Title: On nonlinear transformations in quantum computation
Speakers. Zoe Holmes

Series. Perimeter Institute Quantum Discussions

Date: May 25, 2022 - 11:00 AM

URL.: https://pirsa.org/22050067

Abstract: While quantum computers are naturally well-suited to implementing linear operations, it is less clear how to implement nonlinear
operations on quantum computers. However, nonlinear subroutines may prove key to a range of applications of quantum computing from solving
nonlinear equations to data processing and quantum machine learning. Here we develop agorithms for implementing nonlinear transformations of
input quantum states. Our algorithms are framed around the concept of a weighted state, a mathematical entity describing the output of an
operational procedure involving both quantum circuits and classical post-processing.
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The Challenge

Quantum mechanics is inherently linear:

O

- Schroedinger’s equation is linear ith— = H

ot
- Unitary operations (which govern the evolution of quantum states) are linear

U(al0) + B[1)) = aU|0) + BU|1)

Therefore quantum computers are naturally adept at implementing linear operations

But to exploit the full power of quantum computing we may need to implement non-linear operations...
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The Challenge

Here we will present algorithms for implementing operations of the form:
[y = wili) = £ @) = D F@a)li)
i i
Where f may be a non-linear function.
In particular, we will assume that f can be expanded as a power series, e.g. f(:l:) = Z ozj:cj
]

Also consider functions of multiple pure states: i) = [ @) [p®) By ) =Y h(y,,);15)
j ¥

Vector containing all
amplitudes of [4'")
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The Challenge

Here we will present algorithms for implementing operations of the form:

= 3D i > 11 = 3 1))

Where f may be a non-linear function.

In particular, we will assume that f can be expanded as a power series, e.g. f E ozj
Also consider functions of elements of mixed states: p — 7 = f(p) = E F(U5)i 518 (71
JJ =0 Vector containing all

entries of p
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The Challenge

Here we will present algorithms for implementing operations of the form:
[y = wili) = £ @) = D F@a)li)
i i

Where f may be a non-linear function.

In particular, we will assume that f can be expanded as a power series, e.g. f(2) = Z ozj:cj
J

& functions of elements of multiple mixed states: p'" = p© @ ... ® p¥) — 7 = Zg(ﬁ'pm)-;j|i){j|
N . .

J Vector containing all

entries of )in
p
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Applications? _y ‘

* Solving non-linear partial differential equations
(with applications from fluid simulations to finance)

* Quantum Machine Learning
- Implementing non-linear activation functions =0 _
- Implementing non-linear encodings for kernel methods, e.g. [¢v) — [¢?)

Sigmoid Tanh N .
— / L === x; . . |
e
V1.7 g (y) R X X
Activation functions T — 12 Non-linear encoding

Pirsa: 22050067 Page 7/44



Zoé Holmes

o)
Applications? Q‘

* Solving non-linear partial differential equations
(with applications from fluid simulations to finance)

* Quantum Machine Learning
- Implementing non-linear activation functions

- Implementing non-linear encodings for kernel methods

* Error mitigation e.g. amplify a signal p — p*
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Applications? : zl

* Solving non-linear partial differential equations
(with applications from fluid simulations to finance)

* Quantum Machine Learning
- Implementing non-linear activation functions
- Implementing non-linear encodings for kernel methods

* Error mitigation e.g. amplify a signal p — p*

* Filtering scheme e.g. highlighting unlikely outcomes [/) — [¢v™1)
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Applications?

Zoé Holmes

* Solving non-linear partial differential equations
(with applications from fluid simulations to finance)

* Quantum Machine Learning
- Implementing non-linear activation functions
- Implementing non-linear encodings for kernel methods

* Error mitigation e.g. amplify a signal p — p*

* Filtering scheme e.g. highlighting unlikely outcomes [t/) — [¢p~1)
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Outline of rest of talk : -

Introduce the weighted state framework

2) Introduce three primitives for implementing non-linear operations
- Quantum Hadamard Product
- Generalized Transpose

- Quantum State Polynomial

. . . On nonlinear transformations in quantum computation
3) Sampling complexity analysis

Zoé Holmes,” Nolan Coble,! Andrew T. Sornborger, and Yigit Subag
Information Sciences, Los Alamos National Laboratory, Los Alamos, NM, USA.
(Dated: December 24, 2021)

arXiv:2112.12307
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Framework e

Note that |7) = [ f(%)) ( or more generally 7 = f(p)) may not be a genuine
quantum state.

We only ever have access to quantum states through measurement
outcomes

So we don’t need to (and often won’t be able to) prepare 7 on a quantum
register...

Rather, we just need to find an operational strategy to compute
(O), = Tr[r O] (or more generally compute Tr[U (7 ® pother)U' O])
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Zoé Holmes

Weighted states e“

Key idea: Find pout and M such that: Tr[7T O] = Tr[poug (Os ® Mg ®1g)] YO

a) (e’ Ul M)
o'f+? m ' —
— g ; _'O\
(0) _4 [ ] I .

P f = :
% ‘f | : — ,_j '_'\1
. Bl 1k m— T —0)
. 7:(_ ] U : v v

—f—— N

(K-1) | G : @ i.e. find a joint measurement on an enlarged system that gives
! ! the correct measurement outcome for any measurement ()
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Weighted states _y ‘

Key idea: Find pout and M such that: Tr[7 O] = Tr[pout (Os ® Mg ® Ig)] YO

2) T’ U, M) Since this holds for any observable O we
can write
_, B8 .
I K ol + 1 7 = Tryrg[pous (Is ® Mg ® Ig)]
e &
B — N
. —y B Uf 1 an Can use this framework to implement non-
| S < linear operations if we feed in multiple
P : R K : @ copies of Ehe same input
plén p(l)ut B (0) (k)
e.g. for|)) = [¢¥")need p*’ = ... = p" =9
(17 =3 e
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Weighted states (alternative perspective) ..

Zoé Holmes

T is a ‘weighted state’

b)
/B i .
a + A i in “re-
o . sl £5(p™ re welght oujcput states”
P —F— ~ . = by obtained eigenvalues
—F—] B I .
. | Ard i
5 fr I U i : /\'} gj (pin)
i — : T = Z /\jpj D;
i ! G +:—\ 3 o & v
pJ 1) !d r | E ﬁ
p.i..;-a, p{,.n.r Garbage STgsnvaliia Conditional output

Probability of getting it
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Weighted states (alternative perspective)

Zoé Holmes

T is a ‘weighted state’ On obtaining outcome A; the conditional outcome

on the system is:

b)
in
Ei(p™)/p;
Uy - . _
o J +£ B (0™ Where &;(pin) = Trea(UY (04 ® )T (Is @ [X;) (N2 © L))
aum B 7 Py = THE, ()
. i I Uf K : . /\? E.(pin
_ [ G o J
pUD - _ﬂ j

in out Conditional output

P P Garbage eigenvalue

Probability of getting it
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Weighted states (alternative perspective) _y e‘

T is a ‘weighted state’

On obtaining outcome )\j the conditional outcome
on the system is:

in
Ei(pP™)/p;
Where &;(pin) = Trea(Uf (0 ® pin)U (15 @ A} (N |z ® 1))
p; = Tr[&(p™)]

= This definition agrees with previous definition:

- ol EI Tﬁﬂ‘— T . 7 .I+§ T—.r; Ei(p™) i
P —/{_ : o —— : s B g‘? (pll'l) B 8 in
4 Uf_ruﬁf—;.\: ? ) Uf;—/—h—r A T= Ej :’\jpj D; - Ej :’\j j(p )
+— . ——
It o ———ll N |-
P » T = E N Trpe(Uf (0 ® pin)U(Is ® X)) (Nl e © 1))

o i P PM Carbage

j
= Treq(Uf (6f, @ pin) U’ (Is ® ME @ 1))
N
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Quantum Hadamard Product T .y

Definition: Claim:

W) o ) = 3 @ y0 i) ™ = Tr2[|0){0lpous] = [ © p V) © 4]
Circuit:
Proof:
_ . X (AT o L. 3(0), (1)) 2
PO, 00 pM» [ @) [M) Z@ ¥, ig)

ij

|
|
|
: CNOT = pous = 3_ #1090 ij @4) x c.c.
|
|

Measure 0 — [T) = Zw}%ﬁ-”m = @ @ pW)
J N
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Quantum Hadamard Product

Definition:

@) @ [w®) =Y Ou}i) Or more generally p® @ p! Zpij”pf;

1

Circuit: Repeated use implements powers of states

YOYpo---0p) =[Py =) Yl
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Generalized Transpose Operation

Zoé Holmes

Definition:

T T m _1nr
((J_ ) =0® P Note that P4y (+] dp
Circuit: Proof:
S if o cNot A CRrT)
> 0ijpigr|0id)(055') = pout = Y aigpiryliid’) (G|
" i 5’ i '
|0)(0| —4—P oo p’

T = 'PI‘Q__;;(,OOUL (]I ® SWAP))
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Generalized Transpose Operation
j * - N

Definition:

m _1-7
((J_T) =0® pT Note that Plyi+ = &,0
Circuit: Proof:
. of Y e vaof oo
> 0ijpirgr |06 )(055') = pout = Y aizpiryliid’) (G|
10(0] —A—+-PH oo ph e o
i T = Tra 3(p°"* (I ® SWAP))
7 I .. . . - -
o — : = Y oi;piy (' |SWAP|j5') i) (i
: igi’§’ s
n i =Y 0i;pij8ij8uli) (il
F— . iji'j’
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5
Generalized Transpose Operation ‘

Zoé Holmes

Definition:

@ _Llrr
((J_T) =0® pT Note that P+ = &,0
Circuit: Proof:
CNOT
> 0iipirgr |06 Y055 | = pout = ) ouipiryeii’) (']
10(0] —A—+-PH oo ph e o
! T = Tra 5(p°"* (I ® SWAP))
a I .. . . - -
o — : = Y oi;pi5 (' |SWAP|j5') i) (j]
j iji’ g’ -
o i = Z 0ijpirjdij Ojir 1) (7]
7 ] i’ 5’

= Z@jﬁja‘m(ﬂ =gOp"
ij

Pirsa: 22050067 Page 22/44



Generalized Transpose Operation ‘
Zoé Holmes

Definition:

1
((TT) =@ pT Note that P|(I>)(+| = &PT
Circuit: Proof: X
i S e et vf T
> 0ijpirgr|0id)(055') = pout = Y aizpiryliid’) (G|
T aal aal sl aal
|0)0| —A+P oc®p’ o Y
i T = Tra3(p°" (I ® SWAP))
y I .. .. . -
o —f | = Y oijpij (id [SWAP|j5") i) (j]
| igi'’ =
n i = Z ai;pirjr0iji0i i) (4]
W=y | igi's’
r:vu.t _ e . - T
p = oipili)il = @p
ij
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Generalized Transpose Operation ._
= = O

Definition:

@ _1lr7
((J_T) =0® pT Note that Bl — &,0
Circuit: Proof:
o iy cNot A CorarT s
> 0ijpirgr|0id)(055') = pout = Y aipiryliid’) (G|
T aal qaal sal 4ol
|0)(0] —AP oc®p’ o Y
| T = Tra3(p°" (I ® SWAP))
|
g b ! = Y oipij (i |SWAP|j5')|3) (i
] igi'’ =
o i = ) 0ijpwrbijdjuli) (il
7 i igi's’
r:vu.t _ e . - T
p = oipili)il =o@p
i
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Generalized Transpose Operation

Debbie Lemg

Definition:

T T (1) e ko
((J_ ) =0® P Note that P4y (+] dp
Circuit: Proof:
> oujpiyr|0id’) (055
n ol anl
10)(0| ——P o®pT Y
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Generalized Transpose Operation

Zoé Holmes

Definition:

1
((TT) =@ pT Note that P|(I>)(+| = &PT
Circuit: Proof:
» , CNoT o
> 0ijpirgr |06 )(055') = pout = Y aizpiryliid’) (G|
T aal qaal sal 4ol
|0)0| —A+P oc®p’ o Y
i T = Tra.3(p°"* (1 @ SWAP))
y I .. .. . -
o — : = > oijpurj (&' [SWAP|j5") i) (j]
: igi'’ =
" i ¥ = Y 0i;pirybij8jurli) (]
W=y i igi's’
r:vu.t _ e . - T
p = oipili)il = @p
ij
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Quantum Hadamard Product

Zo& Holmes |

Definition: Claim:

W) o [0y = 3 9@ y0 i) ™ = Tr2[|0){0lpous] = [ © p V) © 4]
Circuit:
POz : 0@ pM»
|
|
pH—B——00
olut
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Generalized Transpose Operation

Zoé Holmes

Definition: k

@ _1lr7
((J_T) =0® pT Note that Bl — &,0
Circuit: Proof:
S if iy cNot A CRrT)
> 0ijpirgr|0id)(055') = pout = Y aigpiryliid’) (55|
T aal qaal sal 4ol
|0)(0] —AP oc®p’ o Y
| T = Tra3(p°" (I ® SWAP))
|
gl ! = Y oipij (i |SWAP|j5') i) (i
: iji'g’ =
o i = ) 0ijpwbij 0juli) (il
7 i igi's’
r:vu.t _ T 7 ¢ o L T
p = oipili)il = @p
i
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Quantum State Polynomial

Zoé Holmes

Think about alpha coefficients

Definition: as forming a matrix
(0) (1) (0) (1) (1) .(0) _ [ @00 o1
T =agop "’ +anp'’ +oag1pt pY + aep P 0 = @i @
Circuit:
[e2 Vi T

You’ll have to believe me on this.

}l_'rl] Y

Simple enough to show... but | thought I'd
@ spare you a slide full of algebra.

~
|
>

m__z /
P 7 7

Pick o and M suchthat « = o © ML *
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Quantum State Polynomial

Zoé Holmes

Definition:

7 =agop'” + 11 + ag1p? p + 210 p®

. . Uses:
Circuit: 1.  Mixtures: T = pp(o) (1= p)p(l)
0
& o = (g l—p)

Could use U=(g 12;,) M:H:(%}

?)

L3
Pick o and M suchthat o = o0 © ML
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Quantum State Polynomial ; L

Definition:
7 =agop'® + a11p™M + a1 p™ + 109 p

. . Uses:
Circuit: 1. Mixtures: T = pp(o) 1= (1 . p)p(l)

2. Anti-commutator: T = p(o)p(l) -+ p(l)p(o)

o 7 T
- N o= (1))
PV 7 (L@ Coulduse o = |[+)(+|= %(% })
i M =2X =2({})

Pick o and M suchthat o = o0 © ML
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Quantum State Polynomial ; h

Definition:
7 =agop” + an1p" + ag1p ¥ pM + 010p™M p®

. . Uses:
Circuit: 1. Mixtures: T = pp(o) 1= (1 . p)p(l)

2. Anti-commutator: T = p(o)p(l) -+ p(l)p(o)

a S T
@ i 3. Commutator: T = p((})p(l) = p(l)p(o)
P va ; @
) i 4. Linear Combinations of Pure States:
JOU 7 A—— I
» %) = a0l @) + o [p D)

Pick o and M suchthat o = o0 © ML
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Quantum State Polynomial

Definition:

. - I
= “—_GGOP(O) 4 aup‘l) I am'p(g)p(n n amp(l)_p(o) Pick 0 and M suchthat « = 0o O M

[ ) ) )]
4.  Linear Combinations of Pure States: |w> = CE0|¢(O)) + o |‘1,D(1))

T =¥} (%] = |ao [ @OY Q| + |aa P[P W] + aoaf [ D) WD | + arag |y ™M) (p@)|
= o[ ) W] + 11 [ ) B O] + 201 [ @) (O [P DY (D | + 0]y D) (B @) (@]
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Quantum State Polynomial

Definition:

. - T
- =aoop(0) 2 0511;0(1) I amp(g)p(n n amp(l)p(o) Pick 0 and M suchthat « = 0 O M

4, Linear Combinations of Pure States: |w> = CEQ|¢(O)) + oy |'1,b(1))

comparingtwo | T = [0)(®] = a0 P[0 @O + | P W) (0P| + aoe [ @) (D] + cnag D) (%O

e = ago[ ) (@] + 011 %) (WO + 001 [ @Y (O YD) (D] + a1y ™M) (DO ) ()
2 ooy
Sy = ( I;'YTJ* (’L"»‘(}Wa‘é))
Wiy ol
Can use g = (||80|2 606%) ﬂdr — |BU|% JB'I B(E (ﬁ)llaqu)U)
. BiBis 16l Bo (Bol 1) A

o =|8)(B| with |8) = Bol0) + Bi1)
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Concatenation: Arbitrary Polynomials

Use Quantum Hadamard Product to implement powers of states

Y OYPO-- OY) = [yP) pr

L3
Use Quantum State Polynomial to take linear comblnatlons of states

aoly) + a1 |p?) +

Combine the two to implement arbitrary functions (power series) of states

= Z o]

) = |f (%)) = Zf(w@-)\ﬂ where f(1;)
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Sampling complexity analysis

Sampling complexity scales inversely with variance a) I(o!, U, MY)
of circuit measurement outcome:

o' m
p"—— = K
Sampling complexity ~ 1/Var : ﬁ;f gD
. ﬂ:L ] ,
P K-1) _,iL_ (_ 7 @
we had access to 7 as & real quantum state then pin T

Var =

1 (Tr[q-oz] = Tr[frO}Q) But we don't....
S

L4

No. of shots used
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Sampling complexity analysis _,

Sampling complexity scales inversely with variance a) I(of,Uf, MY)
of circuit measurement outcome:

Jf—,LT b |
,r)'”“—;l’——: K
Sampling complexity = 1/Var T U )
- ﬂ:L ] ,
17} e —;iL— (_ 4 @
we had access to 7 as a real quantum state then o R

Var = — — Tr['rO}Q) But we don’t.... rather we run
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Sampling complexity analysis

Sampling complexity scales inversely with variance a) I(o!, U, MY)
of circuit measurement outcome:

ol—{8 B
PO —— K
Sampling complexity = 1/Var A &~ AR
Tr[rO] | -
l p':h'_l}—IiL — (_ 4 @
Variance of weighted state output: pin ot
— 1 out 21 out 2
Var = (Tx[p°"* (0 @ M ®I)%] — Tr[p°"* (0 ® M R I)]?)
(The variance associated with performing the measurements O M on the state p°"")
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Sampling complexity analysis e — .

Sampling complexity scales inversely with variance a) (!, U, MY)
of circuit measurement outcome:

of—,LE Bl
If freedom- chose M to p"""—,l"— K
Sampling complexity = 1/Var ik : %! )
.
| | o
Variance of weighted state output: pin ot
1
Var = ~ (Tr[p°"* (0 ® M ® I)?] — Tr[rO]?)
. S
(The variance associated with performing the measurements O M on the state p°"*)
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Bounding the variance o~

Roeland Wiersema

Variance of weighted state output:

1
S

Var = = (Tr[p®* (O @ M ® I)%] — TY[TOP)

The variance (and sampling complexity) depends on the measurement O performed on the weighted state

To compare the sampling complexity of different algorithms it is helpful to derive an operator independent bound
on the variance:

Var(XY) < 2Var(X)||Y]|% + 2(X)?Var(Y) < 2(X?) assuming [|Y |0 <1

2Tx[p*"* (I ® M ® I)?]
S

- Variance of weighted state circuit bounded as: Var <
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e —o— ;= exp(—j)
g T8 ¥ =en(-7)
e ‘."'.
osr L
.., e

Zoé Holmes

Powers of states

error analysis
m} A)

§imeemmaee==ct

9 3 4 ]
Power, k

Page 41/44
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i . I" ..
Recall there is freedom in how to e
pick the initial state o . m
Zoé Holmes

X’ ' 1 ':‘.\' Suppose, as before we write:
“ o = |B)(B| with [B) = Bo|0) + B1]1)

Optimizing initial

state for linear ~ 04
combination of B . SR
states analysis

Optimum
choice in By

0.2 0.4 0.6
»  weighting |aol®
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On nonlinear transformations

Su MMma ry in quantum computation

arXiv:2112.12307

1)

- Weighted states play a similar role to standard density matrices...

Introduced the weighted state framework

- But are liberated from the constraints of positivity, Hermiticity and normalization

- and hence can be generic functions of input states

a) T( .J",Uf_ MH
2) Introduced three primitives for implementing non-linear operations 4 J
- Quantum Hadamard Product ,0(0} @ p(l) ol el |
: i () T desmm B
Generalized Transpose 0, G{FO? p o 0 o e Uf; : -
- Quantum State Polynomial Qqgop' ' + 110"/ + ap1p* ' p 7 + arppt ' p : 1“_’ ] ' D
p i+@
£ p(.”!(

Combined: |1} — [F(¥)) = D f(4:)|i) where f(3:) =) ;]
i 7
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On nonlinear transformations

SU mma ry in quantum computation . \

arXiv:2112.12307 Hich 2el G

1)

- Weighted states play a similar role to standard density matrices...

Introduced the weighted state framework

- But are liberated from the constraints of positivity, Hermiticity and normalization

- and hence can be generic functions of input states

2) Introduced three primitives for implementing non-linear operations N Sl
- Quantum Hadamard Product ,0(0} ®© ,0(1} o-fﬂ?
- Generalized Transpose p((,T) =00 ,OT 'u“”_’ll_f (] . 1
- Quantum State Polynomial 0400;0(0) o 0511,0(1) =k 0501{5'(0):0(1) + alOP(UP(O) _fﬂ_; o E
| oo
Combined: |¥) — |f(¢¥)) = Zf(w%-)hl) where f(¢;) = Za‘jwf a
i J
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