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Waveforms

The importance of being Modelled: matched-filtering
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Waveforms

Fundamental GR: inspiral analytic model

Inspiral h = Acos(¢(t)) 4 < ¢
Circular orbits:

v = (G;NMw)l/?’ = (GNMﬂ'fGW)l/3 n= (mf?imrigy
E(v) = —%nM\/2 (L4 #(n, Si/m?)v> + #(n, Si/mi)v* +...)
P(v) =% = %vlo (1+ #(n, Si/m?)v? + #(n, Si/m?)v® + ..
E(v)(P(v)) known up to 4(3.5)PN
1 AN V(t) w(v)dE /dv
500 = oo [ wtia = - [ EgE

- /(1 + # (0. Si/ MWV + o+ #(n, Si/mEWE L) —

PN Coefficients (tail, absorption ~ v®, memory tidal (NS) ~ v19)
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Waveforms

Taylor (analytic) approximation schemes:

From v = dié%)v
P(v) : 3

T1: = — _ v

YT T dE/dv ?= Gum

dt dE/dv 5GyM 5 d 3 P
712: — =— = 1 L do — M v)

dv P(v) 3277\/9 [ TV T } dv GyM dE/dv e
T3: v(t) fromt(v) o(v(t))
T4 : VZSG MV {1—|—v —I—] gb:GNM

: 321 9 2 -1
{5 F = i o t

v SGNMV [ = W ] o(v(t))

See review by S. Isoyama, RS, H. Nakano arXiv:2012.01350
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Waveforms

The conservative dynamics

Out of different ways of computing perturbatively the 2-body energy
(potential): e.g. 1PM O(Gj ) or Newtonian potential:

consider gravity coupled to particle world-lines:

—made = —maf \/—gﬂydx#dx” ~ %T”“hw + ...

xa(‘ta)

Xb(tb)

ViR = <) = G T2, Th, Avere

d4k eik“(xau—xb”)
_/ (2m)*  |k|* — kG + e terms

g
appropriate Green's function
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Waveforms

The conservative dynamics

Out of different ways of computing perturbatively the 2-body energy
(potential): e.g. 1PM O(Gy ) or Newtonian potential:
consider gravity coupled to particle world-lines:

—m, [dr=—m, [ \/—gudxtdx¥ ~ 3T h,, + ...

Xa(ta)

- — — — — — — &

Xb(tb)

VAR = <) = G T2, Th, Avwre

d4k eik“(xau—xb,u)
./ (2m)*  |k|* — kG + e terms

.
appropriate Green’s function
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Waveforms

PM at higher orders

It is a formidable task to go to higher order: almost complete result so far
at 4PM O(Gp,) (3rd order beyond Newtonian) with “particle physics”
approaches

(%) Scattering amp/itude method by Bern, Parra-Martinez, Roiban, Ruf, Shen,
Solon, Zeng, arXiv:2112.10750

@ EFT+Boundary2Bound*y Cho, Kilin, Porto arXiv:2112.03976
and up to 4PM O(Gy)) (with partial results up to Gf}) via the

@ ‘“syncretic” TuttiFrutti method initiated by
Bini, Damour, Geralico, PRL '20

which mixes results from all apprx. methods, including self-force,

whose expanions small param is g = my/my (n = mymy/(my + my)?)
This talk mostly about post-Newtonian approximation to 2-body motion in
GR in EFT flavour, aka Non-Relativistic General Relativity initiated by
Goldberger& Rothstein PRD '05 (name inspired by NRQCD)
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Waveforms

PM gets complicated R

§
Perimeter-A

At higher order things rapidly complicate »'s

x(t) Xb(

| P it (xf (2) —x{ (£1)
V- J. / d* pePu it (=t () PP / 4K e

- (p — k)?k?
—  Gimim3 / d‘*pe"*’“(*f‘“a’—"w%A(p“(xz“(rb) — xou(t5)))

These kinds of conservative diagrams computed up to 4PM order:

@ Do not involve radiation to infinity

@ Do not involve internal radiative modes, only modes propagating with
the “speed of thought”, as Eddington put it (Proc. Royal Society of
London (1922), series A, 102, 268-282)
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Waveforms

PN simplifies: Near f

Perimeter-A ».

2
@ Near Zone: consider |k| > ko, with % ~ v?

dko d3k - eik:(xa—xp) k2
Vom. poar = § — g == (730 4.,
ow-or = [ 32 e iz \NTE A
3

= : 2n
ko dependence factorizes — [ dkok3me0tab ~ jtz,,(S(tab)

Near-Zone approximation Vpy — Vpn—near under control for

kg < |k

Effects for kg ~ |k| are missed: internal “gravitons” going on-shell
Green’s functions

GF =

1 o 1
K2 — k2 + ie AR (ko T i€)? — |K]2

Disregarding imaginary terms in direct space (i.e. for non-rad. modes)

1
GF — 5 (GR + GA)
In general: Im(Ggr + Gp) =0, Im(Gr) x d(ko — | k|)
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Waveforms

. . =
Near zone conservative dynamics ( ﬁj

Perimeter-A- =

The potential V (via Feynman Green's function):

—ikotio+ik- (% (t1)—%2(t2)) — ik tip+ik-%12 k2
3, € 3, € 0
V /dkgdk k2—k§—ie :/dkodk 2 2 (1+E—i—...)

k2 k2

o 3 — n—1- — n—1-
fk-)?lz E —'k o> k. d Vlk. d va
3, € CVIK - V2 mz) g

= fdk (1——|—...—|— L s

i'k-)_(‘lz ¥,
= (S(tl —tz)/d3ke (1—!— dtldtz —+ ...

k2 k2 k2n

“Breaking” the propagator enormous simplification, but introduces spurious divergences:
Near zone amplitude integrands clearly bad behaved for kK — 0 at high PN-order
Straightforward fix: add the contribution of far-zone, for demonstration see e.g.

Manohar+ '07, Jentzen '12, Foffa, RS '21

Riccardo Sturani (IFT-UNESP/ICTP-SAIFR) Analytic Waveform Models & EFT Apr Tth 2022 - PI 9/30

Pirsa: 22040039 Page 10/31



Waveforms

Trading knowledge over the full trajectory with knowledge of all derivati
of the trajectory at equal time (PN approximation) .

time

TRAN

-T\J| Ty I<m
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Waveforms

EFT and amplitude: tale of a happy marriage

The main obstruction to scalability of the PN calculation program is the

computation of master integrals
’ . : 5 0
E.g. in the static 4PN sector (i.e. Gyv') which can be translated in terms of 1 parti-

one meets

cle self-energy

L. -
Vo

f Num
p T2 21212 2 32 22
1,2,3,4 ki k5 k3 ky kip k3 k54 913 914

which can be reduced @ = C1 @ 4+

+C4 +Cs \ 7
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Waveforms

Reduction in terms of master integrals

Perimeter-A

No new master integrals at 5PN, 4PN ones did it all

Foffa, Mastrolia, RS, Sturm '17

2575 71'2
M srerEle o ttE

o3 00)

Numerical result obtained via Summertime by Lee& Mingulov
analytic result via PSLQ algorithm, fitting trascendentals to numerical result

Confirmed up to O(£°) by Damour, Jaranowski '18
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Waveforms

Classical loops

Perimeter-A .

Feynman diagrams satisfy L =/ — V + 1, with | = I + I, Green's— h,
vertices — A~1 scaling is:
h!h=V = pl=In=1 35 massive particles are non-dynamical source/sink

q

SN

I
|
|
|
|
|
|
|
I
|

h1 i h—1

All classical graphs in g/m — 0, with g exchanged momentum also for
loop momenta k/m — 0 before integration
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Waveforms

Method of regions

Perimeter-A

Method of regions: Internal “graviton” momentum expanded according to scaling:

hard

| | (m,m) | quantum | x |
| soft | (|4],q]) | quantum | x |
| potential | (v/r,1/r) | classical | |
‘ radiation | (v/r,v/r) ‘ classical ‘ ‘

and then integrated over the full region of momenta

Only potential and radiation “gravitons” exchanged in classical processes: theory in
terms of world lines selects diagrams that do not send source off-shell

Potential “graviton” — small change in energy wrt momentum, dominate classically
Ex. of classical /quantum connected diagrams

T
I
| N
|
I
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Waveforms

Fundamental aspects of the EFT formalism

Perimeter-A

NRGR & PN approximation to GR: Small expansion parameter v, related

to metric perturbation v ~ @
Near zone, D ~ r zone, D2 A=r/v
r
® - S
Q!] .
t/v
Describe conservative dynamics conservative +

EFT framework pioneered by W. Goldberger and |. Rothstein, PRD '06
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Waveforms
b [
P ed,
" i

PN Simplifies: Far | BN

Perimeter-A |

Near zone does not desrcribe all, necessary to include radiative modes

@ Far Zone, expand the numerator:

d*k . (ik - xap)" 1
VN Far ikot1o a
PN=F OC/(zw)f*e Z n |k — k2 £ iako(A, R)

1 §(t+tr) . g
Gap=— G2 plko) = Gar(—k
AR= —p—— ar(ko) = Gar(—ko)
© From individual world-lines to multipole expansions Q;. ;. Li ..

with small parameter approximation k- x;, ~ ¥ X r =v
© Time-symmetric process determined by Gg + Ga (see later in this talk)
© Longitudinal modes are present in Far Zone too, sourced by M, P;, L;

@ Old friend of particle physicists: method of regions
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Waveforms

PN approximation for compact binary systems [ -

Perimeter-A

Near
—m, [dt + [ dx*STw,; d*x (Ehgo + S ho; j
World-line / / i / (Eboo + 25" oy
[ dt (Qi(S)Roioj + R2po +--.) +Qy EY + O EV  + JyBy . ..
I
1 4 1 s %
Bulk e Jd'x [R—1 (g7T4,)
EBH Foffa, RS, '19, '20 (partial ) Almeida, Foffa, RS+ '21
Blimlein4+ '20 Bliumlein 21
6&7 PN X Blanchet,RS+ 20 (logs)
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Waveforms Near-Far Zone Graphs

Near vs. Far zone graphs (topology) g

Perimeter-A

my

k

And 1 pt diagrams — radiation

Riccardo Sturani (IFT-UNESP/ICTP-SAIFR) Analytic Waveform Models & EFT Apr 7th 2022 - PI 18 /30

Pirsa: 22040039 Page 19/31



Waveforms PM=N+F

Controlling the approximation

I B efk-x
k2 —k2+e
eikx kg n
N = K2 Z(ﬁ)
n>0
_ 1 (ik - x)"
ko= k2—k§+ez r!

r=0

Il

1 K\ (ik-x)"
D = 52 (k_) -
nr>0
Using scale separation ¥ < k < 1 and dim. reg.: fk k|* =0, N:k <k, F:k<k
(Manohar+ PRD '07, Jantzen JHEP '12, Foffa RS '21)

/kl—(N+F) - f(/—/v F) /(I—N F) /D

:0
— / | — N—(F — D) +/ | — F—(N— D)
N T h\a._/ F \—’l‘)-/ \_\6—./
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Waveforms PM=N+F

(IR) Divergences in the Near zone

IR divergences due to the splitting into Near and P

xa(ta) xa(th)
In the full theory:

a3
Voo /dtl«z.zfd‘lpe"”“(xf"(fl)_%"(rz))%/d‘*k

ikt (xa(t2) —x2(13))

D."D 1) (p a k)2k2
— /dﬁiz,zr d4pejp'u(xf(tl)_xr;‘(tﬁ)%A(pu()Q(b) - X2(t£)))

after near/far breaking:

s PP 1 w
dtdPpePB- PP [ 1 (0w
f pe 2 ke T TRET

:/dtd3pep12% 1—|—...+W (B- V) (B- %)’ +...+p-&p- 3

IR divergence
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Waveforms PM=N+F

Compensating divergences Near - Far

Perimeter-A

Far diagram with triple interacion

o 1 5. 1
VD GMQE:- (EU—V + Iog(,uw)) — GMmymyr? 3} as; (g— + Iog(,ur))

@ Theory at short and large distances have compensating spurious divergences, finite
terms derived straightforwardly

@ No far zone IR divergences

@ From far zone alone — leading UV logs in the Energy function at all orders via
Renormalization group flow (see later in this talk)

Goldberger+ '13, Blanchet, RS+ '20

@ Near zone UV divergences canceled by local counterterms:
szifdfr (a" Vv, + R vivY)

a" = 0 = R, on the equations of motion, Foffa, RS+ "19
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Waveforms PM=N+F

What if one had only the Far theory? Divs. 4 Logs fi

Perimeter-A A

@ In PN approximation Log terms arise from tail processes at 4PN
order, non-local (but causal) effective term in conservative dynamics
(x ~v2 ~ Gm/r =7):

2
£ = @v2—|—... ks Qu(t)/dTlog(’r).('j.,-j(t—T)...

Mnx

— Ecirc =
2

448
1—|- —|—1—5?7X Iogx—|—

which turns local on circular orbits

@ Expansion in GMw = @ X rw ~ v
i' i
——= —o— T — = X ]
Q @ QR M @ QM M Q Q MMM Q@

Rad Reac 2.5PN
LO tail: Blanchet, Damour PRD (’88)
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Waveforms PM=N+F

Leading Logs at all orders

Perimeter-

Real __Sel_f_—_Em
part (Q@)(Q)~0 tail ~ tail® ~ tail® ~
E: GM(Q)*logt (GM)® (Q (Q)log (GM)® (log + log?) x

)
x* log x N(GM)( )(Q) ( (Q)
x"(log x + log? x)

| | = |
ﬁ ' ' A A
| /N 5l
Imaginary LO flux ! 4 E MM MMM

dE (via optical taill ~ 7x372 tail® ~ x3log(x) tail3 ~? x x97/2
dt theorem)

——
M—= Q. L

Other insertions possible:
but do not contribute to leading E-logs: 7°x>""! log” x from tail>"~*
Renormalization group enables to compute all leading logs
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Waveforms PM=N+F

Far UV divergences

Suppose one had the Far zone theory only: the UV divergence is not compensated by
the NZ but it can be renormalized:

@ drop the divergence (absorb it with a local counterterm)

@ impose pi—independence Goldberger, Ross, Rothstein PRD '14

d L tail dM 2G*M (1) A(5) (2) ~(4) ( (3
_ _ 2QW QB _ 2Q@ qt ( )
T —% o e ( Q'Q QR +(Q;
which can be solved by short-circuiting with analog equation for
dQj 214

B .
dlogn 105 (GM)” Qy(t, )

Goldberger, Ross PRD '09 - %\\
(see also Anderson+ '82!) ‘

Adding analogous formula for J (Bernard, Blanchet, Faye, Marchand, Phys. Rev. D97
(2018)) and taking orbital average:

M(,{L) = M(HO) . MG2 Z (2|og(H/lLo))” (‘BleMz)”—l (Qé-n+2) Q}jn+2)>

~
™

I
| n!
12MG? (2log(p/120))" 22 2\ "1 (041) A(0+2)
L(i) = L(po) — == > =R (5,62M2) (@) Q)
n>1
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Waveforms PM=N+F

Not quite there for E_;,.: need for dE = wdL

Using Qjj(M, 1) one has (leading log part of) M(Mo, v,v), L(Lg, v,7),
adding dE = wdL one can compute r(v) on circular orbits:
Energy(r,v) — Ecire(x) (x = (GMw)?/3)

GM 327 3n )11 3
,YET: )Z (45 1,30+ (log x)"
n>1
E _ _m;yx [ 641726n+1 (48,)" 3n+1(| gx)”}
n=>1

\/)_(

Remarkably E(x) agrees 22PN order x3"1 (log x)" (up to n =7),
expanded self-force result by Kavanagh, Ottewill, Wardell, PRD (2015)

M 16mx°
Ecirc = __WX (1 I o [(1 T 24)8])(3 |ng) X451X3 —_ 1}) B = ——
155; »
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Waveforms PM=N+F

More far zone diagrams (

Perimeter-A

k

Q M Q. L Q Q
L% tail failed-tail memory
h:@c'b 14 Gy wM £ Wil + W Q

r = S ~—

® Tail: ~ GyM [ dt'log(t —t') Q(t') ~

LQ(t—2P) + [1 . dt'iog(t — t)Q(t") — [T 27 L5 Q(t)
hence the name “tail”
Local contribution to the Flux (h is affeced by a phase terms)
@ Failed-tail: ~ GNM.Q.,-,(LJ-;(, local, no divergence
® Memory: ~ GyM [*__ Q(t)Q(t")

Contribution from arbitrarily past time is not supressed, Flux ~ h? is local

Christodoulou non-linear memeory PRL '91
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Waveforms PM=N+F

Conservative counterparts of far-zone processes

Vet ~ Gy | QQ +Gy [ MQQlog(t) + LjQuQu + w°Q’
5 ) V8 3 10 v10

Plus the insertion of a new topology ~ Q3 (self-interaction squared)

H—. o——
Q@ Q Q Q Q

which are v® wrt the LO radiation reaction effect
Almeida, Foffa, RS 21, Blumlein, Maier, Marquard, Schafer '21
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Waveforms PM=N+F

Problem in wrapping up the 5PN dynamics ’}

]

Y

Perimeter-A &

Tail and memory diagrams are what is left to compute at 5PN oder, however they fail to
pass a consistency check

Actually computations are simpler in terms of scattering angle rather than potentials.
E. g. transferred momentum

G G
Ap| = Nf21m2 [q(lPM)_|_ TN (m1q§2PM)_}_m2q£2PM))

k
G
B (2™ -+ e+ el + (G,

scattering angle x

GnE Gy M GyM)?
x = n—— X4+ = xcees) . LOn ) Aég) (XEP + nx§™)

GyM)?
+ (I (e +nxitr)] + o,

Damour PRD 20
implying that n-order Self-Force results determine (2n+2)PM results
As memory ~ Gaw?Q? ~ Mv!? ~ MGjv* (usign e.o.m.) one has that 1SF order can

determine memory Gy terms at oder 7)2, but it does not match
Riccardo Sturani (IFT-UNESP/ICTP-SAIFR)
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Waveforms PM=N+F

Summary body dynamics expansions (spin-less)

Perimeter-A ™

Post-Minkowskian expansion parameter is GyM/r, vs PN expansion

2
[V GMup 1 1
L = —Mc? I .. —_— ..
=T 2 T r T c? -] F ct ]
Terms known so far
5PN
I g2 4 /6 /8 A0 i

1/r v/r v*r VO/r kv8/r viO/r
1/r2 v2/r* v4/r?2 ve/r? vB/r?

1/r3 vz/rg‘ v4/r3 vﬁ/r3

4PM 1/e%  wofrt v
5PM 1/ w52
- L/ < %>
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Waveforms PM=N-+F

Conclusion

Perimeter-A

@ Field theory methods to solve the 2-body problem in GR have proven
very effective, they are under intense use as efficient tools for
computations from first-principle

@ There is a problem at the moment in including the memory process
into the dynamics (5PN, 4PM, 2SF)

@ For future developments going to higher order will lead to new master
integrals, stumbling block for any perturbative method (PN, PM,
scattering angles. . .)
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