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Abstract: In this talk, | will discuss: (1) the new BGG-type resolutions of finite dimensional representations of simple Lie algebras that lead to
BGG-relations expressing finite-dimensional transfer matrices via infinite-dimensional ones, (2) the factorization of infinite-dimensional ones into
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Main Results

New BGG-type resolutions for finite-dimensional g-modules
(comparison to the well-known BGG and BGGL resolutions)

Application to transfer matrices of ABCD-type rational spin chains
(expressing finite-dimensional via the infinite-dimensional ones)

Factorisation of the aforementioned infinite-dimensional transfer
matrices into two commuting Baxter Q-operators

A uniform construction of a large family of degenerdte Lax matrices
(via the shifted Yangians and the GKLO-type homomorphisms)

The RTT realization of antidominantly shifted extended Yangians
(application to coproduct, integral forms, and integrable systems)
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BGG resolution

g—simple Lie algebra, A—root system, {a;}/_;—simple roots

A—weight lattice, AT—integral dominant weights
W-Weyl group, £: W — Z>o—length function
p € NA=sum of fundamental weights

dot action W ~ A w-pu=w(pu+p)—0p
M,—Verma module, L, —its irreducible quotient

Theorem (BGG '75): For A € AT, there is a g-module resolution

((w)=2 o(w)=1 \

0= Myyn =+ — @ M, — @ My— My—Ly—0
welWw weWw
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BGG resolution

g—simple Lie algebra, A—root system, {a;}/_;—simple roots
A—weight lattice, AT—integral dominant weights

W-Weyl group, £: W — Z>o—length function

p € NA=sum of fundamental weights

dot action W ~ A w-pu=w(pu+p)—0p

M,—Verma module, L, —its irreducible quotient

Theorem (BGG '75): For A € AT, there is a g-module resolution

((w)=2 o(w)=1 \
0= Myyn =+ — EDMW.)\% @MW.A—)MA%LA%0
welWw weWw

Similar resolutions exist for arbitrary Kac-Moody g
([Rocha-Caridi&Wallach '82]-symmetrizable, [Kumar '90]-general)
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Truncated BGG-type resolution

S—subset of {1,

Standard parabolicc BC PsC Gandb CpsCg

Ws € W-Weyl group, As = A NP, s Zaj—root system
> W—shortest representatives of W /Ws

For w € W and A € A dominant w.r.t. Ag, consider:

SMy.x = M,,.»/singular vectors of weights sw(a)(w- A), a € Ag
Theorem (FKT ’21): For A € AT, there is a g-module resolution

£(w)=2 ((w)=1
o P My = P My — SMys = Ly — 0

wesW wes W
with each summand admitting a resolution by Vermas:

eiv =2 dvy—1

veEWs veWs
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BGGL resolution

» W>—shortest representatives of Ws\W
» we W, A € AT ~ parabolic Verma modules:

Mf,,)\ = M,,./singular vectors of weights s,(w-A), a € Ag
» Theorem (Lepowsky '77): For A € AT, there is a resolution

o(w)=

- = @ 7 @ M -5 W< . <300

weWws weWs

|
with each summand admitting a resolution by Vermas:

o(v)=2 {(v)=1
- — ED MVW-/\ o @ MVW-)\ — MW-A — lefk —0
veWs veWs

» [SMy .2} wesw all have “similar” characters, {M: ,},,cyys—do not
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Resolutions via Cousin complexes

X—topological space, B C A C X—closed subsets, £-sheaf on X
H:l/B(X* £)—cohomology groups with relative support

G ~ X-smooth alg. var., Dx ~ E—coherent ~» g ~ HA/B(X,S)
L, C L1 C -+ C Ly C X—closed subsets ~~ Cousin complexes:

Ci: H5, 7 (X E) = HETL (X, €) = HEZ (X, 6) — -+

Theorem (Kempf '78): If C;» = 0, then H*(Cx) = H3 (X, &)

(

Theorem (Brylinski '81): For X = G/B, £ =L, = G xgC_,,

o= |_| B~ wB/B, recover the dual of the BGG resolution
weW é(w)>i

Theorem (Murray-Rice '92): For X = G/B, £ = L), and

Ly = | ] P~wB /B, recover the dual of the BGGL resolution
weWs:(w)>i

Theorem (FKP '21): For X = G/P, & = ROTF(G/B_}G/p)*(E,\),

Ly = | ] B~ wP /P, recover the dual of the truncated BGG
wesWib(w)>i
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Type A: recap

B= Z?.j:l e ® eji € (End C")®2—permutation operator
R(z) =1d + E—rational R-matrix satisfying quantum YB equation

Y™ (gl,): generated by {t(k }Efl.jgn subject to RTT relation:
Ri2(z — w) T1(2) Ta(w) = To(w) T1(2) Ria(z — w)

with T(z )J—Ou+ZkU %

ev: Y™(gl ) — U(gl,), té- ) s dk1Eji ~ Repgl,, et RepY"* (gl )

myv: Y'(gl,) = End V ~ Lax matrix Ly(x) = my(T(x)) ~

transfer matrix = try H T Ei LV ® Lv(x )
1<i<r
w

twist

Thm (Bazhanov-Frassek-Lukowski-Meneghelli-Staudacher’12):

T ()= (-1)@Ty,  (x),  VYreat

ogES,
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BCD types

Setup
> 0= SPK_o,, 50K=2r,50K=2r11; I =K+ 1—1i; k= %ﬂ; 1 (BD vs Q)
> Q= Zﬁ-zl +e; ® eij € (End C*)®2 (& = + for BD types)
> R(z) =Id+ L — —2__7Zamolodchikov-Zamolodchikov's R-matrix

Z+K
» RTT relation ~ extended RTT Yangian X""(g)

B X[t oo WEU ) @ ZE ()]

Obstacles
» There is no evaluation homomorphism ev: X" (g) — U(g)
» Very few g ~ Ly can be lifted to X***(g) ~ L,
» Even if X" (g) ~ L,, the Vermas M,., don't necessarily lift

Our approach

» Consider only multiples of “minuscule” coweights (cf. [KR, CGY])
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BCD types

Setup
> 0= SPK_o,, 50K=2r,50Kk=211; ' =K+ 1—1i; k= % F1 (BD vs Q)
> Q= Zﬁ-:l +e; ® eij € (End C*)®2 (& = + for BD types)
> R(z) =Id+ L — _2__7Zamolodchikov-Zamolodchikov's R-matrix

Z+K
» RTT relation ~ extended RTT Yangian X""(g)

> X'(g) ~ Y™ (g) @ Z(X *(g))

Obstacles
» There is no evaluation homomorphism ev: X" (g) — U(g)
» Very few g ~ Ly can be lifted to X***(g) ~ L
» Even if X" (g) ~ Ly, the Vermas M,., don't necessarily lift

Our approach

» Consider only multiples of “minuscule” coweights (cf. [KR, CGY])

» Replace the full BGG resolution with its truncated version
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C-type oscillator Lax matrices

> @ pairs of oscillators {(ajf_,',ﬁ,;_jf)}lg,'gjgr, [aj:!,-,ﬁk.gf] = 5;k(5jp

ay or 2ay ¢ a4 2 . a

2a a ‘ a
2.2/ 1,2/ _ - rf,r—1
A = ,

r—1 ! e g a2!‘1 32!‘2

—1,r
2ar‘r’ ar—l‘r" e ay a1 asr 1 R a 1

((x +t), —-AA  —A(2t +r+1—AA)

r

—-A (X — g = 1)Ir I AA) = Cr_type Lax
sp,, N F—Fock module (generated by Fock;vacuum [0), a;/ ;|0)
FE(M{I B )*g({l

te Zzotw«i% Fock vacuum |0) generates finite-dimensional L;,,

spo, v Ly, thus explicitly extends to Y™ (spo, ) ~ Ly, for t € Z>o
{£1} & W/ Wy, =1} W, hence {+1}" > i ~ w;
Lax {£;;(x)}zeqr1y- from L(x) via similarity and particle-hole

Makes F into sp,,-module Mg_r
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C-type: transfer matrices

» i< {£1},t € C ~ length N infinite-dimensional transfer matrices

twist

where Eﬁ(X)U = x0ji + ]—3‘:

» t & Z>o ~ finite-dimensional transfer matrices T, ¢(x) via trg,

» Theorem (FKP '21):

Toe(x)I= ) (1)Z="F0% T4 (x), Vi€ Zn
pge{x1}r

» Allows to analytically continue T, ¢(x) from t € Z>oto t € C
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C-type: transfer matrices

» e {1}, t € C ~ length N infinite-dimensional transfer matrices

Tgt(x) =il

1<i<r
\_v—-/

twist
il i
where Lz(x); = x5 + Fj;
» t & Z>o ~ finite-dimensional transfer matrices T, ((x) via tr,

» Theorem (FKP '21):

T, o (x)r = Z (—1 i, TE{(X)__ Vit € Zxg
fge{£l}r

» Allows to analytically continue T, ((x) from t € Z>gto t € C

r(r+1)

» Lemma: T,:(x)=(=1)"2 T, _,_1-¢t(x) forany t € C
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D-type transfer matrices: spinorial case

» Type D, Lax matrix £(x) is defined likewise with 1 < j < j < r and

al,r’ e a1\2"' 0 S e Al 1 0

751,2’ A _— : i = AP

321-1 0

0

_él_rl 0 —82;.1 - _ar’_l

F ~ (Mz{rlwr ril})*; t € 37>0 ~ finite-dimensional Ly,
500, M Loy, explicitly extends to Y(s02,) m Loy, for t € %Zzo
Lax {L£7(x)}ieqr1y- from L(x) via similarity and particle-hole
Tgt(x)—infinite—dimensional transfer matrices
Tfi(x)—finite—dimensional ones for Ly, and Log,, |

Theorem (FKP ’21)=[Ferrando-Frassek-Kazakov '20, Conjecture]:

p1-p==21

! lr—i)o; 1
TE) = Do (F)==TPE T (), Vie STy
pe{t1}r

> Lemma: T (x) = (—1):%1) T_ir(jfllft(x) forany t € C
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BD-type transfer matrices: first fundamental case

([Frassek, '20], [FT, "21]) Explicit SO(K)-type Lax matrices £(x)
L(x) is quadratic in x and depends on K — 2 pairs of oscillators
o (MG ) o (2

t € Z>o ~> |0) generates finite-dimensional L;,,

iase Py wey 15 h o VI TG

L(x) + similarity and particle-hole ~» Lax {Ly(x), L (x)}_4
Transfer matrices: T, .(x), T ,(x), and finite-dimensional T; +(x)
Theorem (FKP ’21)=[Ferrando-Frassek-Kazakov '20, Conjecture]:

r

Tie(x) = (1) Tt (x +Z R ) Yee s
k=1
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Part |11

» Fusion and Factorisation into Q-operators
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Type A: recap

» For A = (A1, Ao An) € AT, we have:
Tmz(x) ~ Qux + 1) Qa(x + £2) - Qufx + £n), Li=Ai—i+1

with Q-operators Q;(x) arising from degenerate Lax matrices L;(x):

e ‘degenerate” as they contain x only in the (i, i)-entry
o Li(x),, = 0w for k,1 #i

e ‘“normalized limits" of the nondegenerate Lax matrices realizing My

» Combining with the BGG relation, we get ([BFLMS '12]):

TL,\( ): H (’rj_lfr!._l)1.detHfrfiQf-(X+fj)H Y=l u

1<i,j<
1<i<j<n S

> {Qi(x)}q ~ {Qi(X)}icqr,... .m satisfying QQ-relations:

i

Qluiuj(X + %)QI(X - %) —

L

Qui(x — %)QH_U'(X = %)—

T =i

Q!uj(x_ %)Qluf(x + %) &l

Ukl
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Fusion in C-type
> Relabel A ~» Ay, A ~ Ay, encoding {aj: ;. a; }1<i<j<r
» Obtain Ay, Ay, encoding {aj/ ;,a; j: }1<i<j<r, from —Aq, A; via
[ % 5 . 5,;);! = —ajj, ajjt> 5_{’.1’

XL — AlAl Al
_Al Ir

) is degenerate C,-type Lax as:

lim {ﬁ(xt)-diag(l,--- 1 —1/2¢, - ,~1/2t)}

t—oco

“Opposite” degenerate C,-type Lax matrix:

i 3R, -
JeBale ot I BoBsd.f % 4& = &
1 ... 0

Key Observation: £(x) is a fusion of these two degenerate Lax:

o I, A
S=exp| > (1+d;)azay|. G—(O If)

1<i<j<r
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Two-term factorisation: C-type

a,-jr

— HISS,{’ (7-,.7—1.)_5_{’5
_y(x) € End(C*)®N via:
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Two-term factorisation: BD-types

» For the spinor D-type case, this goes through word-by-word ~~

g1 pe==%1  J
Z (—1)5gnﬁczh};t - Qax+t)Q_g(x —t —r+1)

fe{=1y
» For the first fundamental case in SO(K)-types, the fusion looks as:
Li(x — 14+ (2t + K)/4) Ly (x — (2t + K)/4) = SL(x)GS™*
with L1(x), L1/(x)-two “opposite” degenerate SO(K)-type Lax with

lim {E(x + 1 — (2t + K)/4)-diag(1; -t~ %, ... , —t%; t_z)}

t—o0

Sasha Tsymbaliuk (joint works with R. Frassek, |. Karpov, V. Pestun) BGG-type relations for transfer matrices and the shifted Yangians

Page 21/34



Part |V

» Shifted Drinfeld Yangians and GKLO-type homomorphisms
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Yangians Y(g)

» Y(g) are Hopf algebras quantizing U(g|z]) and C[Gl[[zl]ﬂ
» Yangians Y(g) admit three realizations:
e Original J-realization
(finitely many generators, explicit Hopf algebra structure)

e New Drinfeld (=loop) realization
(best for representation theory, Hopf algebra structure - harder)

e RTT realization

(explicit Hopf algebra structure, good for representation theory;
motivated and best suitable for integrable systems)

» Drinfeld-Gavarini duality provides a Hopf subalgebra Y{(g) C Yx(g)
quantizing a commutative algebra (C[Gl[[z_l]]]: 9

Y/ (g) = {a € Ya(g) ) (Id — €)% 0 A=D(a) P " V> 1}

A1 Yi(g) = Yi(g)® —iterated coproduct, €: Yj(g) — C—counit
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Shifted Yangians

» si—coweight of g ~» Y, (g) generated by

il (k) k>1 (k) k>1
{H " }Zi< U {F 1§i§rU{IEi 1<i<r

with H,-(_(“"Q"}) — 1 and the usual Yangian defining relations:

X FO) = gHHD

] LA |

[H+D E(; 1= [H® ;+1)] (Q,-,-,zcrj)(H,_(k)Ej(E) I Ej(g)H,_(k))

[H (k+1) F(f |- [H €+l)] N (a,-,.,_zaj)(Hf(k}Fj(g) " FJ-(E)H,-W)

[Ef(k—i—l ] B [E (£+1}] (aistC“j)(Ef(k}ij) I Ej(E)Ef(k})

[FU+D £ ] _[F® ((+1)] _ (Q,-,.,zc.rj)(Fi(k)ﬁ(g) i ij F)y

and Serre relations
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Classical limit and Coproduct

» Define the infinite type scheme W, C G((z71)):

m: UlZ\U((z 7)) Tallz N2 U-((z71))/ U-[2]—
Ullz N Tallz Nz U-a[[z71] = W,
Multiplication maps
My o Wm X Wul W Wmﬂu-za (glng) = T‘F(gl 'g2)

Theorem (Finkelberg-Kamnitzer-Pham-Rybnikov-Weekes "16):
Y,.(g) quantizes W,

gr Y.(g) ~ CIW,]
Theorem (Main Construction of [FKPRW)]): For any g, 111, p2:
A;Ll.uz: y,uhwuz(g) — YAL1(9) ® Yﬂz(g)

homomorphisms, coassociative for i1, pt2, 13 < 0, and Agg = A
Theorem (FPT&FT '20-21)=[FKPRW, Conjecture]:

m;, —Br Am.m : C[Wmﬂbz] —~ C[Wﬂ-l] ® C[Wﬂz]

1,12

for classical §; 1. By 5 QUANTIZE My 0
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Truncated shifted Yangians

» Images of Y),(g) under the GKLO-type homomorphisms ~-
Truncated Shifted Yangians Y;‘(g) = CDS_(YM(Q))

» Theorem (Braverman-Finkelberg-Nakajima ’16): For ;1 > 0,
Yﬁ‘(g) quantizes the slice in the thick affine Grassmannian:

Crh = Gtt> N Gy[[t~]t"" < G((¢71))/Glt]

» Theorem (Brundan-Kleshchev '06): There is an isomorphism

Y_»(gl,)/(explicit Cartan elements) ~ U(gly, &)
I

the latter being the finite W-algebra quantizing the Slodowy slice
Se, = + ¢g,(F) Cgly, where (e;,hy,f;)~ sl

T=(p1<...<pn), N=p1+...+ ps e € gly—type 7 nilpotent
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GKLO-type homomorphisms

A=wy + ... Fwiy {z}ho, € C o~ Zi(z) = I1k<fzi<N( — 2k)
Assume: A\ — 1= > aj’ with a; € N, a-simple coroots

A= ClW 5 “:ikl (Wik — wig + md;)~ lﬁif‘fﬁiz with

[ui ks Wj o] = didji0keuik, [Wik, Wje] =0 =[ujk,uje], di = =5
Wi(z) = TTiey(2 — wik) « Wig(2) = TT)Z4cs (2 = wis)
GKLO-type algebra homomorphism dDﬁ: Y.(g9) = A with

Z (Z w;, k)W.k(WLk} 5,k 2

Uik,

a; —ajj
Fi(z) — _Z Zi(wi k+d) T, TT = Wiwi ktdi— 3 (aia;)—pd;)
i\Z (z—wi xk—di) W, i (wi k)

k=1
Zi(2) T1;_; T, W(z— 1 (a.a;)—pd;) 2, )

Hi(z) = W)W, (z=d,) T oy, o)
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Shifted RTT Yangians: A type

» Y'(gl,) ~ Gauss decomposition T(z) = F(z)H(z)E(z)
> Y (gl,) ~ Y (sl,) @ Z(Y* " (gl,)); center: qdet T(z)
» Theorem (Brundan-Kleshchev '05): The assignment

Ei(z) = eiiv1(2).  Fi(z) = fiai(2),  Di(z) = hi(z)

gives rise to Y(gl,)-T5Y**(gl ) and Y(sl,)— Y (sl,)

» p-dominant ~~ shifted RTT Yangian Y (gl,):

e generated by t;-(jk) with 1 </.j<nand k€ Z

e RTT relation: R(z — w)T1(z2) Ta(w) = T2(w) T1(2)R(z — w)

e Gauss decomposition T(z) = F(z)H(z)E(z) is subject to

H(z) = z7"(Id, + o(1))
» Theorem (FPT ’20): For iz > 0, there is an algebra isomorphism
’T\—ps.: Y—H(g[n) _'N_>' yit;(g[n)

provided by the same assignment as in the above unshifted case
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Applications

» Coassociative coproduct homomorphisms

Y (0l) — YI (alh) ® YIL(al:),  T(2) = T(2)® T(2)

—p1—H2 —p1 —p2

recovering the type A construction of [FKPRW]:

AN \/1/1—1-1/2(5[!?) —7 Y.r/1(5[n) 02y ng(fi[n)

Bethe subalgebras B(C) C Y™'(gl,) generated by coefficients of

7 T (Akc1 wiCh Rl B lo— L= Hlo—k+ 1))

where C € End C", A is the antisymmetrizer, k € {1

B(C) ~» commutative subalgebras of quantized Coulomb branches
(providing a new interesting family of quantum %‘ntegrable systems)

In the trigonometric setup, recover a natural C[q, g7!] integral form
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Type A degenerate Lax matrices

X, 11, {zi} ~» At-valued divisor on CP*: D = Zle wi, [zk] + p[oo]
Lax Tp(z) = the image of T(z) under Y" (gl )—Y_,(gl,) = A
If D contains w; [zx] and D" = D + w;, ([oc] — [2«]), then:

TD’(Z) = | {TD(Z) d (*Zk)w"k}

t—oo
Theorem (FPT): Tp(z) is polynomial in z
Example (n =2, A+ p=2w=a", w+ p,u+ e 9):
e for A =0, u = 2w, get local Lax matrix for the Toda chain

= (58 )

e for A = w, u = w, get local Lax matrix for the DST chain

To(z) (Z ~9 —ip— Zl)eq)

e 9 & 1

e for A = 2w, u = 0, get local Lax matrix for the Heisenberg magnet

_(z—p —(p—z)(p— 2)el
TD(Z)_(eq Z+P+1*Z]_‘—Z2
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RTT realization of BCD antidominantly shifted Yangians

> g=son,spy ~ X"(g) ~ Gauss decomp. T(z) = F(z)H(z)E(z)
> X" (g) ~ Y™ (g) ® Z(X""(g)), center is polynomial in 34:

T(2)T(z—r)=T(z—-r)T(2) = 3(2)Idy
» Theorem (Jing-Liu-Molev '17): The assignment

Di(z) — hj(z), Ei(z) — eiix1(2), Fi(z) = fir1i(2),i<r,j<r+1

er—1.r+1(2) frr1.r—1(2) if g = s0y,
E(z) =  err1(2) , Fr(2) = § frp1r(2) if g = 502,41

%er.rﬂ(z) g1 p(Z) if g=sp,,
gives rise to X(g)—N+Xftt(g) and Y(g);yrtt(g)

> yi-dominant ~ shifted extended RTT Yangian X" (g)
» Theorem (FT ’21): For iz > 0, there is an algebra isomorphism

T—# : X_,L.«,(El) _A‘? Xrtt(g)

i
provided by the same assignment as in the above unshifted case

Sasha Tsymbaliuk (joint works with R. Frassek, |. Karpov, V. Pestun) BGG-type relations for transfer matrices and the shifted Yangians

Page 31/34



Type BCD degenerate Lax matrices

A*-valued divisor D on CP! ~» Lax matrix Tp(z)
Theorem (FT): Tp(z) is polynomial in z
Technical ingredient: shuffle realization of dDﬁ_

For D = wq[x] in type G, get:

Tp(z) =(z—x— 1)Idy,+

For D = w,[x] + w,[oc] in type C,, get Lax matrices from Part IlI:

z+x)Id, — AA A
o) = (G AR A

in type D,, get Lax matrices:

For D = {wrl[x] + wyloo], r—odd .

we[x] 4+ wrloo], r—even

(z+x)Id, — AA A
—A Id,
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The End

thank you!

SLAVA UKRAINE!
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Type BCD degenerate Lax matrices

A*-valued divisor D on CP! ~» Lax matrix Tp(z)
Theorem (FT): Tp(z) is polynomial in z
Technical ingredient: shuffle realization of dDﬁ_

For D = wq[x] in type G, get:

Tp(z) =(z—x— 1)Idy,+

For D = w,[x] + w,[oc] in type C,, get Lax matrices from Part IlI:

z+x)Id, — AA A
TD(Z) — (( )—A Idr>

in type D,, get Lax matrices:

For D = {wrl[x] + wyloo], r—odd .

we[x] 4+ wrloo], r—even
(z+x)Id, — AA A
—A Id,

» These Lax matrices appeared in [Isae®-Karakhanyan-Kirschner '16],
[Frassek '20], [Karakhanyan-Kirschener 20], [FT '21]
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