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Abstract: The "infrared problem” is the generic emission of an infinite number of low-frequency quanta in any scattering process with massless
fields. The "out" state contains an infinite number of such quanta which implies that it does not lie in the standard Fock representation.
Consequently, the standard S-matrix is undefined as a map between "in" and "out" states in the standard Fock space. This fact is due to the existence
of alow-frequency tail of the radiation field i.e. the memory effect. In massive QED, the Faddeev-Kulish representations have been argued to yield
an |.R. finite S matrix. We clarify the "preferred " status of such representations as eigenstates of the conserved "large gauge charge" at spatial
infinity. We prove a "No-Go" theorem for the existence of a suitable Hilbert space analogously constructed in massless QED, QCD, linearized
guantum gravity with massive/massless sources, and in full quantum gravity. We then suggest an "infrared-finite" formulation of scattering theory in
terms of correlation functions without any a priori choice of "in/out” Hilbert spaces.

Zoom Link: https://pitp.zoom.us/j/91774106578?pwd=TOtFS1BIRKNRNIIY dGNMWFIyUHBDZz09
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ECRTTELRZLEE GEVIETETEC FLETIVEEE
1. generic scattering of particles or fields from past to future infinity

2. The radiation field has a long time tail or a zero frequency part

A0 =- J du E (u,8) E(u,0) =

A,(u,6)
A0

Y

00

A,0) = du Ny (u,0) Np(u,0) =

—co

o (u, 9)
ab(g)
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LGEELULE CLELE GEVIETEYEC FEELLE

Massive charged scalar field ¢ coupled to electromagnetism
3

« Massive scalar asymptotics in the limit to ¢~ described

by b(p), b'(p), c(p), c' (p), where p lies on a unit
hyperboloid. (usual Fourier description)

« EM vector potential near & =
Ay ~ As(u,0) + O(1/r)
Radiative field: B4 = 0,44

e EM memory:
AA(G) ~ AA(’U, —2 +OO) = AA(U — —OO) = — Id’U,EA(’U., 9)
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LGEELULE CLELE GEVIETEYEC FEELLE

Massive charged scalar field ¢ coupled to electromagnetism

« Massive scalar asymptotics in the limit to ¢~ described

by b(p), b'(p), c(p), c'(p), where p lies on a unit
hyperboloid. (usual Fourier description)

« EM vector potential near & =
Ay ~ As(u,0) + O(1/r)
Radiative field: B4 = 0,44

e EM memory:
AA(G) ~ AA(’U, —2 +OO) = AA(U — —OO) = _—IdUEA(’U., 9)

Pirsa: 22050056 Page 5/22




Elt PeCle EGCE
Quantum operator-valued distribution: E4(u, 6).

5(61,62)
(uy —uy—i0™)2 94B

e Vacuum state: |wyg) (Poincaré invariant): {(wo|E1aEop|wo) o
« one-photon Hilbert space: test “wavefunctions” s 4 (u, )
s]|? o /d29/ dw w|s(w, 6)|?
0
L3

_ A 40
« If wavefunction has memory then s4 ~ ‘ff )

states with memory in standard Fock space!

and ||s||? diverges logarithmically. No
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Clit ERCRY LhZLEEERY EFGCEE

Use coherent states with memory

e Classical solution £ 4 (u, ) with memory A 4(6) = — [ du€4(u, 6)
o Ey — E 4 + 41 (automorphism of the operator algebra)

 New Hilbert space of states #a with memory A 4(6)

o F is unitarily-equivalentto F if and only if A4(0) = A, (6)

e Uncountably-many inequivalent Hilbert spaces!
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LESTULE CLELE ECATTELRELE

« EM with no sources: A%9*(8) = A"} (—8); antipodal map 6 — —6 on S’
S .

e EM with classical source: A% (0) = A’} (—60)+ classical current term

e EM with massive quantum field: given a A?(Q) no definite out-memory!

o If we pretend that all states are in the standard Fock space % then S-matrix diverges
(Weinberg soft theorem)

Idea: build Hilbert spaces using conserved quantities, not memory.
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LGEELUVE CELt GEVLIEYCYYC FEELLE

Massive charged scalar field ¢ coupled to electromagnetism

» Massive scalar asymptotics in the limit to i~ described

by b(p), b' (p), ¢(p), ¢! (p), where p lies on a unit
hyperboloid. (usual Fourier description)

« EM vector potential near FE:
Ay ~ Ag(u,0) +0(1/r)
Radiative field: B4 = 0,44

« EM memory:
A4(B) ~ As(u — +00) — Au(u — —o0) = — [duE4(u,0)
LElt ERCLY RELEERY EEGCEE
Use coherent states with memory
« Classical solution & 4(u, 8) with memory A 4(8) = — [ du€4(u,6)
o E 4 — E4 + E41 (automorphism of the operator algebra)
« New Hilbert space of states .# with memory A 4(6)
o Fa s unitarily-equivalentto F if and only if A4 (0) = A',(6)

* Uncountably-many inequivalent Hilbert spaces!

LClie FUCh EGCLE
Quantum operator-valued d/stribution: E 4(u, 8).

. ; . . d9(6,,62)
 Vacuum state: |wo) (Poincaré invariant): (wo|Eq 4 Eap|wo) w07 448

» one-photon Hilbert space: test “wavefunctions” s 4 (u, 8)

Hs||2c:fd28/o " dw wla(w, O)

; Aul0
« If wavefunction has memory then s 4 ~ ’;f Land |Is]|
states with memory in standard Fock space!

diverges logarithmically. No

NHEEEEVE CELt ECRTTERERE

« EM with no sources: A%"(6) = A'}(—6); antipodal map 6 — —6 on s?
« EM with classical source: A% (6) = A" (—6)+ classical current term

* EM with massive quanturm field: given a A’} (6) no definite out-memory!

« If we pretend that all states are in the standard Fock space %) then S-matrix diverges
(Weinberg soft theorem)

Idea: build Hilbert spaces using conserved quantities, not memory.
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CeLELELRULED ChiGliCEe G EFGTEGL EhFELETY

« Qu(0) = Q- (6) + 2 A4(0)

L3

Qi (0) = Qir' (—9)

Find Hilbert spaces of definite charge Q,0(6)
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FLLLEEV-LULEEL hYLEERYT EFGCE
1. For any massive (/improper) momentum state |p1, s Py Qly-- -5 qn> the charge

k Q; (0; {pi, q:}) is the sum of boosted Coulomb charges.

2. add any EM state [1)) € Fa with memory chosen so that
Qin(6) = 0= Q; (6 {ps &:}) + 2”24 (6; {pi, ¢:})

3. Then the dressed state

fdspl 2 dSqnw({p’H qZ})|pla ceeyPnsqly .- -y qn> ® |¢>A(9;{pi,qi}) has zero
charge at spatial infinity.

4. Faddeev-Kulish Hilbert space b by direct summing over particle-antiparticle
number.

Charge conservation ensures that this Hilbert space scatters to itself! So the S-matrix
S A — #TE is well-defined.
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Fle WELELELY ElFGCLEEE rEEULEE

« Total charge cannot be dressed away; memory is £ > 1; always need equal number of
particles and antiparticles (hide particles behind the moon)

« Can define FK Hilbert spaces with any value of Q,0(€) but not Lorentz-invariant;
angular momentum/spin of states is undefined! (“Lorentz is spontaneously broken”)

e Massive fields always come with a radiative photon cloud; can hide the cloud at very
low frequencies but always have to send it in. Photon cloud completely decoheres the
states! (G. Satishchandran and R. M. Wald, to appear)

All these issues can be fixed in massive QED (on-going work with G. Satishchandran)
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CehelhVEL CchGhiele G Gy LGl ey
« Qu(0) = Qi (8) + 2 A(6)
. Q7(0) = Qi (-0)

Find Hilbert spaces of definite charge Q;(8)

Flv RELLEERY sl LEElEE

« Total charge cannot be dressed away; memory is £ > 1; always need equal number of
particles and antiparticles (hide particles behind the moon)

« Can define FK Hilbert spaces with any value of Q;(#) but not Lorentz-invariant;
angular momentum/spin of states is undefined! (“Lorentz is spontaneously broken”)

« Massive fields always come with a radiative photon cloud; can hide the cloud at very
low frequencies but always have to send it in. Photon cloud completely decoheres the
states! (G. Satishchandran and R. M. Wald, to appear)

All these issues can be fixed in massive QED (on-going work with G. Satishchandran)

FallEEU-hULEER Ll ERY EFGCLE

1. For any massive (/mproper) momentum state |py, ..., Pn, q1, - - -, qn) the charge
Q,-(8; {pi, q:}) is the sum of boosted Coulomb charges.

2. add any EM state |¢)) € % with memory chosen so that
Qio(8) = 0= Qi (6 {mi, }) + 2" A4 (6; {pi, ai})

3. Then the dressed state

[d&®p1...dqw({pi,ai})|p1, - s Pny @1, - - -5 @) ® [¥) A6:4p,,q,}) DS 2€TO
charge at spatial infinity.

4, Faddeev-Kulish Hilbert space JPEL by direct summing over particle-antiparticle
number. &

Charge conservation ensures that this Hilbert space scatters to itself! So the S-matrix
FK FK :
S:H°" = H" is well-defined.
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MGEELEEE CLELk
EM coupled to a massless quantum field (same issues with memory)

e For the FK construction: need to solve

Q(8) = 0 = J(6; {pi ai}) + 2 Da(6; {pir ai})
o« J(0;p) = 4(0,p) implies Ay ~ 1/(0 — P) (collinear divergence)

e Infact, A 4 is not i photon dressing has infinite energy!
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LrhEGLhrziEl Gty BErh lGeelzee el
Radiative field is News N4 p; gravitational memory is A 45(6) = [ duN4p(u, )

e For the FK construction: need to solve

Qi(0)ny = 0 = T (0;{pi, :}) + 22" A (6; {pi» ai})
e T(0;p) = d(0,p) implies A g5 ~ log(@ — p) (collinear divergence)
e but, A 4 is L?; dressing has finite energy!

o Qio(9)|£22 = (0 is not Lorentz-invariant, so no angular momentum/spin for these
states
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hehLZhEGLE Gl

Radiative field is News N 4g; gravitational memory is A 45(6) = [ duN4p(u, )
Qi(8) = [du Nyp(u,0)NAB(u,0) + 24 D5 A 45(0)

o The memory Hilbert spaces % still exist and memory is not conserved

e gravity sources itself, any kind of dressing will further contribute to the charge

Theorem: The only Hadamard state of fixed Q;0(6) is the vacuum with Q;0(0) = 0.

So no non-vacuum state is in any FK Hilbert space!
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reeliEee ChE THULE ELEERY EFGCEE

e massive QED: FK construction “works”; particle behind the moon, no states without
dressing (no coherent superposition!), if non-zero charge then infinite angular
momentum/spin

e massless QED: collinear divergences, infinite energy
e Lin. GR with massless source: infinite angular momentum/spin
e Nonlinear GR: no state except vacuum!

. k .
e Non-FK constructions also don't work; no way to ensure conservation of charge and
be Lorentz-invariant.

Problem: asking for a Hilbert space! Operator algebra is fine. Huge supply of states
which are well-defined as correlation functions of operators. Just cannot force all in/out
states into one Hilbert space
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GLCECEELGEC ECATYVELRELE
« In/out states defined as lists of correlation functions w(QO1, ..., 0,)

« Any such state lives in some Hilbert space, but not a/l states can be put in a single
Hilbert space

o Evolution/scattering is given by a $-map: $ : W' 5 W

« conservation of probability: w**(1) = 1 implies w®*(1) = 1;
no information loss: $ maps pure in-states to pure out-states

How to practically compute such a $2 7\ (V) / Usual methods like Feynman
diagrams/LSZ reduction do not work; Hawking (1976) has interesting ideas, but still
assumes a single Hilbert space

don't take a vacation yet! Or maybe take a vacation and think about it!!
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ChFhGLEE FEREYE
ECRTTELELE
1 eV & CUALTUL CLECETY

Kartik Prabhu
(with Gautam Satishchandran and Robert M. Wald) nn

LEREGLEEEE CLEVEYY UEVH hbeeLEeE ELULCE
Radiative field is News N 4p; gravitational memory is A y5(f) = [ duNgg{u,8)

« For the FK construction: need to solve

Q) = 0= T(0; {pr,}) + 227 Duz(0; {pi, ai})
« Ti8;p) = d(8, p) implies A g ~ log(f — p) (co

near divergence)

v but, A 4p is L?; dressing has finite enegy!

. Q,n(’ﬁ‘”iﬂ = 0 is not Lorentz-invariant, so no angular mementum/spin for these
states

[ 2 T

Radiative field is News N,y 5; gravitational memory is A 45(8) = [ duNap(u, )

Qo(8) = [ du Nyp(u, 0)NB(u,0) + ZADEA 45(0)

+ The memory Hilbert spaces %, still exist and memory is not conserved

o gravity sources itself; any kind of dressing will further contribute to the charge

Theorem: The only Hadamard state of fixed @0 (#) is the vacuwm with Qa(8) = 0.

So no nen-vacuum state is in any FK Hilbert space!

ECLYVELELCE GEVLYLYLE FLAYREEE
1. generic scattering of particles or fields from past to future infinity
2. The radiation field has a long time tail or a zero frequency part

aime [T apsea,

il ll,_.\,m
W

s Eyn=ay

—

_/\umﬂ_

LhiEelEee Ok
EM coupled to a massiess quantum field {same Issues with memory)

= For the FK construction: need to solve
Qal(f) = 0 = J(6; {pi, w}) + 2 A0 {pi, )
= J(f;p) = 8(8, 5) implies Ay ~ 1/(0 — p) (collinear divergence}

+ In fact, AA is not Lz; photon dressing has infinite energy!

momentum/spin

Nonlinear GR: no state except vacuum!

be Lorentz-invariant.

ates into one Hilbert space

massless QED: collinear divergences, infinite energy
Lin. GR with massless source: infinite angular momentum/spin
MNon-FK constructions also don't work; no way to ensure conservation of charge and

:Problem: asking for a Hilbert spacel Operator algebra is fine. Huge supply of states
swhich are well-defined as correlation functions of operators. just cannot force all in/out

[HESTUH YRS L OETETC R
Masswe chasged scalor ek 2 coupled o electromagnetism
- Massive Scalr anyEHCE I e A 1 describes

L ), Wihere p hes om aunit
Fyperosoi. (1 riarioa)

= EM vector potential near =
gl e
Ratiate e K, — By

- EMmemary:

Aalf) ~ Aufu — +00) — Aaln —~ —ac) - — fdul
Efit KGO UEEEEY EEL
Uz coherent stetes with memary

- Classical siutian £ {1, 8] with memary 8 (8] = — f duE ,{u, 8]
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= Mew Hibert spacs of sates ¥y min memory A
- False

e ager

siere ko F I anc oy I 24 ) =

- many nequvET HaIbert specst

UL Cle il G B
- Qeld) = Qu (8) + #2818

- Q20 - -8

P Hibert sposes of eAnie charge G (9

[CRINEERQEURLESSEES T

Rk Uk s
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i 80
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Eafu,0) Ry T

RLAEFUE CERE ECL R L

= EMwath no sources: A% [8) = AM(—#]); antipods map 8 s 8 on 5

= EMwitR Cussicarsource: AT () = AT ~)+ iascial curent term

1]
~ EMith s

s edel: ghvena A% () - definiie out-memoryt
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Fhbblbe-hlbieR hELLELRY EFLCLE
1. For any massive firproper) MOMentum state [Py, . . . Py, g1, - - - ) the charge
Q: 1#; {pi. 0;}) is the sum of boosted Coulomb charges.

2. add any EM state |4} & Fa with memory chosen 5o that
Qald) = 0= @ (03 {pa}) + B2 (8]
3. Then the dressedstate .
o JEr Aeulim gl P o) © W haszero

parmicies ana antipaicies (7

- AN GENE FX HIBETT SaCes Wi oo value of Qa6 but
‘anRder momentumapin of sates |5 undennest L ocancs

charge at spatial infinity.

2t Ltz i

4 Faddeav-Kulish Hilbert space 3% by direct summing over particie-antiparticle
number.

- Massue e oo,
o freguercies b abways hane b senc 1. Phoinn clous
states! {G. Satishzhandren and A, M. Wald, to sppear)

Hlthezs

i

Charge conservation ensures that this Hilbert space scatters tn itselfl So the S-matrix
5: 78 307K is wrell defined.

L El-GCEE

massive QED: FK construction “works”; particle behind the moon, no states without
dressing (no coherent superpositionl), if non-zero charge then infinite angular

(HEGEE

GLC ECGYYERELE
Infout states defined as lists of correlation functions w(Oi, PO 0,.)

Any such state lives in some Hilbert space, but not aif states can be putin a single
Hilbert space

Evolution/scattering is given by a $-map: § : w™ — w™*

conservation of probability: @™(1) = 1 implies w™(1) = 1;
no information loss: § maps pure in-states to pure out-states

How to practically compute such a 82 71 ('¥) /~ Usual methods like Feynman
diagrams/LSZ reduction do not work; Hawking (1976) has interesting ideas, but still
assumes a single Hilbert space

don't take a vacation yet! Or maybe take a vacation and think about it!!
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Fle WELELELY EFGCLEEE reEULEE

« Total charge cannot be dressed away; memory is £ > 1; always need equal number of
particles and antiparticles (hide particles behind the moon)

« Can define FK Hilbert spaces with any value of Q,0(é) but not Lorentz-invariant;
angular momentum/spin of states is undefined! (“Lorentz is spontaneously broken”)

Y

e Massive fields always come with a radiative photon cloud; can hide the cloud at very
low frequencies but always have to send it in. Photon cloud completely decoheres the
states! (G. Satishchandran and R. M. Wald, to appear)

All these issues can be fixed in massive QED (on-going work with G. Satishchandran)
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hehLZhEGL Gl

Radiative field is News N 4g; gravitational memory is A 45(6) = [ duN4p(u, )
L3

Q:0(0) = [ du Nap(u,0)N4B(u,0) + 24 D5 A 45(0)

o The memory Hilbert spaces % still exist and memory is not conserved

e gravity sources itself; any kind of dressing will further contribute to the charge

Theorem: The only Hadamard state of fixed Q;0(6) is the vacuum with Q;0(8) = 0.

So no non-vacuum state is in any FK Hilbert space!
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GLCEEELGEC ECRTYVELRELE
« In/out states defined as lists of correlation functions w(Oy, ..., Oy)

¢ Any such state lives in some Hilbert space, but not all states can be putin a single
Hilbert space

« Evolution/scattering is given by a $-map: $ : w'™ — W

« conservation of probability: w™™(1) = 1 implies w®*(1) = 1;
no information loss: $ maps pure in-states to pure out-states

How to practically compute such a $2 1\ () / Usual methods like Feynman
diagrams/LSZ reduction do not work; Hawking (1976) has interesting ideas, but still
assumes a single Hilbert space

don't take a vacation yet! Or maybe take a vacation and think about it!!
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