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Abstract: Quantum error correction and symmetries are two key notions in quantum information and physics. The competition between them has
fundamental implications in fault-tolerant quantum computing, many-body physics and quantum gravity. We systematically study the competition
between quantum error correction and continuous symmetries associated with a quantum code in a quantitative manner. We derive various forms of
trade-off relations between the quantum error correction inaccuracy and three types of symmetry violation measures. We introduce two frameworks
for understanding and establishing the trade-offs based on the notions of charge fluctuation and gate implementation error. From the perspective of
fault-tolerant quantum computing, we demonstrate fundamental limitations on transversal logical gates. We also analyze the behaviors of two
near-optimal codes: a parametrized extension of the thermodynamic code, and quantum Reed-Muller codes.
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The innards of an IBM quantum Chip ion trap for quantum computing
computer. Image Credit: IBM at NIST. Image Credit: Y. Colombe/NIST
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Quantum error correction protects quantum information from noise,

where logical qubits are encoded in a large number of physical qubits.

Noise

9-qubit Shor code

CQimd@oO
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Quantum error correction

* Quantum computing
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Quantum error correction

* Quantum computing
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Quantum error correction

* Quantum computing

* Quantum communication
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 Quantum sensing o) " e
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Quantum error correction

Toric code

Quantum computing

Quantum communication

Quantum sensing

Condensed matter physics:

Topological phases, eigenstate thermalization hypothesis, etc.

[Kitaev '97] [Brandao et al. "19] 4 .
Topological quantum

computing

Cim®@o
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Quantum error correction

Quantum computing

Quantum communication

Quantum sensing

Condensed matter physics:

Topological phases, eigenstate thermalization hypothesis, etc.
[Kitaev '97] [Brandao et al. "19]

* Quantum gravity:

Holographic codes, black hole information problem, etc.
[Almheiri et al. ‘14], [Pastawski et al. "15] [Hayden & Preskill ‘07] ...

HaPPY code
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Quantum error correction with symmetries

k
Symmetries
,f
Noether’s theorem
‘\')
Conservation laws

Qim0
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Quantum error correction with symmetries

Symmetries

A
/

LTy

Noether’s theorem :‘L
“’,‘

Conservation laws

Cimd@oO
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Perimeter Institute £ @Perimeter - Apr 5

The people have spoken1 Noether’s theorem defeated Maxwell’s equations
to win the Physics Frenzy Championship and claim the title of all-time
greatest equation in physics. Thanks for votlng and sharing your equation-

<D0

related love over the last three weeks! hubs.ly/Q017g_KDO

2022 PHYSICS FRENZY
[‘.HAMPI[IN

dI-I dI
I,H} =
gt Hl=—=0

I

#9 NOETHER'S THEOREM

O 20 1 237 O 891 g
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Quantum error correction with symmetries

Logical system Physical system

Cimd@oO
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Quantum error correction with symmetries

U,L(g9) Us(g)
B ~

4 ~ g QEC
» L N%

" ' Continuous

Symmetries

Logical system Physical system
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Setting: Quantum Information Processing
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Quantum error correction
{K;}i

Decoding Noise Encoding

Zflp«f |’£L) ‘{RL(—S H Ns H 85.;—.3 ]‘

Encoded physical state:

2o l(ce)s)

QEC

Logical state:

il
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Quantum error correction

Logical state:

2eWeltL)

Encoded physical state:

2o l(ce)s)

Corrupted state:

{ oo Kil(co)s) 3

il
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Decoding Noise Encoding

‘{RL(—S H Ns H55<—L ]‘
~ —]

QEC
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QEC condition ) < % ﬂ £ - )

Ky lco) Kils)

> Kileq)

Noise: K

|C0) |I|DS>

|c1)

Codewords Corrupted codewords
(co]KTK|c;,) = 0 (orthogonal) ;
(co|KTK|co) = (¢1|[KTK]cy) (same scale) {)K KP < P

[Bennett et al. ‘96, Knill & Laflamme ‘97]

il
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QEC condition ) < % ﬂ £+ 1)

Ky lco) Kils)

‘ i K> 1s)
|C0) |I|DS> K2|C0) N
k ‘ i
> Kile1) ,
|C0) WJS) Kz|c1)
Icy) Noise: {K;} ‘

|¢1)
Codewords Corrupted codewords

(co]|KTK|c;,) = 0 (orthogonal)

..I..
<C0|K+K|Co) = (C1|K+K|c1)(same scale) PKL I{]P X P
(QEC condition)

[Bennett et al. ‘96, Knill & Laflamme ‘97]

il
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Codes with symmetries: Covariant codes

—{‘lls(g H SeL ]’
@ Decoding —
f—{ Encodinhg -{ Eset H ]7

Group G-covariance

Alice Bob
U,(9) Us(9)

Reference frame QEC
[Hayden et al. PRXQ'21]

CQimud@oO
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Codes with symmetries: Covariant codes

Physical System
T lco), [¢q) -+

charge conservation, Us(g9) &
energy conservation,

l I
Logical System Ancillary System Group G-covariance

10.), 1100, [Wanc) ¢ U(g)[Wanc)

G-symmetric encoding: U(g)X = VU(g)

il
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Codes with symmetries: Covariant codes T

Physical System

charge conservation, T o), leg) -+ Us(g) Eser
energy conservation,
V y i
-[ EseL HuL(g) ]’

l I
Logical System Ancillary System

10.), 1120, [Wanc) < U(g)[Wanc)

Group G-covariance

Quantum gravity
[Harlow & Ooguri. PRL'19 & CMP’21]

G-symmetric encoding: U(g)V = VU(g) [Yoshida PRD’19]

CQimd@oO
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Good memory vs. Easy computing

L3

|) < Identity — |)) @  |p) < Decoding— Noise — Encoding —|i)

CAimd@oO
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Good memory vs. Easy computing

|) < Identity — |)) @  |p) < Decoding— Noise — Encoding —|i)

Logical : '
Uplp) < G%te — |¢) & Up|y) < Decoding — Pfg:;gal — Encoding —|)

Qim0
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A toy example

Logical bit Codeword Corrupted codeword Majority voting

( 0 0 Y
s 0 1
n-bits
0 : : 0
| 0 0
(1 0
T n-pits! 1 1 1
1 1

Can correct errors fewer than [n/2] — 1.

Error probability: p — p/™/2l
QimdoO
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[

A toy example

Logical bit Codeword Corrupted codeword Majority voting

(0 0
.| 0 1
n-bits
0 s : 0
| 0 0
(1 0
T n-bits! 1 1 L
| 1 1

Can correct errors fewer than [n/2] — 1.

Error probability: » — p/™/2\
QAim@O
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A toy example '

Logical bit Codeword Logical NOT Gate Majority voting

0 v 1
0 1

0 E : 1
0 1
1 0

1 1 0 0
1 0

Logical NOT gate = Physical NOT gates on each bit.

CQimd@oO
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A toy example

Logical x Codeword Corrupted codeword Averaging

x€R (5 iy ] ERP Yo=2%p+2Z, Y=x+Z,/n

il

Pirsa: 22040103 Page 28/76



A toy example

Logical x Codeword Logical shift Averaging
x€R (%1, X3, .. X)) ER® Ypn=x,+A Y=x+A
. ; L :
R

Logical shift =
H Physical shift on each x.

Cimd@o
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T B =

A toy example

Logical x Codeword Logical shift Averaging
x€R (%1, X3, ... Xp) ER™ Yn=x,+A Y=x+A
_ | : .

When 4 < o/+/n, gate
and noise are
j\ indistinguishable!!

il
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Good memory vs.
Easy computing

QEC condition®

il
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53
Good memory vs. i\e |
Easy computing |

- )

QEC condition

CAimO©0O
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Eastin-Knill Theorem

For any quantum code that corrects local errors, the set of transversal

5 . g k
logical gates is not universal. [Eastin & knill '09]
- & fault
/ AY
— tolerance!
LSS, Sp ) e— L Us, = 2
\ /

———————————————

Physical System  Logical System  JK—Us,

Us, ® Us, ®-® Us, 4% U,

_USn L

Physical Gate Logical Gate

Qim0
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Eastin-Knill Theorem Y od
For any quantum code that corrects local errors, the set of transversal
logical gates is not universal. [Eastin & knill '09]

r W B N ult
{’ S1 So ) | S, 1 L — —>x toleraree!

———————————————

Physical System Logical System )(— U j)(
S

Us, ® Us, ®-® Us, 4% U, RV

Physical Gate Logical Gate

il
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] -
Eastin-Knill Theorem

For any quantum code that corrects local errors, the set of transversal
logical gates is not universal. [Eastin & knill '09]

B & fault
« L —Us, tolerance!

———————————————

Physical System Logical System * )(— Us, —>)(

Us, ® Us, ®-® Us, 4% U,

_USn >

Physical Gate Logical Gate

CQAimd@oO
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Eastin-Knill Theorem
For any quantum code that corrects local errors, the set of transversal
logical gates is not universal. [Eastin & knill ‘09]

B~ ~ ult
:’ s, S ... (9 < L _ —>x toleranse!

———————————————

Physical System Logical System )(— U *X
S

Us, ® U5, ®® Ugn o U _)x

Physical Gate Logical Gate

Cimd@eo
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QEC condition
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Gate {9},

HP = PHP < P = ¢'H9pP « P,
for some local H

PK]K;P x P

QEC condition Both gate and noise

act as the ident'ﬁy in
the code subspace.

Local noise E PEP « P, for local operators E.
Qim0
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] =
Eastin-Knill Theorem

For any quantum code that corrects local errors, the set of transversal
logical gates is not universal. [Eastin & knill 09]

- o o o o = o =y

———————————————

Phy5|cal System Logical System

iHs. 6 iHs,0 & ... oiHs, 0
Je's ® e'fs:f ®---Qelfsn® 4 U

Physical Gate Logical Gate

Cimd@o
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] -
Eastin-Knill Theorem

For any quantum code that corrects local errors, the set of transversal
logical gates is not universal. [Eastin & knill 09]

_______________ The connected component of
Phy5|cal System Logical System | the identity as a subgroup of
the entire group of transversal
logical gates acts as the

iHg,0 iHs,0 ... ® eliflsyf
e™5” @ et Q- @ ey Nadi R identity in the code subspace.

Physical Gate |dentity

il
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QEC vs. Continuous symmetries

{Ki}i

(o)

il

Pirsa: 22040103

U(1) covariance
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QEC vs. Continuous symmetries

{Ki}i {e~tHs0}

]—[ :
= : QEC condltlon =

= + 3
PK K;P OC P,Vi,

QEC U(1) covariance

} IHLB}

il
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QEC vs. Continuous symmetries

{Ki}i {e~Hs0}

et e

W "

: QEC condltlon

: + 7. e
PK KijP < P,Vi,

QEC U(1) covarianee

lHLB}

When H; € span{K;rKj}, H,; acts as the identity.

il
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QEC vs. Continuous symmetries =/ 8

{Ki}i {e~Hs0}

et e

W .

: QEC condltlon

: + 7. e
PK KijP < P,Vi,

QEC U(1) covariance

lHLB}

A
When H; € span{K;rKj}, H,; acts as the identity.

(the Hamiltonian-in-Kraus-Span (HKS) condition)

il
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QEC vs. Continuous symmetries

{Ki}i {e~Hs0}

et e

W .

: QEC condltlon

: + 7. e
PK KijP < P,Vi,

QEC U(1) covariance

lHLB}

When H; € span{K;rKj}, H,; acts as the identity.

(the Hamiltonian-in-Kraus-Span (HKS) condition)
Charge
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Approximate QEC vs. Approximate symmetries |

‘—{ Ries H N H Ese1 }* —[ Usp H Esey }'
g e

Approximate QEC Approximate U(1) covariance

e: Distance measure between R; g0 Ngo & ; and [

d: Distance measute between Ugg o Eg; and Eg 0 Uy g

CQAimd@oO
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Approximate QEC vs. Approximate symmetries

P,

[ ]
‘—[ Rics H N H Ese1 } —[ Usp H Esey ]’
g ~s

Approximate QEC Approximate U(1) covariance

e: Distance measure between R; g0 Ngo & ; and [

§: Distance measure between Ugg ° Eg; and Eg ;0o U

il
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] B
’X
QEC and symmetry measures T S
QEC inaccuracy: € = J%'?Nnin DCRL(—S oNgo&sy, ]IL) D(:,-): Purified distance.
LS

(Group-)Global covariance violation: §; == mf?xD(’uSﬂ 0 Esep,Eser © Upp).

(GFOUp~)Loca| covariance violation: F(-): Quantum Fisher information (QFl).

dp = \/23592('“5,9 ° EseryEser © Upg)lo=o = JF('U&H ° Eser, o Uj )lo=o.
k

Charge conservation violation: 6 := A (HL — S;ﬂ_s (Hs))- A(A) = Amax(A) — Amin(4).

[Faist et al. PRX'20]

il
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Main Results N

Cimd@o
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Main results ¥ 7o -

« Various trade-off relations between QEC and continuous symmetries.

* ?

Cimd@oO
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Main results Y 1 og

« Various trade-off relations between QEC and continuous symmetries.

AH; — 2€3(Ns, H AH ?
5z [M—263WNsfls) L 55 t . :
AHS \/43(]\[:‘9! HS)
: Strengths of Hamiltonians. : Related to the HKS condition.
Amax(H) — Amin(H) : QFl Ofm o u.‘fﬂ-

CQAimd@oO
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Main results

» Various trade-off relations between QEC and continuous symmetries.

6} AHL _ZES(M,Hs) E+6> AHL ?
~ » ~ I [ RN
AHS \/4%(N5'r HS)
: Strengths of Hamiltonians. : Related to the HKS condition.
Amax(H) — Amin(H) : QFI of NG o US'_F)-

« Code examples that nearly attain the bounds.

Previous works: [Faist et al. PRX’20]
. [Woods & Alhambra, Quantum’20]
* Lower bounds on the QEC inaccuracy € when § = 0, tiitiles & D Dobir skl BRI20)

[SZ et al. Quantum’21]

» Code construction that nearly attains the lower bounds. [Yang et al, arXiv 2007.09154]
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Behavior of the trade-off relations

AH; — 2eB(fes) AH,,

5> E+o6=

O(n VASCO A

For sufficiently small §,

c=a()

For sufficiently small €,

il
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T am amm am s wm am

Random local noise:

Noise acts on one subsystem
chosen uniformly at random.
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Behavior of the trade-off relations

o~ I', \‘
5o MM 23N Hy) L 5n  AM A 4
AHg \/43(]\@;&9) : i
I SZ :
L
©®
I.I.D. noise:

Noise acts on every subsystem
with a fixed probability.
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Behavior of the trade-off relations 32/
T AH s
5> AHL ZAE:S(.P;:\.HS) E+5> L i il |
om
1 SZ “
@

.1.D. noise:

Noise acts on every subsystem
with a fixed probability.

il
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T -
i

0
i1
i"‘

!’/.f

-

Behavior of the trade-off relations

o
/

O~ 2T 3 Il' \‘
5> AH; — 2eJ(le0ls) E+8 AH, : Sl i
T VASOIOE 5 |
! Sz :
o+ L
For sufficiently small §, 6,6 |
/1) 1 | |
€ = () (_;,) £=i{l (ﬁ)“‘lk R\ Sn /

.1.D. noise:

Noise acts on every subsystem
with a fixed probability.

il
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Behavior of the trade-off relations 154 8
Yy AH s
5 AH, 2Ae:5(., )] 46> L : il :
N2 oo P
1 5'2 1
L
For sufficiently small &, i :
_q( _a(i . Sa ]
6= (?u) &=l (ﬁ) f ‘i';-:?t._-_,’

For sufficiently small €, _
I.1.D. noise:

5 =0 (*1_) _ Noise acts on every subsystem
Vn with a fixed probability.

CQAimd@oO
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Limitation on transversal logical gates 1o

——

Consider a QEC code that corrects local errors and admits a transversal
implementation Vs = @™, e~ 2™ s1/P of the logical gate V, = e 2"HL/D where D is
an integer, and H, s have integer eigenvalues and have constant scalings.

Cim®@o
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Limitation on transversal logical gates

——

§E Q(1/yn)

Consider a QEC code that corrects local errors and admits a transversal
implementation Vs = @™, e~ 2™s1/P of the logical gate V, = e"27HL/D where D is
an integer, and H, s have integer eigenvalues and have constant scalings.

il
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Limitation on transversal logical gates

——

’ ~
/ A
Sl SZ S—n ':‘_ L
\ ’
—LZTEH" —i2mH —i2mH
eXp( D Sl)® eXp( D Sn) B EXP( D L)

6 = Q(1/yn)

Consider a QEC code that corrects local errors and admits a transversal
implementation Vs = @™, e~ 2™ s1/P of the logical gate V, = e 2™HL/D here D is
an integer, and H, s have integer eigenvalues and have constant scalings.

il
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Limitation on transversal logical gates

——

' S, S, S, e— L
oo (01 .. (58 e (") 5= 0/,
D = 0{n?"2).
exp(ifHg,) ® -~ exp(i6Hs,) ~s exp(iOH,) (%)
6 =Q(1/+/n)

Consider a QEC code that corrects local errors and admits a transversal
implementation Vs = @™, e~ 2™ s1/P of the logical gate V, = e 2™HL/D here D is
an integer, and H, s have integer eigenvalues and have constant scalings.

il

Pirsa: 22040103 Page 61/76



Example: Quantum Reed-Muller code

- Em Em e Em Em Em Em e,

- ~

/ \

552 - (5 ) —( L

A /

inZg inZs \ _ —inZ),
o ()0 o () = e (2

Consider the [[n = 2¢ — 1,1,3]] quantum Reed-Muller code:

) = = (Sremman™®) 1) = 7= (Zee sl +0))-

The code is exactly error-correcting against single-qubit
errors, and is approximately covariant:

€ =0, 0~ =

S~
SE

il
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0

L]

v:+ 03
v, tuov;
v, t+ o
o to:t o
1

1+o,
1+uv:
1+,
1+o,+0s
1+v,+ 05
1+0,+ 0

1+, +0:24 05

0000000
0001111
0110011
1010101
crr1ri100
1011010
1100110
1101001

I111111
1110000
1001100
0101010
1000011
0100101
0011001

0010110

ler) = X% o)

<o)




Example: Modified thermodynamic code

- e,

[Brandao et al. PRL'19, Faist et al. PRX'21]

Thermodynamic code: a spin chain with the total charge Hg = — Y, Zg,.
lco) = IM)picke X X jegor, /) le1) = |-M)picke X X jeo,yn, 1)
M Hglj)=mlj) Hsl|j)=—mlj)
Qim@O
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Example: Modified thermodynamic code

- e,

I, \\
VS S Sn g+ L
\\ ) ,I
exp(i0Zs,) ® -« exp(i0Zs,) = exp(—i0Z,),v0
[Brandao et al. PRL'19, Faist et al. PRX'21]
Thermodynamic code: a spin chain with the total charge Hg = — Y., Zg,.
lco) = IM)picke X X jegor, /) le1) = |-M)picke X X jero,yn, 1)
Hglj)=mlj) Hsl|j)=—mlj)

The code is exactly covariant, and approximately error-correcting against
single-qubit erasure errors:

il
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Example: Modified thermodynamic code

Exact covariance Exact QEC
6=0 e=0
Parameter q € [0,1] . .
0 1
Consider a spin chain where the total charge Hy = — Y., Zg,.

|cd) < VAlM)picke + VAT —T)pickes  |€F) X VAl—M)picke + VIR M) Dicke-

The code transits smoothly from an exactly covariant code to an exactly
error-correcting code when q increases from 0 to 1:

" (I—gm _ (1—4q)m 5 J4qm _ qm
TR TR Sy

CQAimd@oO
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Proof Techniques

CQimud@oO
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Proof technique: Charge fluctuation

Charge fluctuation y = (¢o|Hglco) — (¢4 |Hgl¢q)-
|co) and |c;) correspond to the largest and the smallest eigenvalues of H; .

il
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Proof technique: Charge fluctuation Y o &
Exact QEC Exact covariance
e=0 §=0
Charge fluctuation: y ® .
0 AH;

Charge fluctuation y = (¢o|Hglco) — (¢4 |Hgl¢q)-
lco) and |c;) correspond to the largest and the smallest eigenvalues of H; .
When the code is exactly error-correcting (e = 0),
The QEC condition: PK,'K;P « P,
The HKS condition: Hs € span{K, K;, Vi, j},

= PHGP < P, = y=0.
L)

il
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Proof technique: Charge fluctuation y 1o &
Exact QEC Exact covariance
e=10 =0
Charge fluctuation: y ® .
0 AH|

Charge fluctuation y = (¢o|Hglco) — (¢4 |Hgl¢q)-

|co) and |c;) correspond to the largest and the smallest eigenvalues of H; .
When the code is exacEIy covariant (§ = 0) and the encoding isometry is W,
[Faist et al. PRX'20]

v eR, WYHW =H, —vI,,
= ¥ = (0 [WTHW|0,) — (1, IWTHW|1,) = AH,.

CQAimud@o
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Proof technique: Charge fluctuation

Exact QEC Exact covariance
e=0 a=10
Charge fluctuation: y ® .
0 AH;

Charge fluctuation y = (¢o|Hglco) — (¢4 |Hgl¢q)-

|co) and |c;) correspond to the largest and the smallest eigenvalues of H; .
AH, —
5> |AH), — x| k
AHg

il
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Proof technique: Charge fluctuation

Exact QEC Exact covariance
e=0 =0
Charge fluctuation: y ® .
0 AH;

Charge fluctuation y = (¢o|Hglco) — (¢4 |Hgl¢q)-

lco) and |¢;) correspond to the largest and the smallest eigenvalues of H; .

. AH;, — 2€5 |AH), — x|
i = B = < Dl
\/ AT AH; e |yl <263

il
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Proof technique: Gate implementation error

Gate implementation

e et -
o e

'{Rws}' N {ESG-L }’ — Usg ]‘[ Eser [
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I —
Summary and outlook

« Tradeoff relations between QEC and continuous symmetries.
» The relations are near-optimal in certain cases, shown by construction.

» Other types of tradeoff relations based on different symmetry measures;
Other proof techniques based on quantum metrology, quantum resource
theory, etc.

« Application in fault-tolerant quantum computation.

« Potential physical applications in quantum gravity (AdS/CFT, black hole
information problem), many-body physics, etc.
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