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Abstract: Process matrices are objects that comprehensively describe multipartite quantum processes and their correlations. These matrices
simultaneously play the roles of quantum states and quantum channels, and, to ensure a well-defined probability distribution, they are constrained to
be positive. A key advantage of the process matrix formalism isthat it can be used to describe processes with an indefinite causal order, which obey
local quantum mechanics but cannot take place within a global causal structure. In thistalk, i will give a complete introduction to the process matrix
formalism and share preliminary results about the geometric positivity constraints of a special class of parameterised process matrices.
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What is causality?

- ‘An event is only caused by its past. perimeter-8

—

Q._
-

- Is causal order fundamental or emergent?
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Causal order

Perimeter-B

- A causal structure (e.g. space-time)

IS a set of event locations with a
< that defines the
possible signalling directions.

- In the light-cone, we have F < G,

which implies G £ F.

- We have F A% H (no signalling).

- Partial order is transitive I.e.

FXF=2G=F =G
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Conservative causality

With conservative causality, we impose - but do not [ “
assume a ¢ causal structure. We also assume:

- Closed labs: a system enters and leaves each lab exactly once.

- Free choice: any classical bits that Bob and Alice produce are
random.

7

1 t
A Ap— —_—
X A y
— «—0b
t t
o
(a) Local causal order, A; < Ag (b) No global casual order
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Some familiar processes

(a) Quantum state (b) Quantum channel (c) Channel with memory

- These are the only causally ordered processes.

- What processes are possible if we don't assume
2
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What is a process matrix?

Perimeter-B

- A process matrix W defines a multipartite process, generalizing
and -

1 0. Oreshkov, F. Costa, and C. Brukner, ‘Quantum ~ correlations with no causal order, Nat. Commun. 3, 1092 (2012), arXiv1105.4464
[guant-phl.
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Defining process matrices

With closed laboratories and random classical bits a and b, we have [Eite ﬂ!

P(x,yla,b) = Tr (W(MA’AO ® MA’AO)) .

x|a X|a

We need probabilities to be

- Non-negative
- Normalized
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Probability constraints

Perimeter-B m

- Positive probabilities
o T et o R T T e (non-negative eigenvalues).

- Normalised probabilities
— In types of terms W can have.
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Terms not allowed in W

Perimeter-B g!

f 1 t t
A B A B
t t t t
(a) Backwards-in-time signalling (b) Global causal loop

- Individual terms that violate global causal order do not appear
in W.

- Positivity constraints rule out logical paradoxes.
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Terms allowed in W

¥ p -
= L
Perimeter-B l!

We find that
W — ! (, 4 gAZB | B=XA | (TNS)
dArdAo
t t t t t t
A B A B A B
t ' 1 . . t
Figure 4: Terms appearing in o' Figure 5: Terms appearing in 0"

- Wis a linear combination of terms that satisfy global causal
order!
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Causally separability

WSep

WBZA WAZB

satisfy
WSeP = pWBFA L (1— p)WBAA,  0<p<1.
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- Causally separable processes are a ¢ of one-way
signalling processes.
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Causal game
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Perimeter-B
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- Alice tosses a coin for a and Bob tosses two coins for b and b’.

- They guess | . Alices guesses x for b and Bob
guesses y for a.

- If b” = 0, Alice’s guess counts, and if b’ = 1, Bob's guess counts.

1 - i
Psuccess = E(P(x — b‘b — O) il P(y = G‘b = 1))
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Causal inequality

Perimeter-B
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Pr_»'ucc:cr_w'.-s — E(P(X = b‘b = O) 5 P(y = O‘b = 1))

- With closed labs and random coin tosses, we have a

P?‘SU('_'C'(?!:\::G S
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Violation of causal inequality

WOCB_%(I_F.

- b’ = 0: Bob measures in x,
creates noisy channel
from him to Alice.

- b’ = 1: Bob measures in z,
creates noisy channel
from Alice to him.

P e

PHHC("(T“N — >
S 4

— WOB must be
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Positivity constraints
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Generalized OCB matrices |
vy

£

Perimeter-B M

*Based on work with Yelena Guryanova and Isadora Veeren.

- Generalize the OCB matrix

/OB — 1(1+

) (UAjB " JB—<A))

NS

by considering

1
ween — 7 (l + pa"=P 4 qUBfA), p,geR

with nc | signalling terms that e’ (share an
eigenbasis) on three qubits.

16

Pirsa: 22060043 Page 18/26



Pirsa: 22060043

Causally separable region

- WG have

1.0F

0.5¢

-0.5¢

—1.0t

o>, so we can find the
causally separable region in (p, g)-space.

- What is the positivity region for ween?

.

Perimeter-B

17
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Positivity condition
|

Perimeter-B

The positivity condition is

ween — %(/%DUAjB%QOBjA) > 0.

Define

- A- the 1 sen e of o#=8,

- |col|- the larges between the eigenbases of o= and
gh=s,

The positivity region is the overlap of four conic sections defined by
A and |cl!
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Positivity constraints

Perimeter-B
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Figure 8: Elliptic constraints: positivity region enclosed by black line and

causally separable region in purple.
19
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Positivity constraints

_'

Perimeter-B l!

15
1.0

05

05

1.0

-1

1.5-10-0500 05 10 15

(@) A=0.3, |co]* = 0.75. (b) A= 0.5, |co|? = 0.5.

Figure 10: Hyperbolic constraints: positivity region enclosed by black line
and causally separable region in purple.
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Positivity constraints

Perimeter-B ﬂ

]
]

- 2 _
(@) A = —0.25, |co|* = 0.9. (b) A = =1, |co? = 1.

Figure 12: Parabolic constraints: positivity region enclosed by black line and
causally separable region in purple.
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Observations

" |
-

Perimeter-B

- The causally separable region is always enclosed in positive
region, so all causally ordered processes are allowed.

- There's a valid causally non-separable region as long as the
signalling terms don’t commute.

22
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Take-home message

o
=

F: &)
Perimeter-B l!

- Quantum mechanics does not rule out processes that violate
global causal order.

- Such processes can provide an advantage in ‘causal games’.

- Possible link between non-commutativity of signalling terms
and causal non-separability.
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Thank you!
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