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Abstract: "A unitary 1d QFT consists of a Hilbert space and a Hamiltonian. A group acting on a 1d QFT is a group acting on the Hilbert ¢
commuting with the Hamiltonian. Note that the *data* of an action only involves the Hilbert space. The Hamiltonian is only there to provi
constraint. Moreover, all 1d QFT have isomorphic Hilbert spaces (except in special cases, e.g. in the case of a 1d TQFT, when the Hilbert :
finite dimensional).

A unitary 2d QFT consists of the 0-dimensional and 1-dimensional part of the QFT, along with the data of the Stress-energy tensor. An acti
fusion category on a 2d QFT is again something where the *data* only involves the 0-dimensional and 1-dimensional part of the QFT, wh
Stress-energy tensor is only there to provide a constraint. The upshot is that it makes sense to act on the 0-dimensional and 1-dimensional
QFT. Moreover, | conjecture that all 2d QFTs have isomorphic 0-dimensional + 1-dimensional parts (except in special cases, e.g. in the c:
chiral CFT)."
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All unitary 2D QFTs share the same state space'’

' All QFTs in this talk will be assumed unitary, non-anomalous, UV complele, and with <-dimensional state spaces. All 2D QFTs are furthermore
assumed to satisfy cluster decomposition (to avoid direct sums of QFTs).
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All unitary 2D QFTs share the same state space'’

T All QFTs in this talk will be assumed unitary, non-anomalous, UV complete, and with <-dimensional state spaces. All 2D QFTs are furthermore
assumed to satisfy cluster decomposition (to avoid direct sums of QFTs).

Functorial QFT
1D QFT (Quantum Mecanics):

A quantum mechanical system is fully characterised by a Hilbert space # and a Hamiltonian H (a self-adjoint operator on #, with
bounded below spectrum).

In functorial QFT, instead of # and H, one declares:
# (the state space)
e (the Wick-rotated time evolution)

to be most fundamental.

One says that # is associated to a point, and e™ is associated to an interval of length t.
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All unitary 2D QFTs share the same state space'’

' All QFTs in this talk will be assumed unitary, non-anomalous, UV complele, and with <-dimensional state spaces. All 2D QFTs are furthermore
assumed to satisfy cluster decomposition (to avoid direct sums of QFTs).

Functorial QFT
1D QFT (Quantum Mecanics):

A quantum mechanical system is fully characterised by a Hilberl space # and a Hamiltonian H (a self-adjoint operator on #, with
bounded below spectrum).

In functorial QFT, instead of # and H, one declares:
¥ (the state space)
e™ (the Wick-rotated time evolution)

to be most fundamental.

One says that # is associated to a point, and e™ is associated to an interval of length t.

[ The partition function Z(t) = tr(e™") is what the theory associates to a circle of length t>0. Note that this might fail to converge. When it does converge,
one sais that the theory is compact — | will not insist that my QFTs be compact. ]
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‘Functorial QFT
1D QFT (Quantum Mecanics):

A gquantum mechanical system is fully characterised by a Hilbert space # and a Hamiltonian H (a self-adjoint operator uii «
bounded below spectrum).

In functorial QFT, instead of # and H, one declares:
# (the state space)
e™ (the Wick-rotated time evolution)

to be most fundamental.

One says that # is associated to a point, and e™ is associated to an interval of length t.

[ The partition function Z(t) = tr(e*") is what the theory associates to a circle of length t>0. Note that this might fail to converge. When it does converge,
one sais that the theory is compact — | will not insist that my QFTs be compact. ] 1

The observables (a k.a. perators) of the theory are "things one can put at points”.
Every bounded linear map A : # —» # gives an example of an observable, where

t A t

1 2

o- — 8 - - ——— 0

corresponds to the linear map e'"Ae"" : ¥ — #.
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[ The partition function Z(t) = tr(e ™) is what the theory associates to a circle of length t>0. Note that this might fail to converge.
one sais that the theory is compact — | will not insist that my QFTs be compact. ]

The observables (a.k.a. perators) of the theory are "things one can put at points”.
Every bounded linear map A : % -+ # gives an example of an observable, where

t A t

1 2

0 —— 3 — 0
corresponds to the linear map e'"™"Ae" . ¥ — ¥.

But not every observable is of that form.
We call observables of the above form bounded observables.

[ General observables are continuous linear maps #* — #" , where
#* = colim(¥# —e"™— ¥ -e™ > ¥ e ¥ ...)and

" : ; Y%
x=Im(H —e™M-F —e-F e ..).
]
Unlike general observables, bounded observables do not develop singularities when the points collide:
A A
o— — 8 - 8 — (o}
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The observables (a.k.a. perators) of the theory are "things one can put at points”.
Every bounded linear map A : % —» # gives an example of an observable, where
t’ A L,
o— — 83— - 0

corresponds to the linear map e'""Ae'": ¥ — #.

But not every observable is of that form.
We call observables of the above form bounded observables.

[ General observables are continuous linear maps #* — #" , where

x =colm(¥ e ¥ e ¥ e F..)and
X =lmH —e™M-F —e"'-F e~ ...).

Unlike general observables, bounded observables do not develop singularities when the points collide:

P — 8 % = —_—0

Observation:
Any two quantum mechanical systems have isomorphic algebras of bounded observables.
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But not every observable is of that form.
We call observables of the above form bounded observables.

[ General observables are continuous linear maps #~ — #" , where
x = colm(¥ -e"™M— ¥ -e"™— ¥ - ¥ ...)and
' =lim(H —e™M-F - F —eM-F ...).

Unlike general observables, bounded observables do not develop singularities when the points collide:

A A

&) 8 X o

Any two quantum mechanical systems have isomorphic algebras of bounded observables.

2D QFT:

In 2D QFT, the state space depends on a choice of circle manifold, i.e., a choice of length. In other words, there's not a single Hilbert
space #, but rather a collection of Hilbert spaces (1), one for every real number t>0.
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'Any WO quantum mechanical systems have iIsomorphnic aigebras or bounded observables.

2D QFT:

In 2D QFT, the state space depends on a choice of circle manifold, i.e., a choice of length. In other words, there's not a single Hilbert
space #, but rather a collection of Hilbert spaces #(t), one for every real number t>0.

1

Factorization tells us that whenever we have:

the correlator { O.0.),, can be written as

(0.0JM = Z (Ole m. (e |O' M.

where the sum is over a basis { e, } of the Hilbert space associated to s|
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'Any WO quantum mechanical systems have isomorpnic aigebras or bounded observables.

2D QFT:

In 2D QFT, the state space depends on a choice of circle manifold, i.e., a choice of length. In other words, there's not a single Hilbert
space &, but rather a collection of Hilbert spaces #(t), one for every real number t>0.

Factorization tells us that whenever we have:

0.

O
/_\\ e
[

\ QL
NN

S

the correlator { O.0.),, can be written as

(00w = 5 <O.|€)w (|0 m.

where the sum is over a basis { e, } of the Hilbert space associated to S.
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the correlator ( 0.0.),, can be written as
(O_Oo)M = Z ( O | e )M ( e |O, >M.
where the sum is over a basis { e, } of the Hilbert space associated to S.
More generally, given composable cobordisms
O O
LT . M
O \‘ | g > / _>

we have

(E100.|ndw =5 (E|O.]en <e|O0.]|n)m
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the correlator { 0.0.),, can be written as
(OO0 = > « 0. | e (e |O. M.
where the sum is over a basis { e, } of the Hilbert space associated to S.
More generally, given composable cobordisms
O 0.
-~ = . h T -~ = M
O \\ .\}..) ) \ : \\ )
- A

S == s M S =] .M S

we have

(§10.0,n>w = X <&§10.[e)dm <& 0. ndu.

We can interpret ( § | O. | e, ) as a matrix coefficients of a linear map Z(M_;0.) : #, — # ..
We can interpret ( e | O, | n ). as a matrix coefficients of a linear map Z(M.,0.) : #, — #,.
And equation (1) is the statement that Z(M; 0.0,) = Z(M,;0,) ¢ Z(M.;0.).

Pirsa: 22060015

Page 12/48



B Allunitary 20 QFTs sharethe . X 4
& docs.google.com/docu t/d/INdFpgxjlgOAiuzmFY L ( i
A e menus (Option+/) - o @ A B FRt Normal tex Arial M + B I U A 5 oo Gl -
where the sum is over a basis { e, } of the Hilbert space associated to S.
More generally, given composable cobordisms

- > SN
we have

2\

(§100,|n = 2 <§|0.|e)u (e |O.|ndu
We can interpret ( § | O. | e )y, as a matrix coefficients of a linear map Z(M_;0.) : #, — #,.

We can interpret ( e | O, | n ). as a matrix coefficients of a linear map Z(M.;0,) : #, — #,.
And equation (1) is the statement that Z(M; 0.0,) = Z(M,;0,) ¢ Z(M_;0.).
All in all, we have:
# : a state-space for every 1-manifold.
Ly #,

» ¥ ., @ Wick-rotated time evolution for -every- 2-dimensional cobordisms M.
[ every 2-dimensional cobordisms < the theory is compact |
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We can interpret (§ | O_| e )y as a matrix coefficients of a linear map Z(M.;0.) : #, — #,.

We can interpret ( e | O, | n )y. as a matrix coefficients of a linear map Z(M.;0.) : ¥, — ¥ ..
And equation (1) is the statement that Z(M; 0.0.) = Z(M,,;0,) ¢ Z(M_;0)).

All in all, we have:

# : a state-space for every 1-manifold.

Ly ¥, — #,, aWick-rotated time evolution for -every- 2-dimensional cobordisms M
[ every 2-dimensional cobordisms ¢ the theory is compact |

In the above situation

7/1 _ZM )_* W
a bounded linear map A : %,

Z(M. ,
y — M.)_, ¥
interval | ¢ S;:

we would then call A a bounded observable localised in I.

» ¥, is typically supported on the whole curve S,. But it coud be that the action of A is localised on some
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In the above situation
¥, M) %, _ZM.)_, x,

a bounded linear map A : %, — ¥, is typically supported on the whole curve S,. But it coud be that the action of A is localised on some
interval | c S;:

we would then call A a bounded observable localised in I.

The setup which allows to express this most comfortably is that of extended functorial QFT. In tha tsetup, we're allowed to cut
2-manifold along curves, but also 1-manifolds along points.
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a bounded linear map A : %, — ¥, is typically supported on the whole curve S,. But it coud be that the action of A is'{l 4]
interval | ¢ S,: F

we would then call A a bounded observable localised in |.

The setup which allows to express this most comfortably is that of extended functorial QFT. In tha tsetup, we're allowed to cut
2-manifold along curves, but also 1-manifolds along points.

. Extended 2D QFT
Points:

In addition to state spaces associated to 1-manifolds and time evolution operators associated to cobordisms, we now also have a linear
category associated to a point:

% . the category of boundary conditions.

Pirsa: 22060015 Page 16/48



we would then call A a bounded observable localised in I.

The setup which allows to express this most comfortably is that of extended functorial QFT. In tha tsetup, we're allowed to cut
2-manifold along curves, but also 7-manifolds along points.

Extended 2D QFT I
Points:

In addition to state spaces associated to 1-manifolds and time evolution operators associated to cobordisms, we now also have a linear
category associated to a point:

% : the category of boundary conditions.

Fora,b € &, let

a [-1,1] D

fa
|

x(
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Extended 2D QFT Fe
Points:

In addition to state spaces associated to 1-manifolds and time evolution operators associated to cobordisms, we now also have a linear
category associated to a point:

9 . the category of boundary conditions.

Fora,b € &, let

”I.: - 2#’( n‘ [-1,1] l-)l )

Let us describe the category :
Its objects are the boundary conditions of our 2D QFT| I
Given a € &, End ,(a) := the algebra of bounded operators on 2" localised in [-1,0].

Trick; In a category with direct sums, if you know all endomorphisms of objects, then you also know all homs between objects:
Given a,b € @, one recovers Hom(a,b) as the lower left corner in

End,(a®b) = (Hom,(a,a) Hom,(b,a)\
\Hom_(a,b) Hom,(b,b)/

where End,(a®b) is assumed to be known.

Pirsa: 22060015 Page 18/48
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vcalegory associated to a point:
A . the category of boundary conditions. F

Fora,b € 4, let

Let us describe the category %:
Its objects are the boundary conditions of our 2D QFT.
Given a € &, End ,(a) := the algebra of bounded observables on " localised in [-1,0].

Trick: In a category with direct sums, if you know all endomorphisms of objects, then you also know all homs between objects:
Given a,b € &, one recovers Hom,(a,b) as the lower left corner in

End,(a®b) = (Hom,(a,a) Hom,(b,a)\
\Hom_(a,b) Hom,(b,b)/

where End,(a®b) is assumed to be known.

Conjecture: For all 2D QFTs and all non-zero boundary condition a € &, End .(a) is a hyperfinite lll, factor
. . Moreover, for any a € 9, we have % = End ,(a)-Mod.

Pirsa: 22060015 Page 19/48
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End,(a®b) = (Hom,(a,a) Hom,(b,a)\
\Hom_(a,b) Hom(b,b)/

where End(a®b) is assumed to be known.

Conjecture: For all ZD QFTS and aII non-zero boundary condition a € &, End ,(a) is a hyperfinite Ill, factor
Wicl . Moreover, for any a € &, we have &% = End(a)-Mod.

Here, the "hyperfinite lll, factor" is a certain von Neumann algebra which is unique up to isomorphism.
We write R for the unique hyperfinite I, factor.

= For any 2D QFT its category of boundary conditions is equivalent to the category R-Mod of modules over the hyperfinite Ill, factor.

1

Conjecture:
What the 2D QFT assigns to points doesn’t remember anything about the QFT.

(Note: This is in sharp contrast with the case of extended TQFTs.)

Question:
How much does what the 2D QFT assigns to points and to 1-manifolds remember about the QFT?

Pirsa: 22060015 Page 20/48
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Conjecture: For all 2D QFTs and all non-zero boundary condition a € &, End ,(a) is a hyperfinite I, factor F
. - rem)/. Moreover, for any a € %, we have % = End,(a)-Mod.

Here, the "hyperfinite lll, factor" is a certain von Neumann algebra which is unique up to isomorphism.
We write R for the unique hyperfinite Ill, factor.

= For any 2D QFT its category of boundary conditions is equivalent to the category R-Mod of modules over the hyperfinite Ill, factor.
()

Conjecture:
What the 2D QFT assigns to points doesn't remember anything about the QFT.

(Note: This is in sharp contrast with the case of extended TQFTs.)

Question:
How much does what the 2D QFT assigns to points and to 1-manifolds remember about the QFT?

1-manifolds:

Let's spell out in more detail what the 2D QFT assigns to an interval of length t. It should be a functor & — % from the category of
boundary conditions to itself...

Pirsa: 22060015 Page 21/48
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Conjecture: LN

1 e
What the 2D QFT assigns to points doesn't remember anything about the QFT. |

(Note: This is in sharp contrast with the case of extended TQFTs.)

Question:
How much does what the 2D QFT assigns to points and to 1-manifolds remember about the QFT?

1-manifolds:

Let's spell out in more detail what the 2D QFT assigns to an interval of length t. It should be a functor %4 — % from the category of
boundary conditions to itself...

Recall that, according to (-i+), 9 = R-Mod.
But in order to identify % with R-Mod, we had to chose a boundary condition a € 4, and an isomorphism End_,(a)-Mod = R.

Useful (non-trivial) fact:

Linear functors R-Mod — R-Mod correspond bijectively to R-R-bimodules.

I | need to describe an R-R-bimodule (1) for every interval of length (0.
We set:

#(1) := Hilbert space #,"([-1,1+1]) associated to an interval of length t+2, with endpoints decorated by a:

Pirsa: 22060015 Page 22/48
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Let's spell out in more detail what the 2D QFT assigns to an interval of length t. It should be a functor 8 — % from th}‘ S—
boundary conditions to itself... alt

Recall that, according to (), % = R-Mod.
But in order to identify % with R-Mod, we had to chose a boundary condition a € %, and an isomorphism End ,(a)-Mod = R.

Linear functors R-Mod — R-Mod correspond bijectively to R-R-bimodules.

| need to describe an R-R-bimodule #(t) for every interval of length t=0.
We set:

#(t1) = Hilbert space #,"([-1,t+1]) associated to an interval of length t+2, with endpoints decorated by a:

R acts on #,%([-1,t+1]) on the left as the bounded observables localised in [-1,0], and on the right as the bounded observables localised
in [t,t+1] via the reflection x » t+|x| : [-1,0] — [t,t+1]:

R R
a * A a
(@ O
1 t 1

We then have 7 (1) 1, #(s). = o # (1+s).. (The operation ®, "eats up" the two extra copies of [0,1])
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Useful (non-trivial) fact: F

Linear functors R-Mod — R-Mod correspond bijectively to R-R-bimodules.

I need to describe an R-R-bimodule #(t) for every interval of length t=0.
We set:

#(t) .= Hilbert space #,%([-1,t+1]) associated to an interval of length t+2, with endpoints decorated by a:

R acts on #,°([-1,t+1]) on the left as the bounded observables localised in [-1,0], and on the right as the bounded observables localised
in [t,t+1] via the reflection x » t+|x| : [-1,0] — [t,t+1]:

R R
KSA Ar]
QO o]

1 t 1

We then have # (1) ®, #(s)s: = o #(1+s):. (The operation R, "eats up" the two extra copies of [0,1])

Allin all, what a QFT assigns to points and to 1-manifolds is just a representation of (K.,+) on the category of R-modules, i.e., a tensor
functor
R, — Bim(R)

Pirsa: 22060015 Page 24/48
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We then have # (1) B, #(s)s = % (14s).. (The operation & "eats up” the two extra copies of [0,1]) b’ " .I
¥
All'in all, what a QFT assigns to points and to 1-manifolds is just a representation of (R.,+) on the category of R-modu.__, ..
functor
R, — Bim(R)

Cultural remark:
In the theory of subfactors, there's lot of uniqueness results about actions of various stuff on the category of modules over the hyperfinite
Ill, factor. For example:

I

Theorem: (Popa)

Given a unitary fusion category C, there exists a unique faithful representation of C on R-Mod, up to isomorphism.
Equivalently, any two faithful tensor functors C — Bim(R) are conjugate.

We cannot apply the above theorem to R, because it's not a fusion category.
But can take it as inspiration and conjecture that actions R, -» Bim(R) are similarly unique

Stronger Conjecture:
What the 2D QFT assigns to points and to 1-manifolds doesn't remember anything about the QFT.
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We then have . #(1) @, #(s)s = % (14s).. (The operation & "eats up” the two extra copies of [0,1]) .i -

Allin all, what a QFT assigns to points and to 1-manifolds is just a representation of (R.,+) on the category of R-modu.__, .0
functor
1, — Bim(R)

Cultural remark:

In the theory of subfactors, there's lot of uniqueness results about actions of various stuff on the category of modules over the hyperfinite
Ill, factor. For example:

Theorem: (Popa)
Given a unitary fusion category C, there exists a unique faithful representation of C on R-Mod, up to isomorphism.
Equivalently, any two faithful tensor functors C — Bim(R) are conjugate.

We cannot apply the above theorem to R, because it's not a fusion category.
But can take it as inspiration and conjecture that actions R, —» Bim(R) are similarly unique

l

Stronger Conjecture:
What the 2D QFT assigns to points and to 1-manifolds doesn't remember anything about the QFT.
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R, — Bim(R) .«1

Cultural remark:
In the theory of subfactors, there's lot of uniqueness results about actions of various stuff on the category of modules v... «
Il1, factor. For example:

Theorem: (Popa)
Given a unitary fusion category C, there exists a unique faithful representation of C on R-Mod, up to isomorphism.
Equivalently, any two faithful tensor functors C — Bim(R) are conjugate.

We cannot apply the above theorem to R, because it's not a fusion category.
But can take it as inspiration and conjecture that actions [i. — Bim(R) are similarly unique

What the 2D QFT assigns to points and to 1-manifolds doesn’t remember anything about the QFT.

I
Consequences of the conjecture
Non-smooth space-times:

Usually, people working in functorial QFT insist that their (D-1)-dimensional Cauchy surfaces be equipped with a germ of D-manifold.
Otherwise, the composition of two cobordisms might fail to be smooth.
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Otherwise, the composition of two cobordisms might fail to be smooth.

Part of the conjecture says that the Hilbert space of a 2D QFT only depends on the length of the circle (or length of the interval in the
case of QF T with boundary conditions).

Turing this around, if you believe the conjecture, this means that: every unitary 2D QFT can be evaluated on the kind of non-smooth
I space-times that one obtains by gluing cobordisms along an isometry of their boundary:

[ For non-compact 2D QFT, one should also insist that é,M and é,.,M be non-emply ]|
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[ For non-compact 2D QFT, one should also insist that é,M and d,,M be non-empty |

Sanity check:

At least in the case of a free massive boson, this seems to be ok.
The partition function of the free boson theory on a Riemannian surface M is the {-regularised determinant:

Z(M) = Det, (A+m?)

Page 29/48
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[ For non-compact 2D QFT, one should also insist that é,M and é,,M be non-empty ]

Sanity check:
At least in the case of a free massive boson, this seems to be ok.

The partition function of the free boson theory on a Riemannian surface M is the {-regularised determinant:

Z(M) = Det, (A+m?)

When M is not smooth, the difficulty is to find a suitable self-adjoint extension of the symmetric operator A+m?.
| talked to some people who know these things better than me (Matthias Ludewig) and it seems that, in this case, things are ok. Let D c

L%M) be the set of functions that are smooth on M. and M,, and also smooth along geodesics normal to S. Then D is a domain on which
the operator A+m? is essentially self-adjoint. So one can diagonalise it and take its {-regularised determinant.
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Z(M) = Det, (A+m?)

When M is not smooth, the difficulty is to find a suitable self-adjoint extension of the symmetric operator A+m?.

| talked to some people who know these things better than me (Matthias Ludewig) and it seems that, in this case, things are ok. Let D ¢
L?(M) be the set of functions that are smooth on M. and M., and also smooth along geodesics normal to S. Then D is a domain on which
the operator A+m? is essentially self-adjoint. So one can diagonalise it and take its {-regularised determinant.

A plethora of domain walls:

If QFT A and QFT B assign the same stuff to points and to 1-manifolds, then any isomorphism ¢ between the corresponding stuff
produces an invertible interface between A and B.

/A Not a topological interface! A
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A plethora of domain walls:

If QFT A and QF T B assign the same stuff to points and to 1-manifolds, then any isomorphism ¢ between the corresponding stuff
produces an invertible interface between A and B.

/A Not a topological interface! A
o0 \Q

,_/-_. \ /
The way you build it:

If M is split in two regions M. and M, labelled by A and B, we first get vectors ¢ ZA(M.) | ¢ #*(dM.) and ¢ Z°(M.) | ¢ #"(aM.). We then use
the isomorphism ¢ : #" = #"° (and the isometry between M. and dM,) to identify

HNM.) 72 (OM.)
and take the inner product:

ZNE(M) = (ZAM) | Z8(Mm.))
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A plethora of domain walls:

If QFT A and QFT B assign the same stuff to points and to 1-manifolds, then any isomorphism ¢ between the corresponding stuff
produces an invertible interface between A and B.

/_\A_ ///_\M

/A Not a topological interface! A\

B
A% QL

(s N qﬁ\
The way you build it:

If M is split in two regions M_and M, labelled by A and B, we first get vectors ( ZA(M)) | € #*(dM.) and ¢ Z°(M.) | ¢ #"(aM.). We then use
the isomorphism ¢ - #" = #* (and the isometry between dM_and dM,) to identify

F"(OM)) # 2 (OM.)
and take the inner product:

ZNEM) = (ZAM) | Z2(M.))
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A plethora of domain walls:

If QFT A and QFT B assign the same stuff to points and to 1-manifolds, then any isomorphism ¢ between the corresponding stuff
produces an invertible interface between A and B.

\A‘ /B F\ M
A% QL

/A Not a topological interface! A\

Lo “ﬁ\
The way you build it:

If M is split in two regions M_and M, labelled by A and B, we first get vectors ( ZA(M) | ¢ #*(dM.) and ¢ Z°(M.) | ¢ #"(aM.). We then use
the isomorphism ¢ - #”" = #" (and the isometry between dM and dM,) to identify

(M) % (OM.)
and take the inner product:

Z'°(M) = (ZAM) | Z°(M.))
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A plethora of domain walls:

If QF T A and QFT B assign the same stuff to points and to 1-manifolds, then any isomorphism ¢ between the corresponding stuff
produces an invertible interface between A and B.

/A Not a topological interface! A\

\b’ QL
e s -

The way you build it:

If M is split in two regions M_and M, labelled by A and B, we first get vectors ( ZA(M) | € #%(dM.) and ¢ Z°(M.) | ¢ #"(aM.). We then use
the isomorphism ¢ - #”* = #"° (and the isometry between dM and dM,) to identify

(M) = #°(OM.)
and take the inner product:

Z'°(M) = (ZAM) | Z°(M.))
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This interface is invertible in the sense that there exists another interface, from B to A, such that if you bring the two tw ¥
(1) the system doesn't develop singularities L ﬂfl U\
(2) it converges to the identity defect (the transparent defect) r \

/ \//x ﬁ;B‘/QQ\ M
\ —_

A plethora of (non-invertible) symmetries:

.

(Here, "symmetry” means a non-topological defect)
Fix a 2D QFT. Let @ = R-Mod be its category of boundary conditions, and #(t): the bimodule associated to an interval of length t20.

In the formalism of extended 2D QFT, an action of a fusion category C by topoloqical defects consists of:

e Forevery c € C, an R-R-bimodule zX(c)r, along with isomorphisms zX(c®d)z = X(c)®r X(d)r subject to various coherences...

e Forevery c € C, a unitary bimodule isomorphism: I

u(t) : X(c) Bp Z(t) = #(t) B X(C)
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A plethora of (non-invertible) symmetries:

(Here, "symmetry" means a non-topological defect)

Fix a 2D QFT. Let @ = R-Mod be its category of boundary conditions, and z#(t); the bimodule associated to an interval of length t=20

In the formalism of extended 2D QFT, an action of a fusion category C by topological defects consists of:

e Forevery c € C, an R-R-bimodule gX(c)g, along with isomorphisms pX(c®@d); = X(c)®, X(d)s subject to various coherences...
e Forevery c € C, a unitary bimodule isomorphism:

u(t) : X(c) mg #(t) = #(t) ®g X(c)
.

For f,, € C”[0,t] a smooth function with support away from the boundary, the smeared stress energy tensor
T, = Jog T(x)f,.(x) dx [which is an unbounded operator on #/(t)] should commute with u(t):

X, Bg (1) —ut)y» F(t) =g X,
I I
id® T[] | | T =id
l ]
X, B (1) —ut)—» #(t) ®g X,
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A plethora of (non-invertible) symmetries:

(Here, "symmetry" means a non-topological defect)

Fix a 2D QFT. Let @ = R-Mod be its category of boundary conditions, and y#(t); the bimodule associated to an interval of length t=20.

In the formalism of extended 2D QFT, an action of a fusion category C by topological defects consists of:

e Forevery c € C, an R-R-bimodule zX(c)g, along with isomorphisms gX(c®d); = X(c)®, X(d)s Subject to various coherences...

e Forevery c € C, a unitary bimodule isomorphism:

u(t) : X(c) mg #(t) = #(t) ®g X(c)

e Forf, € C”[0,t] a smooth function with support away from the boundary, the smeared stress energy tensor

T,.) = [0y T(X)f,.(x) dx [which is an unbounded operator on #(t)] should commute with u(t):

xc Rg ?[(t) —U(l)*' Z’(t) Hr xc
l |
id® T[] | | T™f,)=id
! !
X, 8o Z() —ut)—> H(t) B X,

If we remove the last condition, we get the notion of an action of the fusion category C by not necessarily topological defects.
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u(t) : X(c) ®g Z(t) = #(t) B X(C)

For f,, € C7[0,1] a smooth function with support away from the boundary, the smeared stress energy tensor
) = Joy T(X)f,.(x) dx [which is an unbounded operator on #(t)] should commute with u(t):

x(‘. ER 2"(t) _U(t)_’ z’(t) gﬂ Xc
| |
id® T[f,] |

| Tf.)=id
! !
X, ®e (1) —u(t)— F(t) Be X,

If we remove the last condition, we get the notion of an action of the fusion category C by not necessarily topological defects.
The fusion of defects is given, as usual, by:

— |
(for topological defects, the equality would hold true even before taking the limit).
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X Br Z(t) —ut)— H(t) Bg X,

If we remove the last condition, we get the notion of an action of the fusion category C by not necessarily topological defects.

The fusion of defects is given, as usual, by:

(for topological defects, the equality would hold true even before taking the limit).

Observe:
The formulation of an acton of C by not necessarily topological defects only refers to the stuff that the QFT assigns to points and to
1-manifolds. If that' stuff is independent of the 2D QFT, we get:

Any fusion category which acts on some 2D QFT acts on every 2D QFT (by not necessarily topological defects)
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(for topological defects, the equality would hold true even before taking the limit). ’I s
r
Qbserve:

The formulation of an acton of C by not necessarily topological defects only refers to the stuff that the QFT assigns to points and to
1-manifolds. If that' stuff is independent of the 2D QFT, we get:

Any fusion category which acts on some 2D QFT acts on every 2D QFT (by not necessarily topological defects)

Bounded observables:

Fix a represenation ® . — Bim(R), which we think of as the stuff that a 2D QFT assigns to points and to 1-manifolds. We write #(t) for
the bimodule associated to teR ..
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(for topological defects, the equality would hold true even before taking the limit).

Observe:
The formulation of an acton of C by not necessarily topological defects only refers to the stuff that the QFT assigns to points and to
1-manifolds. If that' stuff is independent of the 2D QFT, we get:

Any fusion category which acts on some 2D QFT acts on every 2D QFT (by not necessarily topological defects)

Bounded observables:

Fix a represenation al. — Bim(R), which we think of as the stuff that a 2D QFT assigns to points and to 1-manifolds. We write #(t) for
the bimodule associated to teRr ..

Definition:
A Wightman field ¢ (a.k.a. operator-valued distribution) is a gadget which associates to every test function f € C~[0,t] with support away
from the boundary, an operator ¢[f] on #(t) (typically unbounded) that commutes with the two actions of R on #(t).

The assignment  » @[f] should satisfy the locality axiom:
oIf v g] = o[f] ®- ¢[g]

where fu g e C7[0t,+t;] denotes the concatenation of f € C™[0,t,] and g € C7[0,t;].
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A Wightman field ¢ (a.k.a. operator-valued distribution) is a gadget which associates to every test function f e C*[0,t] § '
from the boundary, an operator @[f] on #(t) (typically unbounded) that commutes with the two actions of R on #(t).

The assignment f = [f] should satisfy the locality axiom:
@[f v g] = ¢[f] B 9[g]

where fu g e C°[0,t,+t,] denotes the concatenation of f e C”[0,t,] and g € C°[0,t;].

If {# (1)}o comes from a 2D QFT, then the associated point-localised field ¢(x) can be recovered, if it exists, as

(0. @(x) Oy = lim_s{2Z(M;0) | 9[f] | Z(M.;0,)

Where f approaches the Dirac delta function 3, :

~ — o~ —
S ~ i / h = o
f/ ey ~ \\ M // \\H"“*- = =
/

[ \ @(x) = lim ( \ olf
\ Ny e ™ N f \ ™ ‘c‘[ J =N

k. ——’/ \< _\_/ | \_\ \‘-h—\. ) \C.,____/
\“\\\ = S / N — e

- o > —
y N A — M NG

But the limit might fail to exist.
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=If {# (t)}.o comes from a 2D QFT, then the associated point-localised field ¢(x) can be recovered, if it exists, as
(0. 9(x) Oy = lim(_5{Z(M;0) | @[f] | Z(M.;0.)

where f approaches the Dirac delta function &, :

But the limit might fail to exist.
Example: (free Fermion CFT)
In the free Fermion CFT, we have a Wightman field y satisfying
wiflwlal + wiglwlf] = ff(x)a(x)dx.

which is the smeared version of the more familiar
wx)y(y) + @ly)w(x) = d,,
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