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QOutlook

@ Line defects in 4d N=2 theories:
o The quantum UV-IR map and construction of link invariants
e Line defect Schur indices and relation to 4d holomorphic topological
twist and 2d VOAs

@ Surface defects in 4d N=2 theories and the exact WKB method for
higher order ODEs
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Line defects in 4d N = 2 theories

@ Consider 4d N = 2 theory, with the insertion of a susy line defect
extending along time direction, sitting at the origin of spacial R3.
(susy Wilson-'t Hooft lines and generalizations)

[Kapustin-Saulina), [Drukker-Morrison- Okuda], [Alday-Gaiotto-Gukow- Tachikawa-Verlinde] [ Gaiotto-Moore-
Meitzke],[Cordova-Neitzke], [Aharony-Seiberg-Tachikawa)] [Gaiotto-Kapustin-Seiberg-Willett], [Gaiotto-Ka pustin-

Komargodski-Seiberg], [Ang-Roumpedakis-Seifnashri], [Agmon-Wang], [Bhardwaj Huebner Schafer-Nameki],...

In abelian gauge theories, they are labeled by electromagnetic charge
~ and a parameter ( € (Cx(preserved supercharges):
Example: 4d N = 2 U(1) theory, v purely electric:

L(7,¢) = exp [i , JR, (A + % (¢71o + c&))]
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The UV-IR map

4d N = 2 theories have a subspace of vacua called the Coulomb branch;
the low energy effective field theory is U(1)" gauge theory. [seiberg witten]
Starting with a susy line defect I in the UV, deform onto the CB,

— superposition of line defects in effective abelian theory. [caiotto Moore Neitzke]

An UV-IR map for line defects:

index for ground states of bulk-defect system
deform onto CB

_—
L wo F(L) := Y Q(L, )X,
Defect Hilbert space Hy, , = @HL-?-U U /q P \

IR Wilson-'t Hooft lines

™, u ;
spin refinement Q(L,~, q) := Try) (—q)thzﬁ*e_’ﬂ{g’gﬂ € Z[q,q7 ]

L.~,u

SU2)r I

Example  N=2pure sU2) sym  F(L2) = X1,0) + X(—1.0) + X(1.,1)
weak-coupling region " e
fund. Wilsan line (Ves ¥m)
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Line defects in 4d N=2 theories of class-S

Compactifying 6d (2,0) theory of type gl(/N) on a Riemann surface C with

partial top. twist v 4d N=2 theory of class-S T | C|. (caiotto].[Gaiotto-Moore-Neitzke]
I

-~

surface defect i1:1 bd

Line defects L in class-S <> “loops” ¢ on C (junctions, laminations)

[Drukker-Morrison-Okudal, [ Drukker-Gaiotto-Gomis], [Alday-Gaiotto- Gukov- Tachikawa-Verlinde], [Gaiotto-Moore- Meitzke].
[Fock-Goncharov], [Sikora). [Le], [Xig],[Saulina], [Coman-Gabella- Teschner],[ Tachikawa-Watanabe], [Gabella). ..
Rk: ¢ carries a gl(N) representation, consider fundamental representation

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 LR
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The UV-IR map: geometric picture

A pt. in Coulomb branch <> a N-fold branched covering .50
C < T*C is the Seiberg-Witten curve.

IR: bulk theory approx. by 6d (2,0) theory of type gl(1) on C x R31.
IR line defects <> loops # on C 1

A

icC

UV-IR map

ol
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Line defects OPE

The space of line defects equipped with an algebra structure:
line defects operator product L1,

This algebra structure admits a quantization via skein algebras.
[Reshetikhin-Turaev],[Turaev],[Witten],[Alday-Gaiotto-Gukov- Tachikawa-Verlinde], [Gaiotto-Moore-Neitzke],

[Druk ker-Gomis-Okuda- Teschner], [ Tachikawa-Watanabe], [Coman-Gabella-Teschner], [Gabella] ..

Turning on Q-bkg on a R?-plane: non-commutative associative OPE

[Mekrasov-Shatashvili], [Gaiotto- Moore-Neitzke], [lto-Okuda-Taki], [Yagi], [Oh-Yagi],...

Ll Lz Rh L% Ly Rh
% i > —> = 2

IR: quantum torus algebra X’u # X-:,E = {—q}"'l*“-'?-'xﬂ_h

quantum UV-IR map: UV skein algebra — quantum torus algebra

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022
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The UV and IR skein algebras
UV skein algebra: gl(N) (1-para) HOMFLY skein algebra of M = C x R,
IR skein algebra: (twisted) gl(1) skein algebra of M = C x Ry,

algebra structure < stacking links along R,

UV: Z[g*!|-module of oriented framed links L = M IR: Z[g*']-module of oriented framed links [cM

”3.’/1} LIL><:|_q_£z\

(I1) fjf\a = | i
‘xj

-

’f’

id -BPS line defects: U(1) rot. & U(1)g = SU(2)5 i50. to quantum torus

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 g fon
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The quantum UV-IR map

L ¥

The quantum UV-IR map sends L < M to combinations of L CI M:

e P

F(L) =) a(D)L,

a

L
[Neitzke-Y, JHEP09(2020)153], [Neitzke-Y.arXiv:2112.03775]

Rh

o(L) € Z[q*]

F(Ly): gen. function for framed BPS index

F(L2) = ¢"2 Pyopry(la,a= g,z = g—g7Y)

/ MN=2: vertex model

self-linking number [Witten], | Gaiotto-Witten]

SEE also [Banahon-Wang].[Goncharow-Shen], [Douglas-Sun],.

Fei ¥an (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022
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T[C]: SU(2) with Nf = 4

Take N =2, M = C x R" where C is a four-punctured sphere,

4 2
"‘-’_ 2 b ; o 4 , __2' +2E_1 2
C={0:N2Fdp=0cT"C, ¢ = TEENE dz2.

X"H"‘,FH—J*:I- + X’ri—m —ug T X’?:-"‘rz-'-iij —i3 A X—‘rz—.r!'.ﬂlﬂ + X"rl TH1T g

+ X~z +us + Xy -3m—pa+3pa-3 — (g + q_l]xi'n-??:z-ﬁrﬂﬁa—ﬂn-L

T Xz"n -ya—pa+2pa—3py T X"}'j =2y —py+pa—2pq + X‘n -2 —p1 a2

Ll X‘f|+.ut—#:+—'3#: —(g+ q_l]Xz‘.fﬁul—m—?#: " {g T q_l]Xﬁ1 =t =2k
+ X mtpr s -2 T g-l__!f_-l_ q__?]X?’.": —mtmrtua =214 T Xy —pa—pq

Ll X‘!] —te—tia—fq T X“.-“."'Pz —us T X‘.fl—*.‘:"m—.ri-'. T X“n‘l‘?}u"‘#z—#-;
__{i'l' q_]]lXE'.‘l"E.lll"'ill—F-L T X'l"rl—’:fz+9ﬂ41+.liz-—m +* X"rl‘-’.‘-z+2m+.riz—ﬂ11

T Xﬂ‘rl—‘frﬂ#l"'ﬂz—m 1 '1‘71_272_#4+2F3_F-l T XTJ—‘r:—#J"'?#s—M'
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T[C]: SU(3) gauging of 2 copies of Es MN theories

Take N = 3, M = C x R with C a sphere with four full punctures.
C={\: X3+ ¢\ +63=0} c T*C (¢3 very small)

915 X, appear in the UV-IR expansion:
e 707 X, with coefficient 1

@ 192 X, with coefficient —q — g~
e 16 X, with coefficient ¢* + 2 + g2

1
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Line defect Schur index in 4d N=2 theories

@ The line defect Schur index is the S3 X g S! partition function, with

line defects L; inserted along a great circle of S3.
[Dimofte-Gaiotto-Gukov],[Gang-Koh-Lee] [ Cordova-Gaiotto-Shao], [Dedushen ko- Fluder]...

@ The index counts the operators living at the junction between
different line defects.

Toy(@x)= D, (-1)¥qf~xf

junc. ops

R: SU(2)gr Cartan, J|: perpendicular rotation

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022
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Relation to holomorphic topological twist in 4d N=2

The setup is compatible with the holomorphic twist wrt @ = Q* + Q,-

[Kaputsin] [ Costello-Dimofte-Gaiotta], [Oh-Yagi] .iljut'il:vn]_[f[fauti5-Wi|Iiam5].[Ni uj,...

@ The space of local operators in Q-cohomology corresponds to the
vacuum module of a Poisson vertex algebra V.

X[V] = TrV(_l)FqJ e ISchur(q)-.
where F = 2R, J =R — J|.

@ The space of operators at the junction of lines gives rise to other
modules of the Poisson vertex algebra V, whose graded character
coincides with the line defect Schur index.

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 13 /25
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Relation to 2d VOAs

o If the 4d N=2 theory is also conformal, the Poisson vertex algebra V
can be further quantized by turning on an Omega background
~~ 2d VOA introduced by [Beem-Lemos-Liendo-Peelaers-Rastelli-Van Rees]
[Oh-Yagi). [Jeang], [Butzon]

@ The line defect Schur index can be expanded in terms of the VOA
characters. Line defects OPE « Verlinde algebra [cordova-Gaiotto-Shao] [Neitzke-]
Example: (A1, A2) AD theory < (2,5) minimal model

Z1(q) = ¢ Y2 (x1.1(9) ¥ x1.2(q))
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Relation to 2d VOAs

@ If the 4d N=2 theory is also conformal, the Poisson vertex algebra V
can be further quantized by turning on an Omega background
e 2d VOA introduced by  [Beem-Lemos-Liendo-Peelaers-Rastelli-Van Rees]
[Oh-Yagi][Jeang],[Butson]

@ The line defect Schur index can be expanded in terms of the VOA
characters. Line defects OPE < Verlinde algebra (cordova-Gaiotto-Shao], [Neitzke-v]
Example: (A1, A2) AD theory < (2,5) minimal model

7.(q) = g (x1,1(9) — x1,2(9))

@ Relations to U(1),-fixed locus in the corres. Hitchin moduli space

[Fredrickson-Pei-W.Yan-Ye|,[Neitkze-¥] [Dedushenko- Gukov-Nakajima-Pei- Ye]

1
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Intermediate summary

@ The quantum UV-IR map for line defects in class S theories, counting
the ground states with spin for bulk-defect system, unified with a new
computation of HOMFLY polynomials.

@ Line defect Schur indices and relation to 4d holomorphic topological
twist and 2d VOAs
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Surface defects in 4d N = 2 class-S theories

¥

g

y

surface defect in 6d
i

[Gukow-Witten], [Alday-Gaiotto-Gukov-Tachikawa-Verlinde], [Gaiotto], [Gaiotto-Moore-Neitzke], [Gaiotto-Gukov-Seiberg],

@ canonical surface defects preserve 2d (2,2) susy < 4d N=2 susy
@ z€ C <> marginal chiral deformation parameter for the defect theory

Fei ¥an (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 16 / 25
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Surface defects and Schrodinger equations

Consider the Seiberg-Witten curve of certain 4d N = 2 theory:

C: x*+ P(z) =0,
Promoting x (momentum) and z (position) to Heisenberg operators
v~ Schrodinger equation:

(02 + K 2P (2, h)] ¥(z) = 0

Turning on the Nekrasov-Shatashvili limit of 2-background along the
surface defect quantizes the Seiberg-Witten curve into Schrodinger
equations or higher rank analogue, in a canonical way.

[Nekrasov-Shatashvili], [Mekrasov],[Jeong].[Jeang-Nekrasov],[Jeong-Lee-Nekrasav], ..

This can also be derived through the conformal limit [Gaiotto] of the

Hitchin moduli space or from the AGT-correspondence.
[Alday-Gaiotto- Tachikawa], [Alday-Gaiotto- Gukov-Tachikawa-Verlinde], ...

Fei Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 17 /25
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Exact WKB for Schrodinger equations

WKB ansatz: 1)(z) = exp (ﬁ,_l f )x(z")dz’) — [2+Kh2P(2)]Y(z) =0

<0
A(z) obeys the Ricatti equation

Mz2)% + P(z) + hd\(z) = 0.

)‘form al

Build a formal series solution in powers of h,

order-h° : y? + p(z) =0, classical SW curve
Choose a branch labeled by i € {+}:

);.f,ﬂrmal v ﬁir n hzy;SPrE — 4pPpP"

4P 32P3

— Two formal solutions ™2/ (%, 1) as series in h.

Fei ¥an (Rutgers University) Defects, quantum UV-IR map, WKEB June 27th, 2022
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Exact WKB for Schrodinger equations

- Stokes curve
Im [J’r LA ,:".I,"i| =)
21

E

'*,'"'E _ 1 x E
HP) Ao 1) \wE

[K.aweai- Takei], | Mikolaev]. [Allegretti]

@ Borel resummation gives two actual solutions 14 (z) within each
region, where the solutions jump across a Stokes curve.
@ Stokes curves < soliton spectrum of surface defects [Gaiotto-Moore-Neitzke]

* geometrical way for solving ), exact quantization conditions etc

Fei ¥Yan (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 19 / 25
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The Voros symbol

The Voros symbol: X (h) € C*, v <> 1l-cycles of Seiberg-Witten curve
1
e X, (h) captures the Borel resummed WKEB periods:

N, (k) = jg XA (el 3 T1URE

n=0

-~

!
X, (h) expressed as Wronskians of distinguished local solutions:
* asymptotically decaying solutions as z approaches a singularity
* eigenvectors of the monodromy around a loop

X, (k) encodes exact quantization conditions for spectral problems.

Fei ¥an (Rutgers University) Defects, quantum UV-IR map, WKE June 27th, 2022 20 /25
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Higher rank generalization

How do we generalize the story to higher order Schrodinger-like equations?

[Aoki-K awai-Takei], [Dumitrescu- Fredrickson-K ydonakis-Mazzeo-Mulase-Neitzke], [Hollands-Neitzke], [Yan],

[rN + Py(z, )N 2 & ...F’N(z,h)] ¥(z) = 0.
Structure of Stokes curves becomes complicated:

IHJ + & Palz, KM 4 (Il.l-xlrr:l.' h) + .1|'1"'|""'|: .rl:l] Wizl =
‘ x| -'x|.-|:;;‘ ||r '.:|-|':::i
! I

AMz) 4+ INALE R Al 2] 4 .'|:-?:-5.[;: + Pyle M)Al + Polz, R) + J-'.'..rt:; k=0

Fei ¥an (Rutgers University) Defects, quantum UV-IR map, WKB June 27th, 2022 21 /25

Pirsa: 22060081 Page 23/26



h—0:
log X, (h) ~ K11, (h) ' - P

48 local solutions

t: exp. decay z
s: exp. decay z — —ix
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Numerical checks: Voros symbols

The Voros symbols X, (h) expressed via special solutions s, t.

h= L3

Kol Wronskians (s, t) 11, (h) at o(hS)

log (X, (h)) ~ ;jll-{h} log X, -11.21119 —11.21120
f logX., —11.21119 —11.21120

logX.,, 60559 + 2.718051 | 5.60560 + 2. 718[]81

quantum periods

.
J.
N r::r-'nal [:rb n - .
M, (6) = § Z B Mog,, | 5.60559 + 2.718051 | 5.60560 + 2.71808i |

-

(.ﬁ‘) EISU CDmputabhE via |ntep:ra| Equat|0n5 [Gaiotto], [Gaiotto-Moore-Meitzke)

Sl S e di K+ 1
X (h) _Explli_ } 4_\- ﬂlﬂ'f} "}.j!_..il- it flt:g[l F,u”r ))
Jwer_z

.“ B —

i z. .2 h=e™3

Wronskians (s, t) integral equation
logX~, —5.48645 —5.48650
log., —0.480645 —5.48650
log&, 2.74325 + 1.25238i
Zoen | JogXo, | 2.74328 +1.25232i | 2.74325 + 1.25238 |
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Summary

@ Line defects in 4d N=2 theories:
e The quantum UV-IR map and construction of link invariants
e Line defect Schur indices and relation to 4d holomorphic topological
twist and 2d VOAs

@ Surface defects in 4d N=2 theories and the exact WKB method for
higher order ODEs
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