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Abstract: There are two different standard ways of endowing a physical theory with a symplectic structure: the canonical and the covariant. The
former is derived from the well-known symplectic structure of a certain cotangent bundle. The latter is based on the variational calculus. Including a
boundary in the canonical formalism poses no problem, however, in the covariant formalism things break apart. In this talk, | will briefly introduce
both formalisms without boundary and explain in detail a new framework that allows us to include boundaries in a straightforward way. To show it
in action, time permitting, | will apply it to several theories of gravity. Finaly, | will briefly show a new result where we proved that, actualy, the
canonical and covariant formalisms are equivalent in full generality.

Zoom Link: https://pitp.zoom.us/j/97641588140?pwd=dFIOSFAHOG5BY ko2djNVWk11UkhSUT09
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CAN vs CPS

CPS

It deals with fields over the
whole space-time.

CAN

Spacetime M ~ R x X

@ Dynamical perspective. @ Explicit symmetries.

@ Universal structures. @ Null infinity.

@ Numerical approach. @ Conserved quantities.

@ Quantization schemes. | @ Higher-derivative =
1st-order.

@ Aparent loss of
symmetries. J @ No canonical structures. |
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Differential geometry

M space-time F space of fields
Finite dimensional manifold J Infinite-dimensional manifold
@ TM,V e X(M). @ TF,VeX(F).
o T*M, Q'(M). e TF G {F).
@ (TM)®" @ (T*M)®*, T(M). e (TF)®" ® (T*F)®, I(F).
Operators:
@ d ext. derivative. @ d ext. derivative.
@ ., int. derivative. @ u, int. derivative.
@ L, Lie derivative. @ £, Lie derivative.
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Differential geometry

M space-time F space of fields
Finite dimensional manifold J Infinite-dimensional manifold )
@ TM,V e X(M). @ TF,VeX(F).
o T*M, QY (M). o T*F, QL (F).
Q (Tf\.[)@”' ® (T*M)@)'-“‘, T(M). @ (TF)® ® (T*F)®", L
Operators:
@ d ext. derivative. @ d ext. derivative.
@ ., int. derivative. @ 4, int. derivative.
@ L, Lie derivative. @ £, Lie derivative.

Bicomplex framework: M x f)
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Scalar field

1 | ,
L(¢) = §Vﬂ@VQ@V019 € SZ”(M)J

dL = V,dpV*pvol, = Vo (doV@p)vol, — doV,Vhvol, =
— Fdo + dO

where E' = —Ug¢vol,, © = twvol,, and W = doV© .

Q:/d@:f do A Vaddvols J
e n

Symplectic form over Sol = {¢ € C>°(M) / Ugp = 0}
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Action

st:F-R  st= / E Le Q0 x F)
M

@ If I/ = L +dY, then S’ =§L.
o If S = st over contractible bundles, then L' = L + dY.

Sol(SY) = {¢ € F / dgS* = 0}

dSt = / d. dL=EAdo+de
J M

Jcops

Sol(S") = {¢ € F / E(¢) = 0} = F |

dL' = E Ad¢ + de’ @’:@+@I|Y+dZJ
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Symplectic structure

Given ¢ : ¥ — M Gauchy embedding:
0 = / Fde de e QLA (M x F)
J 3

(@) = / de’ = / *d(O +dY +dZ) = @ J
> S

Depends on the embedding :.

Qcps := 35,2 symplectic form on Sol(S). )
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Part IV: CAN formalism in a nutshell




CAN formalism

Q=0 x --- x Q" configuration space over X

CAN Lagrangian-action £ : 79O — R

L= / L L e Q85 xT0)
oY

Lagrangian (£, TQ) — Hamiltonian (X, PCM "< 7+Q)

Qg := cd|ql Adpr  —  QcaN = 30anQ7+0

Theorem (J.M-B, E.J.S Villasenor)
For every theory of any order such that Qcax exists, then

Qcps = Qcan
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Part V: Adding boundaries




Differential geometry on (M, N)

NCoM<M O (M,N):=Q"(M)x @ (N) |

@ d(o, B) := (da, y*a — dp)
@ (a1,81)A(ag, B2) :=--

0/ (a,b) /a—/b
M,N) M N

® d(M,N) := (M \ N,8N)

/ d(o,8) = | da-— [ (7"a—dpB) =
J (M,N) M JN

:/ Jo = / (10)"8 = e Ula)™s)
OM\N ON (OM\N,ON)
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Differential geometry on (M, N)

NCoM<M O (M,N):=Q"(M)x @ (N) |

@ d(o, B) := (da, 5*a — dp)
o ((11 B1)A(ag, B2) = -+

(a,b) /a—/b
M N

N)
(M. J\) := (OM \ N,0N)
*((1-.3) = (e, (Fla)"8).

/ dia = dar — / (fa—dp) =
J (M,N) M :

N
:/ J o —/ (J|a)*.5:/ J (e, B)
OM\N ON A(M,N)

O ()
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Differential geometry on (M, N)

NCOM< M Q(MN):=Q(M)x Q' (N) |

@ d(a, ”3) (da, 7" — df3)

o ((1-‘1, Ow 3) =

Q (a. b / (z—/
M.] M N

V)
I(M, N) := (OM \ N,dN)
@ F*(a, B) := (F*a, (F|5)*B).

0
/ d(a. ) = ] 7 (a, B) J
J(M,N) A(M,N)~

©
&/—*\
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Differential geometry on (M, N)

NCOM <M  Q(MN):=Q(M)x Q' (N) |

@ d(a,3) := (da, 5*a — dp)

@ (a1, 1)A(ae, B2)

Q ab /a—/b
M N

M, \/) (OM\ N,ON)
a, B) = (Fra, (Fls)™B).

©
\“fj'S:zﬁ
/-—-\;5
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Differential geometry on (M, N)

d(a, 8) = (da, " a — d3) O(M,N):=(OM \ N,ON)

/ d(a, B) = / 7" (a, B)
J(M,N) A(M,N) "~

(M. N) behaves as a manifold with boundary 9(M, N) |

y

(M., OM) behaves like a manifold without boundary! |
(M. OM) = () | o

Relative bicomplex framework |
( BieNeli F =T X" PN X0 5 J
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Action

Perimeter-B Ty

L e Q0 (M x F)
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Action

)
i/

ST — / (L,?) (L. ?) € QO (M, M) x F)
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Action

ST — / (L. D) (L,?) € QO ((M,0M) x F)
J (M, OM)

@ If L' =L +dY thenSL = st

Pirsa: 22050061 Page 19/42



Action
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Action

ST = [ (L,?) (L,7) € QO ((M,0M) x F)
(M, OM)

o If (I',7) = (L,7) +d(Y,7), then S&'T) = 5L
o IfSY =sloverc.b., then L' = L +dY
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Action

(L,?) € QO ((M,0M) x F)

o If (I',7) = (L,7) + d(Y,7), then S'T) = (LD
o 1f ST = sD over c.b., then (L', 7) = (L,7) + d(Y.7)

Sol(SED) = {6 € F / dyS=0 = 0}

dst = / dL.  dL=EAdo+de
JM
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Action

Sol(8E1)) = {6 € F / dpST0 = 0}

dsid — / g7  AL=EAds+de
(MO M)
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Action

() — / (L.7) (L,7) € QO (M, OM) x F)
(M,OM)

o It (I',7) = (L,7) + d(Y,7), then S/ *) = s
o 1 SI'Y) = SD over c.b., then (L', 7) = (L,7) + d(V.7)

Sol(SED) = {¢ € F / dySED = 0}

- [ F 7 dL =F Ado+de
(LD _ : I g )
" /(”-(‘)M) s dl — 70 =bAdp —db
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Action

Sol(SE0) = {¢ € F / dySED = 0}

7 - dL =FE Adop+ dO
(L) _ , 1 g B
o /(M.(‘)J[) (L. 5 dé — 7O =bAdp—db

d(L,7) = (E,b) Add +d(©,0)

Pirsa: 22050061 Page 25/42



Action

Sb) = / (L,?) (L,7) € QO (M, OM) x F)
J(M,OM)

?) + d(Y,7), then S&0) = gD

o If (L'.7) = (L.
SH over c.b., then (Z',7) = (L,7) + d(Y.7)

o lf &)

Sol(SED) = {¢ € F / dySED = 0}

& | 7 diL = FE Ado+dO
(LB _ : 1 K )
= /(M.(‘)M) Ak, 4) dl — 7O =bAdp—db

d(L,7) = (E,b) Adé +d(©,0)

7 Jcops

Sol(SY9) = {¢p € F / (E,b)(¢) =0} — F |
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Symplectic structure

Given ¢ : ¥ — M Cauchy embedding: |
Q' = / 1*d(0,0) = / dO —/ (20)*d@
(Z,08) ) o%
(@) = / 1'd(0',9) = / 'd((6,0) +d(Y.7) +d(Z,2)) :QIJ
J(£,0%) J(2,0%)

Depends on the embedding ..

Qeps = 57, Q' symplectic form on Sol(S'%). | o
_J
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Action

(L,7) € QO (M, OM) x F)

0) + d(Y,7), then SU¢ O = sd
) over c.b., then (I',7) = (L,7) + (Y, 7)

Sol(SE0) = {¢ € F / dySE0 = 0}

7 ' — dL = FE Ado + dO
(LE) _ .» 5 i _
B /(U AM) QL l) dé — "0 =bAdp—db

d(L,0)=(E,b) Ado +d(0©,6)

Sol(SE0) = {p € F / (ED)(@) =0} 25 F |
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Symplectic structure

Given ¢ : ¥ — M Cauchy embedding:
Q' = / vd(0,0) = / 1 dO —/ (2)5)*dO
(T,0%) J¥ oY%

@)= [ rded)= [ rd(©.9)+dr.n)+dz.2)
(2.,0%) (2,05)
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Symplectic structure

Given ¢ : ¥ — M Cauchy embedding: |
0" = / *d(0,0) = / 1 dO — / (2)0)*d
(Z,0%) 3 3}

(@) = /  'd(9,8) = / | ;@((@@H@(y@+Q(z_g)):Q?J
(X,0%) (33,8%)

Depends on the embedding .

Qcps = 75, Q" symplectic form on Sol(S'%9). | R

Qcps = Qcan ]
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Conclusions

Q We have developed a new formalism to derive the CPS
presymplectic form canonically associated with an action.

Q The bicomplex formalism is essential.

O We have proved that the CPS and CAN presymplectic
structures are equivalent.

Q Also true for higher-order theories and with boundaries.

©Q We have successfully applied to several theories of gravity
solving some open questions.
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Part VII: CPS of GR
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Metric GR

(m)

LE;{)(Q) = Rgvoly  lany(9) = agfr—ﬁvolg

m

dLyy = B0 dgas + dOGH J

aB s a0 & oy -
E(m) = (Rl( 5 g )\olg

GR - '3 W
O(m) — !"[T'VOlQ' Wa = VPdgas — ¢""Va d‘.(/j.li/

—aB

—_(m) * _
d? o(m) = b dT55 — (19 J

7aB *Q3 —af _
b(m)(g) (IX = IXL} j) VOlg

=GR
9()71)((1) = Ly VO]
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Metric GR

LJ(E;_D)(Q) = Rgyvol, ( ((mH)& (9) = _2§3§FH§V01§

drim = E dgag + dOG

—_(m.) * GR __ —af R
d? 700 = b(m)dT~z — dB J

—af ,.(_1_ e
b(m) (g) = — (IX I ) VOlg

_C7r —— - 3
0 (m)(g) = tpvolg 'z = —J2’dgas
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Tetrad GR

Tetrads — Metrics
I I,J
. Jap = NIJ€LES

Y

PR :
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Metric GR

L(m (g9) = R,vol, ( énﬁn (g)= —ZEEEF(_JV()IE

dLgy = B’ dgag + dOCE |
y

E((::) = — (Rl(‘“‘? 2J g°f ) vol,

: . A L1/
O} = by vOlg Wo =V7dgas — 9" Vadg,,

j(rr?) * —GR
dt™ - OCR = 5o dg. — B |

wapB o
bim)(9) = — (Ix — Kqg*™ ) vol;
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Tetrad GR

Tetrads — Metrics
g , I J
€ ' > Gap = NIJELER

(8

(I)GR B

dar(e) = Par(e) — =V e; with ¥ € SO(1,3) J

—(m)

rr 1t
LO(e) = L{) o ®crle)  7”(e) =Tiily o Par(e) |

1 " ’
L(f)(e) = 55[,_7;\1171'] Ae™ ke FY =™ L wIK Aurs
—(t 1 . — B
(ff( )(ff) — —§€IJKL (21\-’ tdns — w”) g™ AE” NI = eiv“
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Tetrad GR

Perimeter-B —

. (t) 1 GR
dL' = E;” nde’ +dOg, )

' ¥
(t) 5 ETJKLE /\(D /\dk,uAL

df") — ;oG =5 Ade —dd) |

E(;) = E],]KLEI Ael A NBdNT
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Metric vs Tetrad

SO =§Mo dar — dS® =dS!™. dder — Soll) = d5LSollH
: aGR ) *
O(m) (_)(CEF + da 9((”1) — Q(C;:{ — e J

(@ﬁf) 9(,,?)) (off‘ 7 ))+g(a,o)J

GR __ F#x* GR
Qi = ParYy,) J
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Conclusions

Q@ We prove the CPS equivalence of metric-GR and
tetrad-GR (same for Palatini and Holst).

@ The problem is cohomological (relative version), so we
need cohomological methods.
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Conclusions

Q We prove the CPS equivalence of metric-GR and
tetrad-GR (same for Palatini and Holst).

@ The problem is cohomological (relative version), so we
need cohomological methods.

O Lagrangian boundary terms are essential.

© Symplectic boundary terms are required.
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Thanks for your attention!

Permeter-B myp.

Geometric formulation of the CPS methods with boundaries
Physical Review D 103 (2021) 025011 [arXiv:2008.01842]

Proof of the equivalence of the symplectic forms derived from the
canonical and the CPS formalisms
Physical Review D (letter) 105 (2022) L101701 [arXiv:2204.06383]

CPS for gravity with boundaries: metric vs tetrad formulations
Physical Review D 104 (2021) 044048 [arXiv:2103.06362]

Palatini gravity with nonmetricity, torsion, and boundaries in metric and
connection variables
Physical Review D 104 (2021) 044046 [arXiv:2105.07053]

On the on-shell equivalence of general relativity and Holst theories with
nonmetricity, torsion, and boundaries
Physical Review D 105 (2022) 064066 [arXiv:2201.12141]
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