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Abstract: The gravitational radiation from the ringdown of a binary black hole merger is described by the solution of the Teukolsky equation, which
predicts both the temporal and angular dependence of the emission. Many studies have explored the temporal feature of the ringdown wave through
black hole spectroscopy. In this work, we further study the spatial distribution, by introducing a global fitting procedure over both tempora and
spatial dependences, to propose a more complete test of General Relativity. We show that spin-weighted spheroidal harmonics are the better
representation of the ringdown angular emission patterns compared to spin-weighted spherical harmonics. The differences are distinguishable in
numerical relativity waveforms. We also study the correlation between progenitor binary properties and the excitation of quasinorma modes,
including higher-order angular modes, overtones, prograde and retrograde modes. Specifically, we show that the excitation of retrograde modes is
dominant when the remnant spin is anti-aligned with the binary orbital angular momentum. This study seeks to provide an analytical strategy and
inspire the future development of ringdown test using real gravitational wave events.
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Outline

« Background and motivation
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BBH ringdown stage
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TE temporal: QNM spectrum
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P voiaion 4
TE temporal: QNM spectrum
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Spatial: spin-weighted spheroidal harmonics

e Test of GR in ringdown stage
. : black hole QNM

* Spin-weighted spherical Harmonics: orthogonal & complete

* Mode mixing: verification of theory & a future test of GR!!

PR

Spheroidicity Mixing coefficient
Yimn = Xf M twimn London, PRD, 2014

L
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P moaion

Spatial: spin-weighted spheroidal harmonics
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AZZZY
Future feasibility for ringdown test

Events with detectable HMs:
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Outline

* Model and method
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Ringdown waveform model

In final spin frame:
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Conventions of QNM expansion

Excitation first: our choice!

In final spin frame: Pra. Retro
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Method

Conventions of QNM expansion

[a] [b] [c] [d]
Temporal-spatial profile | e 20 8 30 (y200,T, &) | €20 283, (y20, T~ T, @) | € 220" 58 50(y2-20,1, @) | €22 583 (220,70 — T, P)
Amplitude in our expression ng B;;B B(zt)zo B(zi)zo
Right/Left-handed (R/L) R L
Prograde/Retrograde Prograde Prograde Retrograde Retrograde
Emison Cirecion North South South North
(in final spin frame)
2&&1;1:;;}5&:;{;1‘10&% -28 220(y220, 1. §) -282-20(=¥350, 1, @) ~282-20(¥2-20. T, §) 28520(=Y5_50- L, @)
Amplitude in [2]* (2006) Aazg A, (mirror mode of [a]) A2 A,_,,, (mirror mode of [c])
Terminology in [9] (2014) Regular mode Regular mode Mirror mode of [b] Mirror mode of [a]
Amplitude in [6, 8] (2019) Ao Al A2 H 0
Amplitude in [1] (2021) Ao Aa_zp (not included) (not included)
Amplitude in [7] (2021) Crizzo Crijz-20 Cr-11220 Cl-112-20
Amplitude in [5] (2021) Cxyp C!_,, (mirror mode of [c]) Caag C’,, (mirror mode of [a])
Amplitude in [3, 4] (2021) Can Ci-20 C’,_, (mirror mode of [b])| C?,, (mirror mode of [a])

* Ref. [2] denotes GW strain tensor as k.. + i hy, thus we include a sign change in angular frequency when comparing the convention in [2] with other papers.

[1] R. Aesorr ET AL., Tests of General Relativity with Binary Black
Holes from the second LIGO-Virgo Gravitational-Wave Tran-
sient Catalog, 10 2020.

[2] E. Berm, V. Carposo, anp C. M. WiLL, Gravitational-wave spec-
troscopy of massive black holes with the space interferometer
LISA, Phys. Rev. D, 73 (2006), p. 064030.

[3]1 A. Duam, Importance of mirror modes in binary black hole ring-
down waveform, Phys. Rev. D, 103 (2021), p. 104048.

[4]1 A. Duant anp B. 8. SatHyAPRAKASH, Overfones, mirror modes,
and mode-mixing in binary black hole mergers, 7 2021.

[5] E. Fincu anp C. J. Moore, Modelling the ringdown from precess-
ing black hole binaries, 2021.

Xiang Li (xiangli@caltech.edu)

[6] S. A. Huches, A. Arte, G. Knanna, axp H. Lim, Learning about
black hole binaries from their ringdown spectra, Phys. Rev. Lett.,
123 (2019), p. 161101.

[7] M. Ist anp W. M. Farr, Analyzing black-hole ringdowns, 7 2021.

[8] H. Lim, Ok Knanwa, A. ArTe, anp 5. A. Huches, Exciting black
hole modes via misaligned coalescences: H. The mode content
of late-time coalescence waveforms, Phys, Rev. D, 100 (2019),
p. 084032,

[9] L. Lonoon, D. SnoeMAKER, anp J. Heary, Modeling ringdown:
Beyond the fundamenial quasinormal modes, Phys. Rev. D, 90
(2014), p. 124032. [Erratum: Phys.Rev.D 94, 069902 (2016)].

12

2] O

—0.04 1
North | B
~0.06 1 South | Biy)
(]
—0.08 Pro
—0.5 0.0 0.5
Re[]l’irfwtmn}

Page 15/41



Continuity from inspiral to ringdown

Ringdown stage: T Spin aligned  Spin anti-aligned l
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Continuity from inspiral to ringdown
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Spatial-temporal fitting strategy

Temporal-spatial inner product
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Spatial-temporal fitting strategy

Strategy for minimizing distance
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Method '

Spatial-temporal fitting strategy

ﬂfm
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Group 1 Group 2 Group 3 Group 4
Label SXSID/Lev Gref Xeff X
Strategy for adding (I,m) modes GO 0305/Lev6  1.221 -0.0166 0.6921
N1 1154/Lev3 1.000 0.0000 0.6864
Group 1: (2,2), N2  1143/Lev3 1250 -0.0001 0.6795
Group 2: (3,3),(2,1), N3 0593/Lev3 1500 0.0001 0.6641
N4 1354/Lev3d 1.832 -0.0001 0.6377
Group 3: (4,4) (2 0),(3,2), NS  1166/Lev3 2000 00000 0.6234
Group 4: (5,5),(4,3), (6,6). N6  2265/Lev3 3.000 0.0000 0.5406
N7 1906/Lev3d 4.000 0.0000 04718
N8 0187/Lev3 5.039 0.0000 0.4148
NO 0181/Lev4 6.000 -0.0000 0.3725
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Spatial-temporal fitting strategy

ﬂim
10! 4 tponic-+100M N A0, q=T7.187, x; = 0.3306
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Strategy for adding (I,m) modes Label SXSID/Lev  grer Xeff Xr
A0 0188/Levd  7.187 -0.0000 0.3306
Group 1: (2,2), Al 1424/1evd 6464 -0.6757 -0.0929
Group 2: (3,3),(2,1), k A2 1435/Lev3d  6.589 -0.6764 -0.1828
Group 3 (4, 4)’ (27 U), (3 2)’ A3 1422/L6V3 7.953 -0.7620 -0.2721 )
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Outline

* Result

* Benchmark binary GO
* Nonspinning binaries

* Spinning binaries
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Result of binary GO
Label SXSID/Lev g Xeff XFf

GO 0305/Leve  1.221 -0.0166 0.6921
N1 1154/Levd 1.000 0.0000 0.6864
N2 1143/Levd 1.250 -0.0001 0.6795
N3 0593/Lev3d 1.500 0.0001 0.6641
N4 1354/Lev3d 1.832 -0.0001 0.6377
NS5 1166/Lev3d  2.000 0.0000 0.6234
N6 2265/Lev3d  3.000 0.0000 0.5406
N7 1906/Lev3d 4.000 0.0000 0.4718
N8 0187/Lev3d 5.039 0.0000 04148
N9 0181/Levd 6.000 -0.0000 0.3725
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Result of binary GO
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m Result of binary GO
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y o e 4
Nonspinning summarizing plots

Example result: GO and N9 (S model) Summarizing plot: minimum distance
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Spatial-temporal fitting strategy
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Spatial-temporal fitting strategy

Temporal-spatial inner product

+'x)
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Future waveform stacking strategy

L ¥ W

Xiang Li (xiangli@caltech.edu)
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Future waveform stacking strategy




Result analysis |

» S/Y model distinguishability
* S model win!
» Smaller q case wins more

* Higher order angular modes
* reduce the minimum distance
» enlarge S/Y model distinguishability
* larger g binaries benefit more

» Higher order overtones
* bring the transition time earlier
* maintain S/Y model distinguishability

Xiang Li (xiangli@caltech.edu) 24
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Result of spinning binaries

Fitting Results w/ Group 1-3
107!

AD Al A2 A3
Relative [ "<107%1 %
error
l' 102 L
:_T“IO_l
Estimated | =
value |\ 3 107%4
0-5 ....................................................
=
L o R (R [ Fsbtvomt, SRy .7 oy Toren
77120 11 m| i | T i T ] et ey | | Tl el g
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
Loﬁcsm/ﬂd
Label SXSID/Lev  Grer Xeff Xr
A0 0188/Levd  7.187 -0.0000 0.3306
Al 1424/Levd 6464 -0.6757 -0.0929
A2 1435/Lev3  6.589 -0.6764 -0.1828
A3 1422/Levd 7953 -0.7620 -0.2721
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Result of spinning binaries

Fitting Results w/ Group 1-3
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AW
Result analysis || — spatial

Data polarization pattern

t=0, =0 =0, p=7/2
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—0.11 J |
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by h, h
— AD Al —- A2 A3
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Model polarization pattern

Spin aligned Spin anti-aligned
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Result analysis || — temporal

Model QNM spectrum

Imn
—0.05
* Retrograde excitations
. . . . —0.10
* Important in spin anti-aligned .
I
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28 Plot with gnm python package (Stein, L)
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Fitting Results w/ Group 1-3
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Outline

« Summary and outlook
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Summary and outlook

* Towards a more complete test of GR
* QNM temporal-spatial fitting
» S/Y distinguishability
* Retrograde excitations

* BH spectroscopy conclusions reinforced
* Higher-order (I,m) modes
* Qvertones

e Outlook

* Spin misaligned cases? Mass/current quadrature?
* Retro-pro excitation v.s. light ring crossing time?
* Overtone n>5 fitting in the global sense?

Data strategy of waveform stacking? »

Xiang Li (xiangli@caltech.edu) 31
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Summary and outlook

* Retro-pro excitation v.s. light ring crossing time?

» Data strategy of waveform stacking?*
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Early excitation of retrograde modes
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GO: Why do the retrograde modes also play roles in fitting spin-aligned binaries,
Light ring crossing? Overfitting?
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Future waveform stacking strategy




