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Symmetries from Topological Operators

2022: Topological defects in a QFT should be interpreted as symmetries.
This is a long way from Noether’s 1918 continuous “Lieschen” type
symmetries, though the core idea is the same:

Invariante Variationsprobleme.
(F. Elein zum finfeigjabrigen Dektorjabillium.)
Yon k
Emmy Neether in Gitingen.

Vorgelegt- von I, Klein Ia der Biteung vom 20. Juli 1813%)

Es handelt sich um Variationsproblems, dis sine kontinmier-
Tiche @ruppe (im Tieschen Sinne) pestatten; die dsraos sich er-
gebenden Folgerungen flir die = Origen Differentialgleichungen
findem ihren allgemeinsten Ausdrock in den in § 1 formulierten,
in den folgenden Paragraphen bewlesenen Sitzen. Uber diese ans
Variglionsproblemen entspringenden Diffirentialgleichungen lassen

wich viel prizisere Auvssagen machen sl tiber beliebige, vine Groppe / ,nj \
gestattends Differentialzleichungen, die den Gegenstand der Lieschen 1 (@) \
TUntersuchongen bilden. Tlas folgende barukt sleo anf einer Verbn- DY !

dung der Methoden der formalen Variationsrechnong wit denen der -1 ! ®

Lieschen Gruppentheorie. 1'ir spesielle Gruppen und Variations-
probleme ist diess Verbindung der Methoden nicht men; ich er-
whhne Hamel und Herglote fiir spenielle endliche, Loremts wad Y
wwiry Schiller (s B.-Fokker), Weyl wed Klein fllr speziells unesd- N
liche Groppen®), Insbesondere mind dis zweite Kleinache Noko und
die vorliegenden Avsfilhirungen gegenseitiy durch einander beein-

1) Dis endglitips Foemng des Masuskxiptes wurde eret Eofle Beptamber
einguraicht X

%) Mamel: Math Ann. Bd. 80 und Zeitschuift f. Math, u. Phys. Dd. 50
Herglots: Arm. 4 Thys. (4) Bd. 88, bea. § ©, 8. 611, Fokkor, Vorslag d. Amstar-
damar Akad., 27./1. 1917, Fur die weitere Litterstar vargl. dis wweite Note ven
Klein: Géitlnger MNachrichtea 19, Juh 1013

Tn slnar sben arschignanen Arbelt von Knsser (Math. Zeitslnifl Nd. 2) handele
e sich nw Aafstellung von Invariasten noch Ghnlicher Methods.

Fgl. Gon 4 Wim. Fuchricbten, Maih.ghys. Klossa., 108, Haft 8 17
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Higher Form, Higher Group, Higher Cat

Recent explosion of types of symmetries:

1. Higher-form symmetries I'®);
p-dimensional charged defects, whose charge is measured by topological

Operators Dg:a‘ g e ) [Gaiotto, Kapustin, Seiberg, Willett, 2014]

—(p+1)*
- h mgh : p)
Dg "X}Dq :Dg : g,hefu’-

2. Higher-group symmetries: [Sharpe][Tachikawal[Benini, Cordova, Hsin]...

Higher-form symmetries might not form product groups, but a type of
group extension. E.g. 0-form F(® and T™ form a 2-group

8By = B}O

where © € H2(BF®, 1)), and B; : My — BF©.
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3. Non-invertible symmetries:
relax group law = fusion algebra

i o i — (TN Pk
D; ® D) = @ N,/ D;
k
This is very well developed in 2d and topsome extent 3d, but unchartered
until recently in d > 3.

4. Higher-categorical symmetries:
topological operators of dimensions 0, - - - ,d — 1, with non-invertible
fusion.
= Formulation in terms of objects and higher-morphisms to capture the
full structure

The main (surprising?) point to remember is:
these are symmetries that occur in vanilla 4d Yang-Mills theories (no susy, no
matter).
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Non-Invertible Symmetries in QFTs

We are interested in the symmetries of QFTs in d > 3 and mostly d > 3,
generated by topological operators of dimension p. We will label these by
k

D P
with 7 in a suitable label-set.

What is the fusion structure of such topological operators, i.e. what is the
"higher fusion category”?

Instead of developing the mathematical framework, we will directly start with
field theory implementations, and put forward a proposal that is a working

definition.

See talk by David Reutter.
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Non-invertible Symmetries in d > 3:

In physics within the last year

[Heidenreich, McNamara, Monteiro, Reece, Rudelius, Valenzuela]
[Koide, Nagoya, Yamaguchi]
[Kaidi, Ohmori, Zheng]

[Choi, Cordova, Hsin, Lam, Shao]
[Roumpedakis, Seifnashri, Shao]
[Bhardwaj, Bottini, SSN, Tiwari]
[Choi, Cordova, Hsin, Lam, Shao]
[Kaidi, Zafrir, Zheng]

[Choi, Lam, Shao]

[Cordova, Ohmori]

And in this conference:
[Talks by Kaidi, Shao, Reutter] and

[Poster and Gong Show by Lea Bottini]
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[

Plan

Symmetries from Topological
Defects and Higher Cats

Gauging Outer Automorphisms in
Higher Cats

Gauging Outer Automorphisms in
3d and 4d QFTs

Global Fusion
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1. Symmetries from Topological Defects and Higher Cats

Consider a d-dimensional QFT T. Then the set of all topological defects will
form a (d — 1)-category.

Objects: de,1

1-morphisms D,_, between objects

2-morphism D,_3 between 1-morphisms

e (d — 2)-morphisms: local operators

Topological operators can be genuine or non-
D, genuine, i.e. exist only at the ends of other
topological operators.

The symmetry category Cz encodes the local fusion of these topological
defects.
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Objects: Dy_q

On objects we can define a fusion structure Dél‘;)l ® Dgl — Dél_i)

(1) (2) ~(12)
DJ—] Du’.—l D.'?—l

#
P
-
P

Pirsa: 22060019 Page 10/46



1-Morphisms

I-morphism Dg_» maps between two objects Dc(fllz
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And can be composed:

3
D~y

pv
Dy

D

(3)
d—1

D

(1)
d—1
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Codimension-2 Junctions

(1) 1,2,3) [12,3)
Dé;l Jc&—; ' Dé[_-} :

n) o n2)
Dy @Dy
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Fusion of 1-Morphisms

1,2)

e

The 1-morphism Dé ® D:f’_"? from Dél_s'l) to Dg‘fll) defined as a limit of the
following combination of junctions:

(3 (3,4) /(1)
DyZy ; DiZy /Dy

e e m==

(1,3,13) +(2,4,24)
Ja (1,2) Jazs

~d=2
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Fusion of 1-Morphisms

The 1-morphism Dél_“’i,-" ® J[):J_,?’_"fj from Dél_s'l) to Dg‘fll) defined as a limit of the

following combination of junctions:

(3) (3.,4) /(1)
DyZy : DiZy /Dy

e e m==-

~(1,3,13) 1(2,4,24)
Jal (1,2) JaZs

—d—-2
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Fusion of 2-Morphisms

Definition of the fusion D 3"~ & of 2-morphisms using codim 2

and 3 junctions:

(13)(24),(2)
J g

(1.2)(1,2)
Dy”3

(3.4).(1)
D( v2),(1)
~d—2
7(13)(24),(1)

“d-3
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Constructive approach in QFTs

Rather than developing the general formalism we will take a constructive
approach, realizing such categories in down to earth QFTs:

We will determine the symmetry category from such a collection of
topological defects in a physical QFT, including the fusion.

In this talk: non-invertible symmetries arise by gauging a O-form outer
automorphism.

Examples to keep in mind:

e Spin(4/V) Yang-Mills in any dim has a E’igm

results in Pin™ (4N )

outer automorphism, gauging

e Charge conjugation in U(1) to O(2) or SU(N) to 577(1\’] Yang-Mills

e Si-gauging of Spin(8)
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2. Gauging Outer Automorphisms in Higher-Cats

We will focus on a sub-symmetry, which is a (d — 2)-category Cig,x, on D).
Let G(©) be a finite, but not necessarily abelian, 0-form symmetry group,

which acts on Cjyq =, which will only have invertible symmetries.
Example.

(0)
P

3d Spin(4N) Yang-Mills, and the outer automorphism G©) = Zy" that

EXChaﬂgeS the two faCtOl‘S 1n
(S rr(C)
(1) — 2 ) X 2 )

What is the symmetry category of T/G?
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Conditions for Gaugeability

The 0-form symmetry G can be gauged if we can associate a so-called algebra
in the symmetry category Cx:

e Objects: (P, Dé‘qj 1+ g € G obey group law.
e 1-Morphisms: §,, D(ﬁf_fg’)
e etc.

The condition for these to form an algebra in the symmetry category Cs is that
they satisfy consistency conditions, e.g. associativity.

This ensures that correlation functions, with defects in algebra inserted do not
depend on the triangulation of spacetime My, but only on the algebra and M.
Allows gauging the algebra object.
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Action of G on Defects

9-Dg 2

Dg_o

Example (cont.). Outer automorphism of Spin(4/V) acts on the topological

defects generating the 1-form symmetry by Dgs) “ D{ic)
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Gauging Outer Automorphisms

Non-invertible symmetries can arise by gauging outer automorphisms of
QFTs in 3d, 4d, 5d, 6d.

To determine the fusion, we need to construct the symmetry category (objects
and morphisms).

In 3d we are dealing with a standard 1-category and 0-form gauging was

dev eloped in [Barkeshli, Bonderson, M. Cheng, Z. Wang][Teo, Hughes, Fradkin].

We generalize this to any dimension and propose a method to compute
gauging of finite, (non-)abelian 0-form symmetries [Bhwardwaj, Bottini, SSN,

Tiwari].
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o Gauging 0-Form Symmetries in 3d

In 3d the 0-form symmetry G is implemented by Dj defects, and the
symmetry category Cig 5 is comprised only of topological lines and point
operators.

Obiects of Cid,'I/G:

1. Topological lines DER), R=irrep of G.
They form a subcategory Rep(G)
2. Invariants lines of Ciq «, labeled by orbits O of G:
(D) (%)
D = of"
i€O
3. Mixture of both: consider DgO), and let G'p be the stabilizer group of any
object D\”) with i € 0. D{” can be dressed by rep R of Go:

DEO'RO)

Obviously: D% = D{94F4) the identity orbit, i.e. Go, = G.
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Fusion of Lines in /¢

1. Fusion in Rep(G):
DER} &® D'lR’} = ] ERR') i R:\R.f c (’—E

2. Mixed fusion

2 S) Q.R,S
e at - piREeso)

where Sp is the image of S under G — Go.
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3. Fusion is determined from the morphism space:

(0" Roir)
Dl

/.

(0,Ro) (O \Ror)
D[ Dl o

Then

(O.Ro) (o’RIOI) 1 4 .'((_-)”‘RL:)H) ) s (O”eRgu)
Dj ® Dy O dim (I- (0,Ro0) (0" Ror) ) * D,
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Example (cont.)

3d Spin(4N) Yang-Mills, and the outer automorphism G = ’350’ that
exchanges the two factors in

T = 78 5 7(O)
— g

Objects:
b ot ) ete)
Cgpm(4N)_{D1 3 - Db }
V is the diagonal of S and C.

G = 79 acts as the outer automorphism and gauging results in Pin* (4NV)

D) «— D9 D and DY) are invariant

Page 26/46



Pirsa: 22060019

Example (cont.)

3d Spin(4N) Yang-Mills, and the outer automorphism G = ’350’ that
exchanges the two factors in

T = 78 5 7(C)
— g

Objects:
b e e
Cgpm(4N)_{D1 cBlge, Ihe I }
V is the diagonal of S and C.

G = 79 acts as the outer automorphism and gauging results in Pint (4NV)

D «— D9 D and DY) are invariant
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Example (cont.)

Objects in Pin™ (4N):

1. The topological lines that generate Rep(Z2): Dgid) and Di’).

ra

. Orbits, i.e. invariants:

pf? = (D{ & D{?)
Spin

to be a simple object. Furthermore we have Dgid) and ng).

3. Combination of invariants and Dg“):
(V-)
Dy
Thus
rob (id) /(=) p(SC) [(V) [v=)
L’lgin“'(-iN):{Dl g GELCT P }
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Example (cont.) Fusion in Cp,+ (4

Dgid-) and D{™ obey invertible fusion rules for Zo.

Furthermore

D9 g pi~) = pi59

SeAY (=) ~(V=)
Dg ) cX}D% ) = Di ¢
ey i, (Vv

D} }cg;Di ) = D(i )

The interesting fusion is Dgsc) with itself and with D(l'vi).

Pirsa: 22060019 Page 29/46



Pirsa: 22060019

Example (cont.) Fusion in Cp;p+ 4z

It is useful to compute the fusion in the original Cspinan):

L ((Di“ o D) ® Dg‘-’>) = (D;C) ® D&S)) (o

7 Copin(aN)

(D}'SC) 2 D(iv))
Copin(an)

To see whether Dgsc) is also present in the gauged category we need to
determine the 7Z, transformation properties of the morphisms

Dgsc) 2 Dg"’ L Dgsm

There are two morphisms:

paBsaoL | gt e . gl
possdd. pifiepltl pl)

These are exchanged under "ng and thus the morphism space is 2d splitting

as 14 @ 1_. Since both Z, representations are present:
D{*9 @ p) = pi59

DESC) 2 ng_) > Dgsm
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Example (cont.) Fusion in Cp;p+ 4

(D(f@ ® 9580)) = (2089 0 20{")

Copin(4N) Copin(4N)

Again determining the morphism spaces and their Z, representation
decomposition we find

e e : B s v
D%SL) ® DiSL} - D%wl) *—F‘D{l ) EBDE‘ )HE’D% }
In fact this category is of Tambara-Yamagami type for Z; x Zy and has
associators identifying it with
Cpin+(an) = Rep(Ds)
Note 1: a similar analysis for Pin™ (4N + 2) yields also Rep(Ds), however the
two differ b_y braiding [wip, Bhardwaj, Bottini, SSN, Tiwari]

Note 2: We can gauge non-abelian symmetries e.g. Spin(8) with outer S&D)
automorphism gauged.
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4. Gauging Outer Automorphisms in 4d

In d > 3 the symmetry category after gauging is not a 1-category but a higher,
(d — 2)-category Cig 5 /G-
1. Again the objects are Dglg: G-invariant combinations
2. p-morphisms for p =1, --d — 4: take G-invariant combinations
3. (d — 3)-morphisms: topological lines, which again have contributions
from the dual symmetry to G and invariant lines
(@) D™ forming Rep(G)
(b) Dgo_) associated to G-orbits
4. (d — 2)-morphisms: topological local operators, are again computed as
before (decomposed into irreps)
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Non-Invertible Symmetries in 4d

Lets consider the 4d Spin(4V) Yang-Mills and outer-automorphism gauging
to Pin™ (4N). The objects are now

ob _ [ nEl) (S} i€ oiv)

There are no 1-morphisms between two distinct such simple objects, but each
object has a 1-endomorphism:

l-ondo  _ (id) (S) (€) (V)
CS;:;(»iN)_{Dl LB e By }

These satisfy group law
() o pU) = pGs)
e )L S FI
The & = Z3 outer automorphism acts by

DY s D©

i
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4d Pin* (4N) Symmetry Category

Gauging results in the following objects:
b ey (id) #(8C) (V)
cgnﬁ (4N) — { 2 Ds , Dy } )
with the non-invertible surface defect fusion
DESC‘) 2 Dgsc) iy gu:l) & ng)

1-morphisms:
There were no non-trivial 1-morphisms in the Spin(4/N') category so that the
only new l-endomorphisms of the invariant surface defects are

2 id (- (sC (Vv )
Chetan, = { D, D7, D), DY), D{*-

with the non-invertible fusion

Dgsc_) ® Dgsc_) - Dgid) @ DE-) @Dgy) = D?’?)
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4d Pin* (4N) Symmetry Category

Gauging results in the following objects:
b i (id) #(8C) (V)
clgin“’(‘-iN)_{ 2 ‘D2 .‘DQ }:
with the non-invertible surface defect fusion
DESC‘) 2 Dgsc) iy gu:l) & ng)

1-morphisms:
There were no non-trivial 1-morphisms in the Spin(4/N') category so that the
only new l-endomorphisms of the invariant surface defects are

- id (= (sc (v (V_
Chetamy = { D, D7), DIF), DY), D{*-

with the non-invertible fusion

D%SC-) © Dgsc_) - Dgid) @ DE-) @Dgy) - D?’?)
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Hang on:
D;:c) ® DgSC} = D?d) &\-’D}“) L’%D? ) EBD?"—)

The RHS has line-defects which do not live on the Désc) surface. So what
exactly does this fusion rule mean?

Eg. D(i_) E Dg’gc] ® D‘iSC} means that there is a non-zero local operator at the
intersection of the genuine line DY) and the genuine surface D&SC} (since

DY) is the identity line on the surface Dg‘gc)).

(=)
Dy
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p{”)

One could be tempted to interpret this is a fusion “surface xsurface = line”.

However in terms of the higher-category perspective this is a fusion of two
b K % i : 1+ (8C) o g G ~(SC)

non-genuine identity lines (D}°“”) living on a non-identity surface D5

fusing to give rise to a genuine non-identity line D},

Le. we retain standard fusion rule: objects to objects, morphisms to

morphisms.
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Gauging Non-Abelian Finite Groups: 4d

Spin(8) x S3 in 4d.
Gauging in two-steps: Z3 x Zs.

The Z3 acts by S -+ C' = V — S. The invariant surface defect is then

(SCV i (@) = vV

Cspin(s)
Then the fusion of 4d Spin(8) x S3 gauge theory is ("Fibonacci-like”)

SEVY. - (SCV) (d) . (SCV)
Dy @Dy =Dy @Dy’
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o o w? Spi (w*
The 1-endomorphisms are C}endo = (DI p{) p?) pECVIY where D)

;--(O) ,Jr!/S

are the dual lines to the Zy ', withw = ¢

For 53 we act with Zs: Dg“’) “ D(w
1* do _ (d) (-) plww?) HSCV) H(SCV)
CLendo {Dl _pll pleed) mot nt }

The fusion of 1-endomorphisms is:

—) ww?) wiw?)
D{? @ p{““?) = p{e)

[){'-) @I)(SCV) = D(SC“}L)

D b D(bcnﬁ) D(.‘:C". )
(wew?) SCV) (SCV) SCV_
D% )®D5HC‘1):D§.§CI}@D(H )

(SCV_)

e
Dgu,w )®D1 (sCv_)

D(QCL}@D

Diwwi) @ Dgwwi) T D(ld) q_} D('J Q}D(Wwi)

D(.::(J ) ®D(~:C‘ Yo D(ld\ GPDW“’ )%?D(QC‘ ) ® D cov_)
D(lsc;w ) ® quc-v,) i D(id) @J.D(ww %) @D(SCW @ D(SCL-‘,\
Dgscv) ®D§bcv’) D( )@D(ww o DLSC\. ) o D('~CW
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5. Global Fusion

So far we have discussed local fusion: i.e. the fusion without taking into
account global aspects of the spacetime manifold M4. We can lift the local
fusion to global fusions.

In a nutshell: the global fusion of p-dimensional topological defects
DY @ DY is obtained by gauging the symmetry localized on the defect
DV @ DP.

E.g. for 4d Pin™" (4N) the fusion of surfaces
DgSC‘) ® DESC) ) Dé].d} & Dé\)

becomes on a 2-manifold M,

, . (id) (V)
DO (M) @ DS*O) (My) = 22— (M,) @ 22— (My)
24D Za)

(1 ) . > : ;
where %— (M>) for i € {id, V'} denotes the surface defect obtained by gauging
the Zs 0-form symmetry of Dg} wrapped along M. These are precisely
condensation defects — see [Gaiotto, Johnson-Freyd][Choi, Cordova, Hsin, Lam

Shao][Rumpedakis, Seifnashri, Shao]
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For abelian G we can compare to the complementary approach by [Kaidi,
Ohmori, Zheng] (and a Slight]y different approach [Choi, Cordova, Lam, Shao]), who

derived non-invertible symmetries by gauging mixed anomalies.

Indeed, the Pin"’(-iN_} non-invertible symmetries can be obtained also by

following the KOZ approach:

Spin(4N)
2-group
dB; = A1Cs

gauge By

SO(4N)
mixed anomaly
A rrfbd ‘416‘28:‘)‘

gauge 4; and B;

PO(AN)
non-invertibles

T

&aq
Q«? © &

<q
f)d o
2

non-invertibles

Pint(4N)

Sc(4N)
non-invertibles
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Non-Invertibles from Mixed Anomalies
E.g. using the [Kaidi, Ohmori, Zheng] method for Pin™ (4N) the fusion is

N (Mz;C2) x N (Mz; Cp) = (1+T(Ms)) ¥ @ Ean)

1
HO(My, Z
[HO(Mz, Zs)| My €Hy (M3 ,23)

.M(ﬂ-fg; C"Q) X T{ﬂfg) = .N’[:ﬂ-ff_); )
N{ﬂ'fg; Ca) x L(M,) = N(ﬂfg;@g).

T(My) = €™ fa12%2 is the defect generating the Z$" and L(M;) = '™ fa1 @1 g

the defect generating the Lg} 2-form symmetry dual to LE,O)

D9 s N(My;Ca)
pil . 5 g
P e s o)
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Non-Invertible 3-categorical symmetry in 5d SYM

5d N = 2 Spin(4N) super Yang-Mills has a 3-categorical symmetry
(b ol n ol 0

Gauging E:Zgo) outer automorphism we get simple objects

iiinﬂ.w) = {D?d), DESGJ_‘ ng)}
i = 3: objects; ¢ = 2: 1-endomorphisms. These have fusion
DESC) ® DESC) = Dgid) - va)
The 2-endomorphisms are
Clz;iilld&N) — {Dgid},Dg«),DﬁSC)FD?_,),Di‘_,_)}

with fusion of TY type

D;}S‘C} R DgSC) = Dgid) “BD(I_) EED;‘) EBD?,)
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The non-trivial global fusion is

(50), (SC) Dy gy
Dy (Ea)ebDy (X3)= (1} ( V3) € ‘TT—('—-S)
i
where
id)
DU : - .
-0 t:;” generated by Dfd),Di )
e
~(V)
D( ]
?1) : L(Ql) generated by D ”) D”‘
dany
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Comments and Conclusions

We only started to dip our toes into higher-categorical symmetries in QFTs,
proposing a working definition for symmetries of 3d and 4d QFTs.

Things I did not talk about but are in our paper [Bhardwaj, Bottini, SSN, Tiwari]:

1. Non-invertible symmetries for disconnected gauge groups O(2)
(consistent with [Heidenreich, McNamara, Monteiro, Reece, Rudelius, Valenzuela])and
SU(N) (gauging charge conjugation)

ra

. Allows gauging non-abelian finite symmetries

[§8]

. Non-invertible 3-categorical symmetries in absolute 6d (2,0) theories, e.g.
[.‘:3’0{;'2??.) X SO(EH}] X 7o

4. Non-invertible symmetries in 5d SCFTs
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Outlook

Non-invertible symmetries are ubiquitous in QFTs.

1

P2

Develop a mathematically sound framework for higher fusion categories
(higher meaning > 2)

Learn to gauge higher-form /non-invertible symmetries in
higher-categories; 't Hooft anomalies

. Physical implications of these symmetries: see Shu-Heng's talk. Clearly

much to explore here.

Is this the most general “symmetry structure” for QFTs?

. String theory realization of non-invertibles (e.g. using SymTFT)

Thank you!
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