACHES

Mean Field
Cluster-Mean Field [Yamamoto..., PRB, 79 (2020)]

Gutzwiller wf
Truncated Wigner

[Krauth et al, PRB 45 (1992)]
[Vogel et al, PRA 39 (1989)]

TENSOR NETWORKS

long intro: [Montangero, Springer (2008)])
short intro: [Biamonte et al, arXiv:1708 (2017)]

[White et al, PRB, 48 (1993)]
[Verstraete et al, QIC 7 (2008)]
[Cirac et al,RMP, 93 (2021)]

DMRG
MPS Ansatz
PEPS Ansatz

Positive TN [Werner et al, PRL, 116 (2016)]
Dissipative MPO [Orus et al, NRP, 1 (2019)]

% 2

'30N> (7719“':77N|

QUANTUM MONTE CARLO

[Foulkes et al, RMP 73, (2001)]
[Becca, Sorella CUP (2017)]

Green’s function MC [Lee et al, CIP 6, (1992)]

Diffusion MC [Reynolds et al, CIP 4, (1990)]

Auxiliary-Field [Baeurle et al, JCP 184, (2003)]

Path Integral [Herman et al, JCP 76, (1982)]
\Liouville-FCI [ Nagy et al, PRA 97, (2018)])

LIOUVILLE SPACE METHODS

Gauge-P repr. [Deuar et al, PRA, 66 (2002)]
Gaussian Trajectories [Verstraelen (2018)]
Correlation Hierarchy [Casteels..., NJP, 18 (2016)]
Corner Renormaliz. [Finazzi et al, PRL 115 (2015)]
\Arnoldi-Lindblad [Minganti..., Quantum 6 (2022}l

12

Page 10/36



NQS: 2 INGREDIENTS

VARIATIONAL ANSATZ CosST FUNCTION

P~ Py C(w)

To update the variational

Lowers Memory complexity parameters
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OPTIMISING THE PARAMETERS

GROUND-STATE OPTIMISATION (VMC)

GROUND STATE
H WQS) — Egs |¢98>

VARIATIONAL PRINCIPLE

_ W) Hlp(W))
W) (W)

E(W) = Eys = [W(W)) = |"pgs>

E(W) = <H>

> Egs

\_ o
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OPTIMISING THE PARAMETERS

STEADY-STATE OPTIMISATION (VMC) GROUND-STATE OPTIMISATION (VMC)

STEADY STATE GROUND STATE
= Lpgs = H |¢98> — Egs |¢98>

VARIATIONAL PRINCIPLE

VARIATIONAL PRINCIPLE

|dpy/dtl|>  Tr[p} L Lpy] B = (7 — W) Hlp(W))
C(v) = — (W) H > Eys

E(W) = Eys = [W(W)) = |"pgs>

So we want to determine the

min[E(W)]
\_ L &4 /
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OPTIMISING THE PARAMETERS

STEADY-STATE OPTIMISATION (VMC) GROUND-STATE OPTIMISATION (VMC)

STEADY STATE GROUND STATE
dgtss - £pss p— H |’l’bgs> — Egs |1yng>
VARIATIONAL PRINCIPLE VARIATIONAL PRINCIPLE
|dpy/dt]|z  Tr[phLtLps) oy = (B = POVIH[POW))
C(’U) = " = (W) =(H)= W W = Egs
15w ll5 T34 o) W) [H(W))

E(W) = Eys = [W(W)) = |"pgs>
C(vss) =0 <= ﬁ'vss — ﬁss ; i
So we want to determine the

C(’U) >0 min|E(W)]
e L a4 /
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OPTIMISING THE PARAMETERS

STEADY-STATE OPTIMISATION (VMC) 16 SITES DISSIPATIVE TFIM (V=2, G=1)

STEADY STATE
d = 10°] \
pSS - £pss - 0 J0- L v‘.{“‘
dt “N 10-2 - MWMWM“
VARIATIONAL PRINCIPLE g 13:4
A~ 2 A A~ = el
C(’U) — ||dpv/dt||2 — TI‘[pL[,T[,p,U] -
N 2
1615 Tr[,ai,ﬁ,,]
Y 0.8 1
R R § 0.7
C(vss) =0 < Po,, = Pss 06 1
0.5 1 ey,
.................. g e aaE . |
C(v) >0 T~

\ / \ iteration

[Vicentini PRL 2019]
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OPTIMISING THE PARAMETERS

STEADY-STATE OPTIMISATION (VMC)

STEADY STATE

DYNAMICAL EQUATION (AKIN TO SCHROEDING.)

dpss B dp(t) _
dt i £pss — T - [-:p(t)
VARIATIONAL PRINCIPLE DTDVP
dp,/dt|>  Tr[plLtLp,
C(’U) — ” pA/ 2“2 — [ T ] d_V _ S_lF
1ol Tr[php] dt

0 ) i+ = Tr[(8y, p1)0y. pv
C('USS) =0 Pvss = Pss S’j [(8 *pV)aap]

C('U) Z 0 F; = Tr[(am log ﬁv)f’ﬁv]
N L v
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NEURAL QUANTUM STATES

Pure states

[9) =) _expllog(c)] |o)

Encoded in a neural network

Nice property: whatever the output of logpsi, this is always a valid (unnormalized) state.

But Mixed states?

p=Y_expllog p(c,n)] |o) (7| p=> pla)M,
o,n a
Matricial description POVM Description
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NEURAL NETWORK DENSITY MATRIX

=Y expllog p(o, 1) |o) (]
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POSITIVE DEFINITE: PURIFICATION

Can we make the ansatz Positive-Semidefinite?

p(o,m) =) _¢(o,a)y*(n,a)

Y(o,a) =T'y(o)exp [—aT (U + d)]

[Torlai, PRL 120, 240503 (2018)]
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POSITIVE DEFINITE: DEEPNDM

Can we make the ansatz Positive-Semidefinite? ? $

p(o,m) =) _¢(o,a)y*(n,a)

Y(o,a) =T'y(o)exp [—aT (U + d)]

<

¥(0,a) =Ty(o)exp [-a’ (Up(o) +d)]

M
p(o,n) = Hg [U[i]’Tqb(a-) + Ul p(n) + a

[FV., Rossi, ]Ca rleo, arXiv:2206.13488]




POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

This corresponds to a more general statement: ? 4

= | | (o, m) Rank [p I I Rank [r;]
)
If 7T; is positive-definite, then the hadamard product of several PD matrices is positive definite

mi(o,m) = Z¢(%) S m)* =
a;=1 o -\-——Q‘ o0 . ._9_ N

(4
The 7; defined here is PD because it’s a Gram Matrix o, - "
7 —Q_. Lo

[FV., Rossi, Carleo, arXiv:2206.13488]
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POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

| want to perform Autoregressive Sampling of the diagonal ? 4

p(o,0) =pi1(o1)p2(0o2|o1)ps(os|oz,01)...pN(oN|o<n

| then consider ¢; in autoregressive order:

7(8)

wa@ (O-Z|O-<Z) — 0|
Zaz-:{:l:l} Va; (0il0<;)
T3 ——at a3 a3 1) N3
Therefore: e -—
2 gy ——at i 02 fsond L e,
Zﬁ: ~cg?(0'§z') } -
pi(0ilo<i) = mi(0<i, 0<i) = 7(4) 2 O] =——t | () () [ — e
Zaiaai:{ﬂ:l} a; (O'S'i) ) .

[FV., Rossi, Carleo, arXiv:2206.13488]
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IMPORTANCE SAMPLING

I can only sample efficiently the diagonal

P(Uaa) :pl(Ul)P2(02|01)P3(03|02= 01) . -PN(0N|0<N)

Use Importance Sampling

2o (a1pIn)? (o, m)
2o l{alBlm)|?

B[f(o,m) = m—  Efon]c B TODE ).

O, N~Pa (Uan) pa (0? 77)

With a convex combination of autoregressive distributions

[F Vicentini et Al, in prep]
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BENCHMARK: D-D TRANSVERSE FIELD ISING

A full scan in the transverse field gives:

— Full Space x  PRL 2019
®  Autoregressive GH

0.5 1
0.4 1

o 0.3
v 0.2 1
0.1

0.0

0.4 1

— 0.34 V=2 g= 1.8
~ 0.2
0.1

0.0

—0.21
— —0.41
L]

=~ —0.61

—0.8 1

-1.0 T T
0 15 20
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NEURAL DENSITY MATRICES

* Gram-Hadamard constructions are a generalisation of the Purification
of a pure state.

* Can efficiently encode completely pure and mixed states
* Autoregressive order of the diagonal probability can be defined

* Improves on past results

* (Mixed) Quantum State reconstruction?

* Imaginary-Time evolution
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QUESTIONS?
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MPS-RNN & TENSOR-RNN
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POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

RNN- Quantum State MPS— Quantum State

$(o) = (H \/p(omq)) ), ¥(0) = Z H Mg 1,00
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POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

RNN- Quantum State

P(o) = (H \/p(0i|0<z‘)) e'?(e),

O = (o3, ) = PO
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MPS— Quantum State

-1
71[)(0') = Z H C(TZ)SH-l 8i?

Sz i=0 1=0
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POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

RNN- Quantum State MPS— Quantum State
-1
(o) = (H \/p<oi|a<z->) ¢'?(@), (o) = Z H M e
] S BOsses sy =0 1=0
D . .
— p(©O) M M® ;'S‘—f M®3) M@ MG) —e
S e = I N O
— MOt MOt Mt 'M('sn M@t M) —e
””””””” ;@;””””””
h® = £k (04, b)) = MORCD N,
p(0s|o<i) o< [RO]T 7@ RO, Hoson,)| o [t }—[hm
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POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

RNN- Quantum State MPS Variational Parameters

(2) i
Y(o) = (H \/p(0i|a<z~)) (@) 3By v

1D MPS-RNN Contraction order

¥ N
h® = il n (o5, D) = MORED u !
p(0;]0<;) o [RO]T 4 B,

Pirsa: 22070028 Page 31/36



POSITIVE DEFINITE: GRAM-HADAMARD DENSITY MATRIX

RNN- Quantum State MPS Variational Parameters

. (2) (4)
Y(o) = (H \/p(mlaa)) e'?(e), Mol
i 1D MPS-RNN Variational Parameters
(%)
v

2D MPS-RNN Contraction order

roa] paal

BN
h(21)

h(®Y) = M@&Y) pEEly) 4 pMey) pey-1) 4 yl@y) - .

X0z, y YiOx,y

p(07;|0<z') X [h(’i)]’r,y(i) h(i)’
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ANSATZ HIERARCHY

MPS / 1D MPS-RNN

=u

Matrix Product States (RNN-Style) M® 4@

h(®) = MOnt-D
1D MPS-RNN Mgi) @ )

h(® — Mg?h(i_l) 4+ v(®
2D MPS-RNN Tensor- / 2D MPS-RNN

h(®v) — M(w,y) h@ELy) 4 M) [lzy—1) +V(w,y)

YOz, y

Tensor-RNN e e (1.2
h@y) — M(w,y) h(z+Ly) +M3(fc;i)uh(x’y 1) _]_V(rr:y) ﬁhm) ﬁm

_I_T(ms’y) h(milsy)h&w,y—l)

Oz,y;t,u
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RESULTS: AF HEISENBERG MODEL

—— MPS

- 1D MPS-RNN
—+— 2D MPS-RNN
—+— Tensor-RNN

=3 80.80)

107! 1

10~2 E

Energy rel. err.

1073 E

LB O ) | 5 L L P L |
10! 102
Bond dimension
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RESULTS: AF HEISENBERG MODEL, TRIANGULAR LATTICE

—— MPS

- 1D MPS-RNN
—+— 2D MPS-RNN
—+— Tensor-RNN

=3 80.80)

10x10 Triangular lattice

10!
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ANSATZ HIERARCHY

MPS / 1D MPS-RNN

=u

Matrix Product States (RNN-Style) M® 4@

h(®) = MOnt-D
1D MPS-RNN Mgi) @ )

h(® — Mg?h(i_l) 4+ v(®
2D MPS-RNN Tensor- / 2D MPS-RNN

h(®v) — M(w,y) h@ELy) 4 M) [lzy—1) +V(w,y)

YOz, y

Tensor-RNN e e (1.2
h@y) — M(w,y) h(z+Ly) +M3(fc;i)uh(x’y 1) _]_V(rr:y) ﬁhm) ﬁm

_I_T(ms’y) h(milsy)h&w,y—l)

Oz,y;t,u
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