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Abstract: We develop a new method for bosonizing the Fermi surface. In this method, a system with a Fermi surface is described as a coadjoint orbit
of the group of canonical transformations. The method naturally parametrizes the Fermi surface by a bosonic field that depends on the spacetime
coordinates and the position on the Fermi surface. The Wess-Zumino-Witten term in the effective action, governing the adiabatic phase acquired
when the Fermi surface changes its shape, is completely fixed by the Kirillov-K ostant-Souriau symplectic form on the coadjoint orbit. We show that
the resulting local effective field theory captures both linear and nonlinear effects in Landau's Fermi liquid theory. Possible extensions of the theory
are described. Reference: arXiv:2203.05004.
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® |andau’s Fermi liquid theory
® LFLT as dynamics of shapes
e Coadjoint orbit

® Group of canonical transformations and its
coadjoint orbits

® Reformulation of LFLT

Reference:
Luca Delacrétaz, Yi-Hsien Du, Umang Mehta, DTS
arXiv:2203.05004

Pirsa: 22040042 Page 3/45




9:41 AM Tue Jan 9 T oll F 100% -

< 8 Q [ M P12022 - B X

SOVIET PHYSICS JETP VOLUME 3, NUMBER 6 JANUARY, 1957
The Theory of a Fermi Liquid

L. D. LANDAU
Institute for Physical Problems, Academy of Sciences, USSR
( Submitted to JETP editor March 7, 1956)
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058-1064 ( June, 19~Sﬁ]

A theory of the Fermi liquid is constructed, based on the representation of the perturbation

theory as a functional of the distribution function. The effective mass of the excitation is
found, along with the compressibility and the magnetic susceptibility of the Fermi liquid.

Expressions are obtained for the momentum and energy flow.

If we consider a [Fermi gas at temperatures
which are low in comparison with the temperature
of degeneration, end introduce some weak inter-
action between the atoms of this gas, then, as is
known, the collision probability for a given atom,
which is found in the diffuse Fermi zone, is pro-
portional not only to the intensity of the interac-
tion, but also to the square of the temperature.
This shows that for a given intensity of interaction,
the ‘“indeterminacy of the momenta’’, associated
with the finite path length, is al so small for low
temperatures, not only in comparison with the size
of the momentum itself, but also in comparison
with the width of the Fermi zone,proportional to Page 4/45
the first power of the temperature.
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® Sometimes it Fermi liquid is described as a “free
Fermi gas” of Landau’s quasiparticles

® This is not completely true: interaction between
Landau’s quasiparticles follows a specific pattern

S & .
® |t is instructive to first describe the structure of
Landau’s fermi liquid theory as originally sketched

Pirsa: 22040042
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Free fermions: Liouville’s
equation

® Phase space distribution function f(7, X, p)

® Liouville’s equation

0 of v)
—f+vp-l+(E+vpr)-—f=0
ot 0x op
R
® Moreover, if the initial condition has a Fermi
surface ( f = 1 inside, f = 0 outside), then this is
preserved under time evolution

® Dynamics of shape page st
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Free fermions: Liouville’s
equation

® Phase space distribution function f(7, X, p)

® Liouville’s equation f=
af af af w £ E—F
—+v,-—+E+v, XB)-— =0

A
® Moreover, if the initial condition has a Fermi
surface ( f = 1 inside, f = 0 outside), then this is
preserved under time evolution

® Dynamics of shape -
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Dynamic of shapes
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Free fermions: Liouville’s
equation ~

® Phase space distribution function f(7, X, p)

® Liouville’s equation - |
of of of uls G
—+v, —+E+v,XB).-— =0
otV o TR XB) o £ &

R
® Moreover, if the initial condition has a Fermi
surface ( f = 1 inside, f = 0 outside), then this is
preserved under time evolution

® Dynamics of shape Pags 105
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Correlation functions

® Linear response:f = f, + of

00 do 9,
_f_|_v _f_l_Ei

= 1)
ot P ox op

from which one finds op(w, q) = I (w, QA(®, q)

dp Vp'q
2o w—v,-q+ie

My, q) = J 5(e, — )

® Nonlinear response can also be obtained
regime ov validity: w, v.q < €1
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Landau’s Fermi liquid theory

® landau’s Fermi liquid theory: modification of free
fermions

® “lLandau parameters” F(p,p’)

e,(X) = € + J F(p, p)5f(x, p)
”

e Kinetic equation

of 0 dey(X) \ 0
—f+vp-—f+ E+v,xB—-— Y
ot 9). 0). ap
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LFLT as a field theory?

® LFLT is not a field theory

® This disallows a large toolbox of Effective Field
Theory, as well as the insights from the Wilsonian

viewpoint

e Related proble: Non-Fermi liquids
example: (2+1)D fermions at finite density coupled

to a gauge field
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Previous work

e LFLT as an EFT of fermions: Benfatto-Gallavotti,
Polchinski, Shankar (early 1990s)

| / dt d°p { it} (p)0re (p) — (c(p) — er) ¢} (P)10 (P) }

o / dt A%k, dly d®ks dls A%k dly kg dl, V (k) Ko, ks, ki)

't,r'-";(pl)f-'-'népfi) -"‘L(Pz)t’-‘o’(P-l)fS:j(Pl + P2 — P3 — P4)-

® sometimes Fermi surface is divided into patches

® scaling properties of Landau and BCS couplings
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Bosonization

® |n 1+1 dimensions, fermion is dual to boson

| | |
= gaxfﬂ’ JL=-— z—ﬂ@;f/)

® Higher-dimensional bosonization: 1 chiral boson at
each pointon FS ¢ = ¢(x, 0)

PL

§ = [de ((/';ﬁ*g No—(7, W;)?)
Y
® Not clear how to write down interaction terms

® External field: mixing of modes with different 6

Pirsa: 22040042 . Page 15/45
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® We want to formulate LFLT as a field theory with
an action S/ ¢

oS

so that — = () gives Landau’s kinetic equation
A

® Method of coadjoint orbits

Pirsa: 22040042 Page 16/45
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Adjoint representation

e Consider Lie group (&, Lie algebra g
e Feg, el e@

® Adjoint representation of g and &:realized on g
Gegq:F»adgF={G,F}

Ue € :F— AdyF = UFU™!
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Coadjoint representation

® Dual space g*

e fe g* F € g then scalar product (f, F) € R

® Coadjoint representation:

(AdUf. AdyF) = (. F)

irsa: 22040042 Page 18/45
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Coadjoint orbits

e Takea f, € g*

e Coadjoint orbit @ﬁ} is the set of all points in g*

obtained from f, by coadjoint group action

0, =1{f13U € T : f= Adufy)

® Coadjoint orbit is left coset &/
UV~ U, f,=Adyf,

irsa: 22040042 Page 19/45
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Coadjoint orbits

e Takea f, € g*

e Coadjoint orbit O is the set of all points in g*
obtained from f, by coadjoint group action

O, ={fl1AV e & : f=Adyfy) fo
® Coadjoint orbit is left coset €/ I @

UV~ U, f=Adyf,

irsa: 22040042 Sé é Page 20/45

17 of 31




ol = 100% -l

PI2022 - B x -
D'/ O 90 & O EeEH T 000 — — e

Example: SU(2) group

o su(2)algebra: F= F - 7= F;t! + F)r* + Fyr°
® dual space: f = (f}, /5. /3)

® scalar product: (f, F) = f F

e Coadjoint actfon: SO(3) rotation of f

e Coadjoint orbit: sphere, |]?|2 = |J?() |2 / {

irsa: 22040042 Page 21/45
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Kirillov-Kostant-Souriau
symplectic form

® An important theorem in the theory of coadjoint

orbit: existence of a symplectic form (Kirillov-
Kostant-Souriau)

® defined this way:

o (Sh.0h) E(LIFLF)  ofy =adpf
Of, = ad;'2 i

® « does not depends on the choice of F| and F,
irsa: 22040042 and is CIOSEd
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Example: SU(2) group

e su(2)algebra: F = F - 7= F,7' + F,r2 + Fyr
® dual space: f = (f}, />, /3)

® scalar product: (f, F) = f F

® Coadjoint action: SO(3) rotation off

e Coadjoint orbit: sphere, |}?|2 = |f_:0|2

irsa: 22040042
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Canonical transformations §

® Fermi liquids will be identified with coadjoint
orbits of the group of canonical transformations

® |[nfinitesimal canonical transformations: F(x, p)
X > X =x—-€eV,F

P—p =pt+eWF

preserves Poisson brackets

® Lie algebra with commutator

(F,G} = VF - V,F —V,F - V,F

e Lie groups: finite canonical transformations e’

Pirsa: 22040042 Page 24/45
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Dual space

® Dual space: also space of all functions f(X, p)

dx dp
(2m)

e Scalar product: (f, F) = J f(x,p)F(x,p)

® Physical interpretation:
® [ is an observable f= é%i
® fis a state (disEribution function)
e (f,F) is the average of observable F'in state f

® quantum mechanical equivalent: Tr ( fF)
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Coadjoint orbit

® As the reference state f, : ground state

Jop) =O(pr—|pl)

® Coadjoint orbits: states with sharp Fermi surface,
with the same total number of particles

® Evolution of the system occurs on the coadjoint
orbit

LN . - :
® OQOur task is to parameterize the coadjoint orbit
and write an action

Pirsa: 22040042 Page 26/45
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Parametrizing the coadjoint orbit

® \We work in perturbation theory: f = f, + of
® Parametrize group element U = exp(—¢) ?=&(x /

f = Adep-prfo = fo — {9 o)
=O(pr—|pl)+o(Ip| —ppny - Vi

e Stabilizer subgroup of f: V=expa, n,- V,a ||p|
LY

o p~d—at={p.a}+-
can be used to fix ¢ = ¢p(x,0)

=

=Pr

irsa: 22040042 Page 27/45
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Parametrizing the coadjoint orbit

® \We work in perturbation theory: f = f, + of

® Parametrize group element U = exp(—¢) @ = & ({{; (;;)

f = Adexp—pnfo = fo — {0, fi))
=O(pr—|pl)+o(|p|—prn,- Vo

e Stabilizer subgroup of f: V=expa, n,- V,a ip(=p, = 0
LY

-
o p~d—ats{p.al+
can be used to fix ¢ = p(x,0)

9 /o

2 AP % sﬁ? q‘%
A <
irsa; 22040042 QD 4 A > { AoV 4 Page 28/45
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The action

S = [dr (fo, U™10,U) — Jdr:?f[ f]

The first (WZW) term can be written as

]
Jer ds w(0,f,0,f)

0

where w is the Kirillov-Kostant-Souriau two-form dw = 0

3
The Hamiltonian for free fermions is

(f.e(p)) = (fo. U 'e(@)U)
Can be fully gauged

Page 29/45
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The action
S = sz (o, U 10U — [dt?f[ f1

The first (WZW) term can be written as

1
JdtJ ds w(d.f,0,f)
(

)

where w is the Kirillov-Kostant-Souriau two-form dw = 0

3
The Hamiltonian for free fermions is

(fre@) = (o UemU) - jamp JORLED

Can be fully gauged

Page 30/45
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Quadratic action

T 3 [dtdxd@ng Vi +n, - Vi)

812

e density operator p = — %[d@ n, - Vo
T

. o=
L)
ey \o - 1“! J_ ‘:J..‘
{0 w,q) = ,F{‘z“)f 6 (0-9) (l”.”)l, ff) = "2__|_ e (I R - 2)
\ pE ! ng - q(w —vEng - q) O VW — Upq
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Nonlinear response
;

Swzw = /fﬁ fo.U'OU /0’! Jo. —{c) o}— — {(; o, 0} + -+ )

S =~ [t (fo, UV = = [dt (fo 516,46, e}} + 536,40, {8, H )} + ).

S = Swzw + S , (107)
-1 1: _ 11
Swzw = —p% / ~o(ng - Vo) + ——(ng - Vo) ( .V Opip — V()()()r())
Jix0 2 3 pr
1 11 (fd—1 .
1 o— %
5” — _PF' 1 /{xﬂ 6( (Il(} v()) -+ *i—l; ( 2 ( - ( [),l ) (nf) - v'(_,‘))‘1 s g
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Cancellation between 2 fermion-loop diagrams
when @ ~ ¢, individual diagrams ~ 1/g, sum ~ ¢"

A
In boson language the ¢" behavior is automatic

Exact matching: highly nontrivial to check

S

all = 100% .

B
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Nonlinear response
/ :

. ' 1 1 .
Swzw = /“’f (fo, U ]C):U> . /"“— (fo- 3{0‘63‘} = 3—,{{0~0}-‘~’~"} frencvan )

Sy = — / dt (fo, U teU) = — / dt { fo, é{(g {0,€}} + 5{0 {6, {d,€}}} +---).

A~
II\
S = Swzw + SH (107)
Swrzw = —p}{- : / —() 1'19 %(J + ——(ng - V@) (S}, : V(;‘)('),q,(,}) - SE. s V(,'?)({)(;a(_')) +

tx.0 2 3 pr o
S 11 [d-1 s

S” — —pd : / € (1’19 V(J) + —— : ¢ + £ p,r (l"l,q . V(_’))d +
£.x,0 ) 3! pr 2
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Nonlinear response
/ g L rigd

' A : o il 8 1 . -
S“vz“— — /{H (‘f(],b 1();L‘T> = /fhf <.h]. 3{(.)()} = S—I{{(_')J_')}.(_')} 4= )

Sy = —‘/'dt (fo, U tel) = — ‘/({f, { fos %{u {D,e}} + 5{() {6, {0, e}}} +---),

S = Swzw + Sy, (1(]7)

w e i J— 5 J_ J_ . ; : ; o
Swzw = —p}{- : /{ 3 Eo(ng : %(;’J) - ‘;—l—(ng - Vo) (s}, -V oOyih — sy - Vf,-')dg,u:'_‘)) + .-,

L j)‘L e

S ; 1 1 i—1, :
OH = —P'}{-_I / ~€'(ny - Vc?)') T : ¢ + €' pr|(ng- Vo)" Sl
Jix0 2 3! pr 2
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Nonlinear response
/ A g

S\\"Z\\' = /(H (f(] [,',_](‘)r(;"> - /(H f() —{() ()} — —{{() (J} t’)} o e )

H=— / dt {fo, U 'eU) = — / dt { fo, é{o {od,€}} + '}l_|{() {p, {0, €}}}+--+),

| g g b PPk

S[4] - e

S = Swzw + 5!1 L/ (107)

Swzw = —pd : / 2() ng - V(J (ng - Vo) (s}} - Vg p — sy - Vc,:')(‘),,uc')) + -,
Jt.x.0 e

lf)f A e

. 11 [(d—1 ‘
S =P’ / 5¢ (Mo Vo)* LT ¢ +e'pr | (g - V@) +

e 1
e \
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Cancellation between 2 fermion-loop diagrams
when @ ~ ¢, individual diagrams ~ 1/¢g, sum ~ ¢

)
In boson language the ¢ behavior is automatic

Exact matching: highly nontrivial to check
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Back to canonical
transformations

® Fermion bilinears

e

Ox,y) = = (yOw' () — ' (Mwx))
2

form a close glgebra

® |n the long-wavelength limit: algebra of canonical
transformation
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Extensions

® Spinful Fermi surface: extend the algebra to include

1
= 0%x,y) =y (050Y(), a= 0,123

® BCS theory: extend the algebra to include

O,(x,y) = ' My (y), O_y(x,y) = W ()

irsa: 22040042 Page 39/45
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Conclusion

® The method of coadjoint orbits provides a natural way

to write down a bosonic effective field theory of a
Fermi liquid

® Reproduces linear and non-linear Fermi liquid response

® A good approacFl to study non-Fermi liquids?
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Quadratic action

Pr
Y 2 R

o density operatoer = — —[dé’ n,- Vo
2
e 0

T . =
k...d/—‘
e 48 e . bp 1 . w|
s o (2m)? §=1(0 - 0" (pp)(w,q) =i—— (l — )
HO W, = ] : D gy s f !
(00} (w,q) =1 !_;’;_ L o E— 2T VR \,/'J“"'z — f"f?f{";
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Back to canonical
transformations

® Fermion bilinears

1 .
O(x,y) =~ (wy () — v wx)

form a close algebra s .

® |n the long-wavelength limit: algebra of canonical
transformations
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