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Abstract: Three dimensional conformal field theories(CFTs) describe important critical physics in the real world. In the past few years much
progress has been made in 3D CFTs using the conformal bootstrap. In particular, using numerical bootstrap, the critical exponents of the 3D Ising,
Super-1sing, O(2), O(3) CFTs have been determined precisely with rigorous error bars, while using analytic bootstrap, the information of the leading
twist operators at large spins can be computed analytically. The two bootstrap approaches are sensitive to different regions of the spectrum and
complement each other. In this talk, | will first give a general review of the numerical bootstrap and analytic bootstrap. Then | will discuss how to
combine the numerical bootstrap with the analytic lightcone bootstrap, i.e. a hybrid bootstrap method. As a result, the bootstrap prediction for the
actual CFT can be significantly improved.

Zoom Link: https://pitp.zoom.us/j/94186668943?pwd=eRRbOM 4V XNjeVV CWGANnTHQyaWRyQT09

Pirsa: 22050053 Page 1/56



Pirsa: 22050053

The Hybrid Bootstrap

Ning SU
(University of Pisa)

31/05/2022 @ Perimeter

(Based on Ning Su, arXiv:2202.07607
funded by “:€FC )

.
..

Page 2/56



Critical phenomena : Ising model
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Ising model : studied for 100 years! ‘

Ernst Ising Lars Onsager Holy Grail !
1925 1944
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Traditional methods

Simulate an UV theory

UV Theory 1 UV Theory2 UV Theory 3

r\\‘it
IR fixed point

4—€ perturbation theory

4D Free Theory
: ,

_ € € 109

Ar=1-5+ 176+ 11663

3D Ising CFT
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Better starting point for 3D universalify class ?

A paradigm shift:

Study the theory exactly at the IR fixed point and non-perturbatively
(WITHOUT any flow)
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Conformal Bootstrap

Conformal Bootstrap :
use consistency conditions to constrain the macroscopic theory without resorting to the UV details

UV detasls /)

“If the 1971 renormalization group ideas had not been developed, the Migdal-Polyakov bootstrap would have been the most promising
framework of its time for trying to further understand critical phenomena. However, the renormalization group methods have proved
both easier to use and more versatile, and the bootstrap receives very little attention today.” K G. Wilson 1982 Nobel Prize Lecture

Revived in 2008. Many progress in the past decades.
An organic mix of High Energy theory, Condensed matter Physics, Computer Science
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Constraints for conformal field theory

_ _ | Y spin
1, Spectrum: infinite set of operators ‘}'@T\-* a=2-3/(3- 40

scaling dimension

O,
2, Interaction among operators : O, x 0, ~ >~ >_@;_ ~ Y [k

] Operator Product Expansion (OPE) coefficients

1 |
= |
. PR 2% = :
3, Crossing symmetry : 010:0304) ~ L >L_< - L IL’
K k!
“ 3 2 3

(Bbdd) = Y5 fiso Faulz. 7) =0
What choices of | ;.. A,) are consistent ?

All combined :
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Constraints for conformal field theory

spin
1, Spectrum: infinite set of operators O?-“ a=2-3/3-40

scaling dimension

O,
2, Interaction among operators : O, x 0, ~ >~ >_(); ~ Y [k

] Operator Product Expansion (OPE) coefficients

I I
=0 |
: AL 2 = ,
3, Crossing symmetry : 010:0304) ~ L >L_< : L X,
A k!
“ 3 2 3

All combined : (9988) = 3o fiso Farlz,2) =0
What choices of {f;;i., A;} ase consistent ?
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Example of the bootstrap equation

Consider four-point function (é(z;) ¢(») ¢(x3) #(z4)) Iin 2D (Dolan and Osborn 2001, 2004) :

Yoecsxs foso® Fal2,2)=0

Fre=(1-2)A-2) a2, 2) - (22) ga(1-2,1-2)
0.2, D) =k it(D ks i)+ (2 0 2)

ke(2) = 277 o Fy (% f B: z)

2] 9
119" 134

.",H

) 5
I4 B3
29

s=1-2)(1-2)

-— A

a9 b f
I13" I4” 113" 14

i<zl Okl

Page 10/56



Overview

Introduction
Numerical bootstrap
Analytic bootstrap
Hybrid bootstrap

Outlook
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Bootstrap workflow

Bootstrap Equations

Correlators

. —— 1234 —
(P10203P4) ZleOfTHOFx(L% '(z,2) =0
0
Truncated Bootstrap Equations

a;"ag[Zf 10fa10F4; (2, 2) = 0] Withie 7= A
o

z2=z=1/2

— > Bootstrap Numerics
Ay, Ae | etc) l

Assumptions on spectrum

Feasibility Test
(Ay, Ae is allowed/disallowed )
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Numerics

How to solve Y. foso” Far(z. Z) =02 (bootstrap Equ. from (¢dded) )

Stepl: i M2, Z) = F s Cmn 02 0 Fxdz; Z) F, (z,Z) —» vector (cpy, €12, €23 ...)
—
Step 2 :
-
2 F
2 .
Fz o
/ Vs /
—
E,
Can't found a : feasible Found a - F,, = 0 : infeasible (rigorous)

@ : a linear functional taking f(z. 7) - R
Numerically it's a Semi-Definite Program(SDP).
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Bootstrap workflow

Bootstrap Equations

Correlators

: : — 1234) ., =y —
(P10203¢4) D fr20fuoFi39(,7) = 0
o]

Truncated Bootstrap Equations

a;"ag[Zf 10fa10F4; " (2, 2) = 0] Withm+r = A
o

z2=z=1/2

— > Bootstrap Numerics
Ay, Ae | etc) l

Assumptions on spectrym

Feasibility Test
(Ay, Ae is allowed/disallowed )
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Numerics

How to solve Y,y faso” Far(z. ) =02 (bootstrap Equ. from {(¢dded) )

Stepl: Kz, ) = Fosixn Cmn O 03 Padz; Z) F, (2. Z) - vector (¢cp. 12, €3 ...)
Step 2 :
-—
a
P N
/ Vs /
.
Fl
Can't found a : feasible Found a - F,, = 0 : infeasible (rigorous)

@ : a linear functional taking f(z. 7) - R
Numerically it's a Semi-Definife Program(SDP).
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Bootstrap workflow

Bootstrap Equations

Correlators

(P192¢0304) D fr2ofuoFi39(,7) = 0
0

l

Truncated Bootstrap Equations

a;"ag[Zf 10f310Fa; " (2, 2) = 0] Withim 4 < A
o

2=3=1/2 |,

— > Bootstrap Numerics
Ay, Ae | etc) l

Assumptions on spectrum

Feasibility Test
(Ay, Ae is allowed/disallowed )
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Bootstrap 3D Ising CFT A

Correlators : (cooo). {ecee). (eeoo)

Derivative truncation : A =43 1
Assumptions : o . € are the only two relevant scalars.

Ising: Scaling Dimensions

A
Monte Carlo
T = e .
1.4129
e a=2-3/3-4a
n=24,-1
1.4127
1.4126 Bootstrap
1.4125
0.51808 .51810 0.51812 0.51814 0.51816G 0.51818
17 =0.036298 (2), @ =0.11008 (1)
(Kos, Poland, Simmons-Duffin, Vichi 2016) .
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Bootstrap 3D super-Ising CFT

- % (,'J“o{)f 4 % UPu+ % cUPY+ ‘T o?

Bootstrapping (cooo) (Rong, NS 2018)

A =19,27,35,43,51

9
0.58435 0.58440 0.38445 0.58450  0.38455
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Lagrangian : £ = d@,; 0o, + m2 (¢, ¢,) + A (¢, &,)>
Bootstrapping all 4pt involves {v = ;. s = . t=0¢;0 il

A
1.5125 A,
1.598
Iy
1.5120 §
A=19
by 1.596
A=35
1.5115
A=d43
MC+HT (CPHV '06) 1.594
— « MC (XSLD "19)
1.5110
1.592
1.5105 i ~T ~ o - =T T e y-"
0.5189 0.5190 0.5191 0.5192 0.5193 0.5194 0.5195 0.5196 0.5184 0.5186 0.5188 0.5190 0.5192 0.5194

(Chester, Landry, Liu, Poland, Simmons-Duffin, SN, Vichi 2019, 2020)

CB(A=19
s CB(A=20)
CB (A =35
* CB(A=43)
MC (HV '11)
MC (H "20)

v.]

0.5196
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Difficulties in numerical bootstrap

Need to scan a parameter space with a large dimensional

Slow convergence at large A
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Lagrangian : £ = dé,; 0o, + m2 (¢, ¢,) + A (¢, &,)>
Bootstrapping all 4pt involves {v = ¢,. s = ¢’. t ¢, ¢ il

A
1.5125 A,
1.598
1.5120
A=19
[ 1.596
A=35
1.5115
A=d43
MC+HT (CPHV '06) 1.594
om— « MC (XSLD "19)
1.5110
1.592
1.5105 . ~T - Sio — =T - - Ay
0.5189 0.5190 0.5191 0.5192 0.5193 0.519 0.5195 0.5196 0.5184 0.5186 0.5188 0.5190 0.5192 0.5194

(Chester, Landry, Liu, Poland, Simmons-Duffin, SN, Vichi 2019, 2020)

CB(A=19)
*s CB(A=20)
CB(A =35
* CB(A=43)
MC (HV '11)
MC (H "20)

r.]

0.5196
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The navigator function

“feasible/infeasible” — a continuous measure of success (navigator function)
—
Unspecified 6,,,, A=11
- A, 1.50 Fas
202 L0 149 3 44 1 |
1.5¢ T 1.45!
Mav ] o} ,

N E 4

} ol
0515
6550

eehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Reese 2021)
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The navigator function

“feasible/infeasible” — a continuous measure of success (navigator function)

Unspecified 6,,,, A=11
A,
2,000 140 1 43

o4 14746
J.r) - i iy
Mav 1 of /i
051 w
0515 <
0.0
0520 &
) A%
eehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Reese 2021) .
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The navigator function

“feasible/infeasible” — a continuous measure of success (navigator function)

Unspecified 6,,,, A=11 1.50 [ g
A ﬁ
Ol{\ 1.40 1.42 1.44 1.46 i
p e ‘ 1.45!
1.5 o |
navi.g: »}' / :
N T 4 140
050 & f [
U‘,-“ l " ,:‘f A !
A, 0.0 % i
0.520° S
).525 1.30

eehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Reese 2021)
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The navigator function

“feasible/infeasible” — a continuous measure of success (navigator function)

Unspecified 6,,,, A=11

A,

1 ;

1]('_‘-\'] _fvl‘ ; __E,.'.? it (_j.l
0. ’)'hl ' / "

0.5 =

0.0 {

0.9 ’O

525
eehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Reese 2021) v
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The navigator function : the intuitive idea

*:br‘f,
{?

e 7

N oL F&i,{g ’
T L// h"‘“(?

/V\M;ZQO?W

-

Foo

@

minimize 6, s.t. a(F, (2. Z)) = 0 for other operators in the spectrum
If min(#) = 90 ° : Infeasible; If min(6) < 90 ° : Feasible
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Overview .

Introduction

Numerical bootstrap
Analytic bootstrap
Hybrid bootstrap

Outlook
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The navigator function

“feasible/infeasible” — a continuous measure of success (navigator function)

Unspecified 6,,,., A=11

1 38 A, 1.50 Fes
ag . |

200~ TR 14 46 |

1.5 T e

fav],of ; ,
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(15105 v 140!
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Analytic lightcone bootstrap

Z» even spectrum

T
1.035!

1.030,
1.025!
1.020.
1.015!
1.010!
1.005!
e e T W w | an

Leading twist operator in o xo : Ajgoyy, = 24, +(+6

Inversion formula at the lightcone limit > << 1-Z << 1:
formation of low lying operators — Information of the leading twist operators at large spin
pproximately).
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Solving bootstrap equation at the lightcone limit

Prediction from the Inversion formula (Caron-Huot 2017; Liu, Meltzer, Poland, Simmons-Duffin
2020)

Generating function : C(z. &) = fraiee),(h) 2 Moo

IR

o k-ﬂl—”'qll 2) Qhr

¥ T 2 s Y- ¢ 2 v . p 1 - » -
Colz. h % frp0 28001 (ho — 2 he))* 2770 20 pxﬂp_q(ho. ho) e Xk hhoip2 he

.Lmall 2

C":' E) n 2‘()-;0”0' C:)(:' h)
At large h , the main contribution to C(z. k) at small = come from Cp(z. &) with small h,, .

Information of small twist operators — Information about |oc|g, at large ¢ .
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Analytic lightcone bootstrap : Example

Information of low lying operator : {e, 7%
Input : A, A, free: froT

Output :
A"'TC"O_J ] 2 AO’ + 7+

S .
fooe TR T(A) T(h=5+4,-1)

(0 [ 128 £2 1+ T(R)? T(h+a,-2)
"\ 3ar2Rr-1)r(a- L) r(R-a,+2)

o

[ A1) T(5) T80 5 TR+ §-+1)

( 128 (2y+20%(2)) 2,1 T(R)* T(h+A,-2)

3aT(2h-1)T(a,- 1)’ T(h-a,+2)

2

f2, TR T(A.) (2003 )+2 y) T(R- 3 +A,-1) I'(h)’ [(h+A,-1) )
(2 h-1)T(%)’ 1(a,- %)’ [(R+%-A,+1) (2 h-1) [(A,)? [(h-A,+1)

B = (B, +1) /2

)/
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Analytic lightcone bootstrap : Example

Aw.c.ml{ = .2 AO‘ + (’ + (5

loalo: 6,/6,-1
K

2|
0._. a {€,T) . .
= iterate inversion i o
0.1/
.l‘t:::;:'o: P P
- 10 200 30 40

~0.2|

An analytic question : exact 4 pt = lim,, ., inversion” [information of €, 7| ?
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Analytic lightcone bootstrap

Z» even spectrum
T
1.035]

1.030,
1.025!
1.020.
1.015
1.010!
1.005!

03 00| A, N SR

T S S S — {
1 N 10 20 30 40

Leading twist operator in o xo : Ajgoyy, 24, +(+6

Inversion formula at the lightcone limit > << 1-Z << 1:

formation of low lying operators — Information of the leading twist operators at large spin
pproximately).
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Analytic lightcone bootstrap : Example

=5

Aw.c.ml{ = .2 AO‘ +(+

loalo: 6,/6,—1

9|
0.2| . (eT) o
= iterate inversion ‘ o
0.1
.l'l;::;:'o: !
o 10 20" 30 40

An analytic question : exact 4 pt = lim,, ., inversion” [information of €, 7| ?
—
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Overview

Introduction
Numerical bootstrap
Analytic bootstrap
Hybrid bootstrap

Outlook
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Why hybrid?

Does bootstrap equations from (cooa). (eece), (ooee) uniquely determine 3D Ising A,,. A, ?

Numerically it means the island should shrink to a point.
So far the shrinking is very slow at high A, but we know a reason :

Traditional numerics : derivative expansionat > =z =1/2
Conformal block at 2 <<1-Z<<1: G ~ log(2)

Derivative expansion is exponentially inefficient for > - 0
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Why hybrid?

Numerics :around =2z =1/2 . sensitive to small A, small /.
Analytics : around z << 1-2<<1 : Aypy, = f(As. Ac. fooe. foor) accurate for leading twist at large /.
—
Error

\ Analytics

|

|

b > ¢
Small spin Intermediate Large spin

We should combine the numerics & analytics :
two difficulties in the past (before the navigator was invented)...
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Analytic lightcone bootstrap : Example

Aw.c.ml{ = .2 AO‘ + (’ + (5

loalo: 6,/6,-1

9|
0._. « {€T} . :
= iterate inversion : .
0.1/
.t“:::;:'o: — . !
. 10 20 7 30 40
-0.1} * .
~0.2|

An analytic question : exact 4 pt = lim,, ., inversion” [information of €, 7| ?
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The hybrid bootstrap

K

i

1, Choose (A, Ae, fue: fooes froT, Area of red)

o

. Compute analytic bootstrap
3. Run the numerics (navigator).

Analytics - S .
Y demanding operators exist in the shaded region

¢ 4. Repeat and minimize the Area

while navigator function < 0

Page 39/56
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The hybrid bootstrap

.

1, Choose (Ag, Ay, fuer fooes fooTTs
2, gompute analytic bootstrap
3. Run the numerics (navigator),

A demanding operators exist in the shaded region

¢ 4, Repeat and minimize the Area

while navigator function < 0

Page 40/56
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The hybrid bootstrap

4

/ Ve

1, Choose (A, Ae, fue: fooes froT, Area of red)

o

. Compute analytic bootstrap

] tw 3. Run the numerics (navigator).

Analytics : SRR .
Y demanding operators exist in the shaded region

¢ 4. Repeat and minimize the Area

while navigator function < 0 ¥
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The hybrid bootstrap

TParameter space

>

#1: Parameter — Analytics —
Numerics — I'[gavigator — Next Parameter

Decrease the red area

#2: Parameter — Analytics — Numerics
— Navigator — Next Parameter

Navigator=0 (can't decrease the red anymore)
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The hybrid bootstrap

analytic . analyti
s A=19: using Afpoy

A=19; using A

Iqely
" 8 N

- LQ=4
1_11.)63 1.41263
RS Lo=10  ° Ly=2 Lo=4

Lo=6 ¥
1.41262
1.41262
. Lo=8
1.41261
A, A
0.518148 0.518149 0.518150 0.518148 0.518149 0.518150

hybrid bootstrap at A = 19 predicts very precise values that are within the previous A = 43 rigorous
error bars!
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The hybrid bootstrap

analytic

A=19; using Ape, A=19: using Ajma™
A, RS
LQ=4
1_11.)63 1.41263
Lg=10 L@ Lo=2 : Lo=4
Lo=6 -
1.41262
1.41262
. Lo=8
1.41261
3 m - A, A
0.518148 0.518149 0.518150 0.518148 0.518149 0.518150

hybrid bootstrap at A = 19 predicts very precise values that are within the previous A = 43 rigorous
error bars!
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The hybrid bootstrap

log(|error]|)

Error

/
/ [
Analytics 4 -— ,L

Small spin Intermediate Large spin
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1

An lesson for numerical bootstrapper

A lesson for bootstrap numerics : the leading twist is important

In pure numerics, we demand A > d — 2 — ¢ (unitarity bound)
In hybrid numerics, we demand A = Ajeagine twist — €

A=19 pure numerics: 2D Ising : 6(A,)~10 §-aD Ising : 6(A,)~10 > ; 3D Super-Ising : 6(A,)~10 *

Zy even spectrum

10 R
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An lesson for numerical bootstrapper

A lesson for bootstrap numerics : the leading twist is important

In pure numerics, we demand A > d — 2 — ¢ (unitarity bound)
In hybrid numerics, we demand A = Ajeagine twist — €

A=19 pure numerics: 2D Ising : 6(A,)~10 6 -aD Ising : 6(A,)~10 > ; 3D Super-Ising : 6(A,)~10 *
Z> even spectrum
=

1.035|

1.030/
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An lesson for numerical bootstrapper

A lesson for bootstrap numerics : the leading twist is important

In pure numerics, we demand A > d — 2 — ¢ (unitarity bound)
In hybrid numerics, we demand A = Ajeagine twist — €

A=19 pure numerics: 2D Ising : 6(A,)~10 ¢ ; 3D Ising : §(A,)~10 > ; 3D Super-Ising : 6(A,)~10 *

Zs even spectrum
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: e e
Overview

Introduction

Numerical bootstrap
Analytic bootstrap
Hybrid bootstrap

Outlook
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Outlook

Huge potential ! and it’s really just the beginning!

—

Towards the full-fledged hybrid bootstrap

» Systematically improve the analytics
» Find a reliable way to estimate error
» Find a way to using multiple analytics information at the same time
» Run the hybrid bootstrap at larger A

» New SDP algorithm : Semi-Definite Program with dynamically changing condition
Applications

» Push the limit of bootstrapping 3d Ising, Super-Ising, O(N) ...

» Apply hybrid bootstrap to new models:
cubic model, scalar QED, ...
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The hybrid bootstrap

A=19; IlSillg' ..\i:—lcal{"nc A=19; using _\‘,J.':“
A, A
Lg=
1.41263 3 1.41263
i o , Lo=4
Lo=6 :
1.41262
1.41262
. Lo=8
1.41261 "
g A
0.518148 0.518149 0.518150 0.518148 0.518149 0.518150

hybrid bootstrap at A = 19 predicts very precise values that are within the previous A = 43 rigorous

error bars!
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The hybrid bootstrap

Error log(|error]|)
i = G =2
/ ol 5 10 15 20 25
Analytics ’,-’; — ,L .
—6} g > 23",
ot .. . La il - L] Lo
‘ 8 . ' e
| ! —10 =
| I ¢ . . .
-12 *

Small spin Intermediate Large spin
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A concrete goal

In 2D

In 3D

My guess :

Ao-.[emg

Acr,lemg

o =)

o s
]

1

n--)>5

34

=4

0.518148808

1
L\o--.Supr:'rlsing ;

A‘:;-.51.:1)61'151:1% = 0.58444

Sy

(related by Kac table)

(related by ?)

Ao supbelsing = )

T
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V]

(]

o

A =19,27.35.43.,51

A concrete goal
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A concrete goal

2D : Ay = L Ay Superlsing = i (related by Kac table)
In3D  : A, ng =0.518148 A Superlsing = 0.58444  (related by ?)
2 I3 )+4 _ lO 7 T5)-4 :
My guess : Ay ping = T3 =0.518148808 A, cuperlsing = —o— = 0.58444185
&7 (L)s > 1{q)-2
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Thank you
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