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Abstract: The quantization of a non-linear sgma model in 1+1 dimensional space-time, whose target space is equipped with a non positive definite
metric is an interesting open problem having potential applications to string theory and Condensed Matter Physics. Perhaps the simplest example
where it can be studied is the 2D Lorentzian black hole sigma model that was introduced by Witten in '91. The purpose of this talk is to discuss the
results of the paper arXiv:2010.10613. There it was found that the scaling limit of a certain spin chain, that lies within the integrability class of an
inhomogeneous six-vertex model, is closely related to the Lorentzian black hole sigma model and its Euclidean version.
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Wick rotation

Feynman propagator:

dd+1p ie_ip#-'xlu
Dp(x) = f

(2ﬂ-)d+1 pz — m2 +ie

QFT in Minkowski space- Statistical mechanics sys-
time Wick rotation tem for classical field [¢]

4

f Do e SW] f D¢ e BAIY

G. Kotousov (DESY) Integrable spin chain for 2D black hole sigma models

Pirsa: 21120033 Page 3/28



Pirsa: 21120033

Convexity of action functional
Conditions for thermodynamic stability:
AeR, Alo] > A[o*],

follow from usual QFT requirements, e.g., unitarity

In many physically interesting systems these are violated:

@ (non)-Abelian gauge theories

(fixed via gauge invariance)

@ Non-Linear Sigma Models (NLSM) in two space-time dimensions on
pseudo-Riemannin manifolds
Example:

Alo] =1 / d’x Gap(¢) 8, 6” H¢®

with (do)? = G,p(0) dp?d@® a non-positive definite metric
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2D Lorentzian/Euclidean black hole

Immediate idea: apply Wick rotation in target space
Example: 2D Lorentzian black hole metric

dudv
(o) = Ty

Possesses characteristic features of black hole geometry

@ Horizon at UV =0

@ Curvature singularity at UV =1

@ Regions |, Il time-like; I, IV spacelike
(T =3 log(—U/V))

Wick rotation = U, V from regions | and |l become complex fields with
Uus=-vVv

dUdV

: [dUJ?
(dowon)® = Ty > X (dozan)? = 1+|UP

(dr_:rEBH)2 cigar metric
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2D Lorentzian & Euclidean black hole NLSM

Non-Linear Sigma Models (NLSM):

1 9:UBV — . UDV
SLBH === % i dth 1 . UV

1 9,U8, U* — 0, Ud, U
e o o g8
HBE S B x 1+ UU

®¢
A lot is known about the Euclidean black hole NLSM, e.g.,

Unitary CFT with c =2 + 6% > 2, spectrum of conformal dimensions essentially
obtained in -

How could the results be carried over to the Lorentzian black hole NLSM?

- a potential approach to studying this problem has recently appeared from the
study of a certain integrable spin chain

G. Kotousov (DESY)
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week ending

PRL 108, 081601 (2012) PHYSICAL REVIEW LETTERS 24 FEBRUARY 2012

Integrable Spin Chain for the SL(2, R)/U(1) Black Hole Sigma Model

Yacine Ikhlef,'* Jesper Lykke Jacobsen,™ and Hubert Saleur™”

We introduce a spin chain based on finite-dimensional spin-1/2 SU(2) representations but with a non-
Hermitian “Hamiltonian™ and show, using mostly analytical techniques, that it is described at low
energies by the SL(2, R)/U(1) Euclidian black hole conformal field theory. This identification goes
beyond the appearance of a noncompact spectrum; we are also able to determine the density of states, and
show that it agrees with the formulas in [J. Maldacena, H. Ooguri, and J. Son, J. Math. Phys. (N.Y.) 42,
2061 (2001)] and [A. Hanany, N. Prezas, and J. Troost, J. High Energy Phys. 04 (2002) 014], hence

1 N

. Zz X ol y ¥ z .2
sin(2’~ ) E (2 sin ( ) Om O my1 — (O—m Tmi2 5 OmTmi2 T Oy gm+2)

m=1

+r @_l)m Sin(ﬁ;)(ﬂ'ﬁ] (Tf;]—{—]_ . U‘:;] Uﬁ?—l—l)(gfn—l - gfn—l—Q) ) + N COt(Q‘})

1JS (Ikhlef, Jacobsen, Saluer):
In regime 0 < 4 < 7 critical behaviour is governed by Euclidean black hole NLSM
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Partition function

[JS use results of )

» O UorU*

X — .,
1+ UU*

Zepu(T) = /'DUDU’F e_%AEBH ;

Modular invariance:

ZEBH(T) =

Target space non-compact:

[dUJ®

(dn—I:BH )2 = TWF

Tip of cigar U =0, for |U| > 1 metric becomes flat: (dogpu)? = (dé)?
U - ed}—l—ig

= Zazpu contains a divergence
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Divergent part

Introduce cut-off for target-space controlled by 0 < € <« 1:

Iog(léi)

Lo = ZS}TEg) = Z]EZEBC!—%) with

Z(sing) _ 1 n log(1/e)

2 \ Sm(r) [n(r)P

Bose field log |U| taking values
in segment of length ~ log(1/¢)

Bose field arg(U) € [0, 27]
p, p related to zero-mode momentum of arg(U) and

p+p=v «— U(1l) charge p—p=(n+2)w «— “winding” number

Dedekind eta function: n(r) = g% [T (1—qg™) and g =™, h = 2Z

n+2
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Zepu Via one-loop computation [Maldacena, Ooguri, Son ’00;

Hanany, Prezas, Trc 702]

w{n+2 A 2 T % 2
[ d2Z g 3:::?_2 |z+a—'—b’r|9+#ﬂr}(dm(z))q T}(T)
 Jo. J1(z|7)

IZ) H (1 _ @2miz qm) (1 — o—2wiz qm) (1 - qm)

m=1

n(7)
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Intuition from QM

Theory possesses continuous spectrum of scattering states:

o log(1/€)

Cut-off = quantization condition on s

+ {1/ log?(1/¢)) with m € Z

oo ™
~ 4log(1/e)

More accurate QC obtained by accounting for phase shift that particle picks up at
endpoints:

8s log(1/€) + d(s) — 2rm = O((Iog 5_1)_1’“") with 0 = dtip T Ocut-off

As ¢ — 0 states become densely distributed with density
= (% |0g(1/F) -+ % s (5(5])
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Density of states

From analysis of partition function
' propose that

p(s) = 2 log(1/€) + o= D5 0(s)

0,

“Therefore, we find that our choice of regularization in (55) and (58) amounts to
introducing the Liouville wall which prevent long strings from going to very large
values " — :
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Spin chain analysis

Study of scaling limit of certain class of states that flow to conformal primaries as
N — oo performed in

Results: spectrum of conformal dimensions is continuous with density of states

p(s) = 2 log(N/const) + 3= 95 6(5s)
and 4(s) as in

pe8)(s) = p(s) — 2 log(N/No)
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|JS conjecture
Critical behaviour of spin chain is governed by the 2D Euclidean black hole NLSM

Issue 1: NLSM is unitary CFT while spin chain Hamiltonian is not Hermitian
w.r.t. any positive definite inner product (e.g. energy spectrum at finite N is
complex)

1JS :"a non compact continuum limit may well arise from a lattice model with
finite number of degrees of freedom per site/link if the non unitarity is strong
enough’

Issue 2: Density of states flowing to conformal descendents computed in
did not agree with

ny, . , €.8.,
P10 (s) = 2 Jog(N/const) + 2= 0s 5(:0(s)
for states flowing to CFT state with conformal dimensions (A + 1. A) and
r(z+p—is)T(3+p—is) (3+p—is)(
r(z+p+is)T(3+p+is) (3+p+is)(;

— p—is)

— p +is)

[ | B2 | =

619 (s) = —2ilog

W

1
2
1
2

[
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To resolve issue 2, let's critically examine how

Zwpu Obtained via path integral computation

is related to Try.,, [q
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Space of states [pijgraaf, Verlinde? ’92]

Space of states has discrete + continuous components Hepy = HSSS” ® HEEEC)

Continuous component: scattering states with incoming (outgoing) momentum s:

s (H = g 2”"—) —S = Sout : ¢

: 8 ot e 5 =5
L (00 0 + 0,0 0M0) =

Vp.s @ Vi s = space of states of free bosonic fields ¢ and ¢ with

— 5 zero mode momentum of &

— p,p related to zero mode momentum of #
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Fock space
U

44

U_g_(f) - Zm m e_im(H—X) ’ (.)-I—H = Zm Bm e—im(H—x) (d-‘- - % (E)r i3 EJX))

\\'ifh [§n}- é\f] — [br‘n- bf‘] = % é"fﬂ—é—f’f.o
Vs = linear span of states
a_,-l...a_;mb_h ...b_j'[ |p5> Ik, Jx > 0

Fock vacuum annihilated by &, Bk with k > 0 and

dolp,s) = Z=lp.s),  bolp,s) = —E1p.s),

n+2

Spectrum:

L= bl o iy = 01,2, .. .

# of lin. indep. states in V, ; with fixed L given by par,(L):

ZLEO pamsil) gt = Hle(l —q")2=1+2q+59>+10q>+20q* +...
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Space of states [pijgraaf, Verlinde? ’92]

Discrete component: “bound states” with wave-functional localised at tip of cigar
T U, U] -0 for |U(t,x)| > 1
Spectrum can be described as

é 52

1
iy e T o= 0,1,2, ...
058 — g ¥

but with s taking discrete set of pure imaginary values such that

sek = s==i(p+ l + a) for some choice of + and a € Z

gdﬂlrt—}c} - Z Z Vp Sa X p 5,

V. W=—00 QEE rw}

Form of ¥(v,w) found in raaf - . 21, revised and corrected in

p.s, degenerate representation of algebra of extended conformal symmetry

ﬁ'i 1 - 1 CXJ m m|a—|—l|+£

m=1 m=0
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Partition function Zgg, = Z(d¢) 4 z(cont)

e Contribution of states from discrete component:

dlf-,c
E E ehs e ehy, o

v weZ ac¥(v,w)

@ Contribution of states from continuous component:

,H(cont} .

EBH

Density of states depends on regularization of target manifold
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Maldacena, Ooguri and Son (MOS) density of states

(i) Assumption:

o525 | B, p) = pary(Lipary(T) p(s| 5. p)

G. Kotousov (DESY) Integrable spin chain for 2D black hole sigma models

Pirsa: 21120033 Page 20/28



Maldacena, Ooguri and Son (MOS) density of states

(i) Assumption:

,r_';&‘i)(s | B, p) = par,(L) par,(L) p(s | B, p)

(ii) Proposal:

5. I‘(%— —is) (5 + p —is)
R TG+ pris)T(E+p+is)

2
p(s) = - log(const/e) + 5

Contribution to partition function:

!

) 2 2 2 s
Jloon) ' / ds p(s) Z pary(L) par,(L) q_%+7+ - 51—1—1277—.;’1—24&
70 L.L>0

. Kotousov (DESY) Integrable spin chain for 2D black hole sigma models
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Maldacena, Ooguri and Son (MOS) density of states

Consistency check:

7 Jisic _Pi 252
v—— Z(d ) ) Z q% e / dsf’(s) |C1| L

V,W=—0C

with

\/ N n+2 x(n+2) i B R "
Zepon = ( E / d?z e~ Smir -y [z4a+b7] 4 505 (Sm(z2))

a.bcZ

G. Kotousov (DESY) Integrable spin chain for 2D black hole sigma models

Page 22/28



Pirsa: 21120033

Maldacena, Ooguri and Son (MOS) density of states

Consistency check:

Zoni 7 Z(disc)

[n(7)I*

with

/ 2 (n+ : 2 7
Zepn = ”(”‘f' Z / d27 e~ Smi- 3 let+atbr*+ 525 (Sm(2)) ()

V1(z|T)

a.bcZ

Numerical work shows that MOS density of states fails to
reproduce partition function
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Density of states consistent W. Zupy [Bazhanov,GK, Lukyanov’20]:

: ) 2 5
p(s1p.p) = = pary(L) pary(T) log(1/c)

21 . Pelii {(Qg)(s))pargu) (QE)L)(S))par2(E)

Tl

MOS proposal

(r(% +p— 15))1’“2(”

[(3+p+is)

i1 par,(L)—ds(L)

(+a+p—is)(z+a—p—is)
L+a+p+is) (3 +a—p+is)

a=0

s qm)2

1 & li’TT m 3+ S
) S (—1)m ghmmzar) —$7 g ) gt
=

m=0 ¢
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Comparison

of numerical data for the partition function Z.;; with
Z(disc) 0

Z(cont) for the case k = 0

(cont)
Zreg

Z{di;;c)

(cont) 1 z(disc)

Ieg

2 Zin)

—3.8983544
—3.8925978
—3.8983544

0.0065418
0.0007853
0.0065418

—3.8918125
—3.8918125
—3.8918125

—3.8918125
—3.8918124
—3.8918124

—4.4682528
—4.3744476
—4.4682528

0.0943594
0.0005542
0.0943594

—4.3738934
—4.3738934
—4.3736934

—4.3738934
—4.3738933
—4.37368933

—12.070612
—10.513561
—12.070612

1.5569389
7.662 - 108
1.5569389

—10.5613673
—10.513561
—10.513673

—10.5129976
—10.5135606
—10.56129975

Teg {l . sin
Z8) i { B — 29,

e—0

G. Kotousov (DESY)

Z(cont) — lim

reg

e—0

log(4e™® /¢) + % log (Sm(7))

27 ()

Integrable spin chain for 2D black hole sigma models

( Z(Com.)

Z Efln—22 qn

v.WEL

. Ze(sing))
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Discussion 1

The spin chain (periodic BCs) possesses global C conjugation symmetry:

G CoftC=Fi(-1)"oF

m -m? m - m

Space of states occuring in scaling limit of low energy states of spin chain:

H=H, OdH_. cl,,, =+1

@ H. (equivalently H_) coincides with space of states of Euclidean black hole
NLSM as linear spaces. In particular H. = H(f"“” &) ’H(f‘s‘” with

- ’H(T.COM) possesses a continuous spectrum of conformal dimensions with
. L.L -
density p(s) = p&D(s | p, 5)

- 'H(fisc) is isomorphic to ’H(E"EE

@ one half of the partition function of spin chain in scaling limit = Zggy
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Discussion 2
Issue 1: NLSM is unitary CFT while spin chain Hamiltonian is not Hermitian

Study of Hermitian structures in H induced in scaling limit of spin chain

Algebra of extended conformal symmetry underlying critical behaviour of spin
chain is a certain W, algebra with central charge ¢ =2 — % £

- Recall that for Euclidean black hole CFT ¢ =2 + % > 2, where h = ;?fz

Non-positive definite inner products induced in H ) and 1) from

lattice model making them pseudo-Hilbert spaces

States from ?—[Ef“sc)

within a single CFT

and ’Hsfom) can not be interpreted as normalizable states

cont -
?—LEF ) contains null vectors w.r.t. Wi algebra.

Quotient space Hipu = %Efcmt)/(nuﬂ vectors) identified with pseudo-Hilbert
space of Lorentzian black hole NLSM
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Summary and outlook

Ikhlef, Jacobsen, Saleur:
partition function of spin chain in scaling limit = 2/Zzpy

Maldacena, Ooguri, Son & Hanany, Prezas, Troost:
density of states for NLSM = par, (L) par,(L) po(s)

Ikhlef, Jacobsen, Saleur:

scaling limit of spin chain governed by

Euclidean 2D black hole NLSM

From spin chain:

Proposal for pseudo-Hilbert space of 2D Lorentzian black hole NLSM and formula

for density of states pﬁgﬁ)(s | B, P)

Possible future direction:
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