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Abstract: "Khovanov showed in '99 that the Jones polynomial arises as the Euler characteristic of a homology theory. The knot categorif
problem is to find a general construction of knot homology groups and to explain their meaning: what are they homologies of?

Homological mirror symmetry, formulated by Kontsevich in '94, naturally produces hosts of homological invariants. Sometimes, it can be
manifest, and then its striking mathematical power comes to fore. Typically though, it leads to invariants which have no particular interest out
the problem at hand.

| will explain that there is a vast new family of mirror pairs of manifolds for which homological mirror symmetry does lead to interesting invaric
and solves the knot categorification problem. "
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In’98 Khovanov showed one can associate to every link

a complex of bi-graded vector spaces

Ci(K) =...cb(K) 25 oiik) &5

such that its homology groups
H (K) = ker 8 /im§*—!

categorify the Jones polynomial

> (—1)'g?*dimzH" (K).

%]
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Khovanov’s construction is part of

categorification program

pioneered by Crane and Frenkel.
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A simple toy model of categorification comes from

a Riemannian manifold M whose Euler characteristic

x(M) =) (1) dimgH* (M)

kEZ
is categorified by the cohomology groups

HF (M) = ker dy /im dj,_;

of the de Rahm complex

1 di— dy.
o =...0F1 < L
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The action of the () supercharge
Q= Z dy
k

on the complex

1 di- dp,
C*=...CFl'—=—=0ckt=% ...

is generated by instantons.

() defines a differential as it squares to zero,

Q*=0
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In 2013 Webster showed there is an
abstract algebraic framework

for categorification of quantum link invariants for arbitrary

Lyg

based on KLRW algebras,

generalizing algebras of Khovanov and Lauda, and of Rouquier.
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Khovanov’s categorification of the Jones polynomial

it is explicit and easily calculable.

The theory Webster formulated was intractable.
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Unlike in
our toy example of categorification of the Euler characteristic

of a Riemannian manifold

x(M) = Tr(-1)Fe=PH

Khovanov’s construction and its generalizations

do not come from either geometry,

or physics in any unified way.
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| will explain that

Khovanov’s construction also has an origin in physics,

one that generalizes to

all gauge groups,

just like the Jones polynomial does.
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Homological mirror symmetry relates
categories of boundary conditions in
two dimensional sigma models.

It naturally gives rise to hosts of homological invariants.

Most of the time though, the invariants it gives rise to are not of

any particular interest outside of the problem at hand,

e.g. if one studies the quintic.
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We will discover here a vast new family,

of mirror pairs of manifolds,
where homological mirror symmetry does lead to interesting new invariants.

It solves the knot categorification problem. .
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Chern-Simons theory,

which Witten showed leads to quantum link invariants,

is a striking example of an interacting quantum field theory

which is solvable exactly.
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Its solvability turns out to carry over to the homological world.

The sigma models that arise are extremely special,

and their very special features

make the resulting theory explicitly solvable.
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Our sigma models will describe the theory on

two dimensional defects

of the six dimensional (0,2) theory.
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The relation to representation theory may be anticipated

by the fact that possible (0,2) theories in six dimensions

are labeled by a choice of a simply laced Lie algebra

Lg

and the codimension four defects are labeled by its weights.
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The fact that six dimensional (0,2) theory is central to the problem
was conjectured by Ooguri and Vafa in 1999,

and Gukov, Schwarz and Vafain 2004.

A six, or five dimensional approach to the problem

is being developed by Witten.

We will describe the same physics from the perspective

of the two-dimensional theories on the defects.

Pirsa: 22060016 Page 17/182



In '88, Witten showed

that the Jones polynomial comes from

Chern-Simons theory with gauge group based on the Lie algebra

L]

LB = §U2
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In the same paper, he showed that

underlying Chern-Simons based on Lie algebra

Lg at level K~

is a two-dimensional conformal field theory with

affine Lie algebra symmetry

———

Ly,
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The Hilbert space of Chern-Simons theory

is the space of conformal blocks of

Lg

b

on A whereWilson lines puncturing the Riemann surface

translate to insertions of vertex operators.
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To get invariants of knots in R? or §°

one typically starts with a Riemann surface

A

which is a complex plane with punctures,
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It is equivalent, but for our purpose better, to take

to be a punctured infinite cylinder.
1

This way, the theory will be able to describe links in

R? x S! and not just RR3

Pirsa: 22060016 Page 22/182



Rather than characterizing conformal blocks
(A| q)"’l (a’l) U (I)V:m (a'm) |/\I>

in terms of vertex operators and sewing,

one can describe them as solutions of the

A

equation discovered by Knizhnik and Zamolodchikov in ’84.
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We will need its trigonometric version,

0
Haea_ag V= ZTgi((le/aj)V-

I

since the Riemann surface is an infinite cylinder.
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By varying the positions of punctures on A as a function of “ti

we get a colored braid and a monodromy matrix

(

)

£

of the KZ equation,

L3

along a path in the parameter space corresponding to the braid.
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The monodromy matrix

is given in terms of R-matrices of the quantum group

Uq(Lg)

corresponding to g

This was observed first in works of Tsuchia and Kanyie,

and proven by Drinfeld and by Kazhdan and Lustig in '89.
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Any link invariant can be represented as a matrix element

£y

e Zi

e

)

LW I W

of a braiding matrix between conformal blocks

corresponding to cups and caps.
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Thus, both braiding and fusion in conformal field theory

\

i

play an important role in the story.

Pirsa: 22060016 Page 28/182



To categorify quantum knot invariants,

one would like to associate

to the space conformal blocks one obtains at a fixed time slice

/ X X /
A X X

a bi-graded category.

In addition to the usual fermion number grading

the category should have an additional grading associated to {
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To categorify quantum knot invariants,

one would like to associate

to the space conformal blocks one obtains at a fixed time slice

/ X X /
A X X

a bi-graded category.

In addition to the usual fermion number grading

the category should have an additional grading associated to {
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To braids,

/(\
3
Al/ A

one would like to associate functors between the categories

corresponding to the top and the bottom.
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To links one would like to associate

) N
/ X X

0]

E A

2]

v U

a vector space
whose elements are morphisms
between the objects of the categories the top and the bottom,

up to the action of the braiding functor.
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Moreover,
one would like to do that in the way that

recovers the quantum knot invariants upon

de-categorification.
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One typically proceeds by coming up with a category,

and then one has to work to prove

that de-categorification gives

the quantum knot invariants one set out to categorify.
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The geometric solutions to the knot categorification problem

| will describe

share the virtue of both that the second step is automatic.
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3

The Knizhnik-Zamolodchikov equation

and its solutions,

have a geometric realization,

in fact a pair of them.

This serves as the starting point for categorification

of quantum link invariants.
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We will specialize g  to be a simply laced Lie algebra

so Lg = @  are one of the following types:

g = 1'471

g - L)u

The generalization to non-simply laced Lie algebras

involves an extra step, which we will not have time for.
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The Knizhnik-Zamolodchikov equation

fia,;va — (Ti)g VE =0

which plays a central role in knot theory,

has a geometric counterpart.
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Mirror symmetry,

relates pairs of Calabi-Yau manifolds

X and Yy

which are fibrations by a pair of “dual tori”

over a common base.
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Mirror symmetry exchanges

X and y

while exchanging variations of

complex symplectic or Kahler

;
structure and structures

“B-type” “A-type”
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The “quantum differential equation”

Vs — (C))E Vs = 0.

is a linear differential equation for a vector valued function
over the moduli space of either
the symplectic (A-type)
X

or complex structures (B-type) on its mirror

Y
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The name

“quantum differential equation”

comes from symplectic (A-type) geometry where the c?efﬁcients in

Vs — (Ci)2 Vs = 0.
are computed by “quantum multiplication” with a class in

C; € H*(X)
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Quantum product on H*(X).

(i * Y5> V) = Z (s ri)a o
d>0,deEH2(X)

I

is defined by Gromov-Witten counts of rational curves

_> X
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The first, d =0 term of quantum multiplication

<fyi*7j1’}’k> = Z (%:f}}j?q{k)d a‘d

d>0,de Hy(X)

is the classical product on H*(X):

(Y3 Y5, Vk)o = f %N N Ve
X

subsequent d >0 terms are quantum corrections.
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Both the equation,

O:Va — (C:)2 V5 = 0.

and its monodromy problem,

featured prominently starting with the very first papers on mirror symmetry.
1
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The solutions to the quantum differential equation

Vs — (C))2 Vs = 0.

live in a finite dimensional vector space

associated to the manifold

which is spanned by the K-theory classes of its branes.
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From perspective of X' the solutions are obtained

- X

1

by counting holomorphic maps of all degrees

from a domain curve D, which is best thought of an infinite cigar,

with an S boundary at infinity.
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We get a specific solution of the equation

OiVa — (C;)E V5 = 0.

by choosing a B-type brane

as the boundary condition at infinity,

nle

The solution depends on the brane only through its K-theory class,

and not the details of its shape.
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The Knizhnik-Zamolodchikov equation

fia?;va — (Ti)g Vﬁ =()

not only has the same flavor

as the quantum differential equation:

0iVa — (Ci)a Vs =0

under certain conditions, they coincide.
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On the knot theory side, we want to take

the Riemann surface to be a punctured infinite cylinder,

rather than a complex plane with punctures.

&
x
x
X
X
X
x
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This enriches the theory, allowing it to describe

invariants of knots in
Mz = R* x S!

and not only in

M; =TR°
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The Chern-Simons gauge group
LG
(whose Lie algebrais g ) is related to

G

by Langlands, or

electric-magnetic type duality.
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In Chern-Simons theory,

view the knots in three dimensional space

[)
o
K(

A,

1

as paths of heavy particIeIs electrically charged under

La
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In the geometric description, the same heavy particles

1)
(),

appear as Dirac monopoles of the Langlands dual group

G

This magnetic description is what is needed
to understand categorification,

as anticipated in works of Witten.
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The manifold

X

has played an important role in mathematics before.

In geometric Langlands correspondence

it is known as a

“transversal slice to affine Grassmanian of G ”
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To physicists,

X

is the Coulomb branch of a certain three dimensional quiver gauge theory
I
m mg X

H B
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The monopole moduli space
(‘}‘)

is parameterized in part by positions of some number of smooth

't Hooft-Polyakov type monopoles on
RS
whereas positions of singular, Dirac-type monopoles are fixed,

and determine the metricon X
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To get the KZ equation to coincide with the quantum differential equatic
X

we want to place all the singular, Dirac-type monopoles at the origin of

a complex plane in R®*=R x C

G

C

Then, rotations of this plane are an isometry of X’
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The parameter

q

of knot theory will be related to keeping track of charges of states

b+ G

C

under this symmetry.
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The fact that quantum group invariants

become interesting only for

q7# 1

has a geometric counterpart.
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The monopole moduli space

X

has more symmetries than a typical Calabi-Yau,

so the quantum multiplication

Gixvmd= D, (v waa
d>0,d€ Ha(X)

differs from classical only as long as

q71
( X is“hyper-Kahler” as opposed to just Kahler)
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The Knizhnik-Zamolodchikov equation

coincides with the quantum differential equation of

X
provided we work equivariantly with respect to a larger torus of symmetries
T=AxC;

where A -action preserves the holomorphic symplectic form,

and encodes holonomies of the Chern-Simons gauge fields

around the S7Il in
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The fact that trigonometric Knizhnik-Zamolodchikov equation of

e~

Lg

has a geometric interpretation as the quantum differential equation of

X

is a recent theorem by Ivan Danilenko.
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It follows that which solution of the KZ equation we get

Vo — (C:)E Vg = 0.

is determined by the choice of a B-type brane on

X

as the boundary condition at infinity.

D - , ;]-'
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Boundary conditions form a category, and

the category of B-type branes

working equivariantly with respect to T is known as its

@X = DbCOhT(X)

the derived category of T'— equivariant coherent sheaves.
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The positions of punctures on the Riemann surface

ne )

coincide with the A-type, or Kahler moduli of

X
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It follows that a braid
B

has a geometric interpretation

as a path in (complexified) Kahler moduli

T =

o
O
AL) Saw D )
since these moduli of
X

are the relative positions of punctures on A
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A central expectation in mirror symmetry,

is the fact that

monodromy of the quantum differential equation

@\a

is categorified by a functor acting on the category of branes,
B .@g@ — @xr
which “transports” the category along the path B

and which is an equivalence.
i
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In settings relevant to us

the proof was given by Bezrukavnikov and Okounkoy,

using quantization in characteristic p.
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In settings relevant to us

the proof was given by Bezrukavnikov and Okounkov,

using quantization in characteristic p.
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