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Abstract: The coupled wire construction is a powerful method for studying exotic quantum phases of matter. In this talk | will discuss some recent
work in which this technique was used to realize new types of 3D compressible quantum phases. These phases possess a U(1) charge conservation
symmetry that is weakly broken by rigid string or membrane-like order parameters. No local order parameter is present and the emergent
quasiparticles have restricted mobility. | will discuss the unusual symmetry breaking mechanism and its connection to the compressibility. For a
particular class of models | will also describe an effective low energy theory given by coupled layers Maxwell-Chern-Simons theories.

Zoom Link: https://pitp.zoom.us/j/953725244412pwd=UTIV TTZISmFRKOFmMVE5pTHhDRThwdz09
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Outline

® - Compressibility & Emergent Symmetries and Fracton Phases

® Coupled wire constructions
- Intro

- Examples: Superfluid and Laughlin State

® "Layered" 3D models
- Gapped Planon Phase example

- New compressible quantum liquid: "Weak Superfluid”

® Other interesting wire models
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Compressible phases

Joseph Sullivan

p = charge density

: dap
Compressible =— >0 u = chemical potential

ou

Superfluid
(Bosonic)

Fermi Liquid
(Fermionic)

Integer Quantum
Hall

Compressible phases distinguished by emergent symmetry
group G, and t'Hooft anomalies.
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Emergent Symmetries S——

Wang, Hickey, Ying, Burkov 2021

Jé:.seph Sullivan
Filling related to mixed t'Hooft | &+ =191 _  2xi . . -
anomaly of U(1) and translation !-"T."“r-" T." = ’ Arbltary v constrains Gir
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Emergent Symmetries

Wang, Hickey, Ying, Burkov 2021

Joseph Sullivan

Filling related to mixed t'Hooft | & 1 =191 _  2xi . .
aoriab S and rans N I .TITT; =e™ —  Arbitary v constrains Gy,

Compressible = G, # compact 0-form symmetry

L2

—— —

Emergent: Mon-compact “loop group”

@ C
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Emergent Symmetries

Wang, Hickey, Ying, Burkov 2021

Joseph Sullivan

Filling related to mixed t'Hooft | & 4 =191 _ 2xi . .
o e e (1) el tras oG I TITT; =e™ —  Arbitary v constrains Gy,

Compressible = G, # compact 0-form symmetry

U x y(1)P-1 | I ot} /(40

————— —— —

Emergent: (D-1)—form Emergent: Non-compact “loop group”
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Emergent Symmetries

Wang, Hickey, Ying, Burkov 2021

Joseph Sullivan

Filling related to mixed t'Hooft | & 4 =191 _  2xi . .
e e IT) el TraisTatiGh I .TITT; =e™ —  Arbitary v constrains Gy,

Compressible = G, # compact 0-form symmetry

) = =T "“\. .
E 4 | e )
/

—

UM x g1l B L%

————— —— —

Emergent: Non-compact “loop group”

Emergent: (D-1)—form
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Emergent Symmetries

Wang, Hickey, Ying, Burkowv 2021

Joseph Sullivan

Filling related to mixed t'Hooft | & =191 _  2xi . .
ot o (1) el Tras At I TITT; =e™ —  Arbitary v constrains Gy,

Compressible = G, # compact 0-form symmetry

U x y(1)P-1 | i L 'w

— —

Emergent: (D-1)—form Emergent: Mon-compact “loop group”

o ( —
. New example in a moment! - O

=]
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Fractons

"Quasiparticles move on submanifolds"

“Planon “Linson” ‘Fracton”

Applications/Overlap: Quantum Error Correction, Weird QFTs,
Quantum Glassiness, Elasticity Theory etc
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Coupled Wire Construction

Kane, Mukhopadhyay, Lubensky (2001) g

Meng (2019) Joseph Sullivan

Luttinger Liquid (¢ = ¢ + 27,0 = 0 + 27) L, A beli= cmola )

e'? (Boson) and p = 0,6/2x (charge density)

vV 2 2 i f
Hy = = [(r}_rgu) + (0,9) } e ™ 30,0 are local ops (m,n € Z)
» 0, d

— — -
— — —
I g e
W Sa—
[ -
_— p—
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Coupled Wire Construction

Kane, Mukhopadhyay, Lubensky (2001)

Meng (2019) Joseph Sullivan

Luttinger Liquid (¢ = ¢ + 27,0 = 0 + 27) Fiolal gl

e'? (Boson) and p = 0,6/2x (charge density)

v 2 2 4 :
Hy = o [(a.r@”) +(0,9) } e™ e 9 0,0 are local ops (m,n € Z)
—— .
i interactions _
G = H=H, » H=H,— Z gcos (O

el \,_.—. "' \/"," -~ O Z Afp P+ A()’ wires
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Excitations ! ,.b '

o

®=2x Joseph Sullivan

(©,.0]=0andg> I B B _/_
0=0 ~~~_0=0 ©0=0

Ground State : {0,} € 227 Seliton gap |7

Osclllations about minima (" phonons®) ocalized

s VPP

Gapped quasiparticles O

@ =0 e ig-[d P e in-@

[0,0(x), p(x')] = 27id(x — x) e LT

oAeB = oBpAp—IAB)
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2+1 D Superfluid TS

Joseph Sullivan

......

A

2z phase slip g2 /ﬁ/@y
H= [ Z Hy — g, cos(@,4) — ¢,) — g2 c08(0,) 7]
X g (S

Josephson coupling

Ag=12r

SF phase: g)/g, > 1: Ap =0~ A A0=0 Q.\:.';'.j,}f{, =—
Gapless Ap=0

Vortex Soliton (gapped)
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Particle-Vortex Duality in wires

Mross, Alicea and Motrunich 2016

Joseph Sullivan

Conjugate to Josephson term

*
4’:4"::-_:1* = 1‘] =i I l o+
il —
®&k y<y+1/2 yoy+1/2
L " - A
ef(f)\_’_”?' - -7 - +£ + +i

¢'? (vortex) and 0,6/2x (vortex density)

~

Zlo, 0] > Z[p,0, aﬂ]

H-S tranformation
"charge basis" "vortex basis"
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A
Laughlin State 3 [0

-

Kane, Mukhopadhyay, Lubensky (2001} JOSEph Sullivan

H, = —gcos ({R\.H -, + m(a\_ + 9.\‘+!))

kﬁ_——-\f—-—"’
®Laug!?.-'r'n
®=0 N\ NN ©=0 G)L.fmgfn'in = A‘;(q‘g + mqﬁ)
G d T'?%
appe @ +m gy

(flux attachment)
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Laughlin (cont'd)

exp (2” Ja [Py11 + @y + m(8, — \+|”) 6’:

- m
In vortex |ar‘lguage: @,0 and a > L=—aAda+ LM(:.\'H'(‘H

4z

J‘ out matter
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Joseph Sullivan

3D models
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Six-Wire Model

“— ,,/ > CO S — ,;,,.é.;g[},.....q;.érie.J??ﬂ

L=
o i i
v | .=
X : 4}&1 ........... };q’-;l

V - Yy H H
H, = ZE (0,9, + (0.0,)°) )
8}-':{ = — @y, oz H?H},z % Py+1,z 2 jly'iv'!"?y+l,:.

2 (”9}-‘,2—1 i 9_\',:+] + Hﬁ_wrl,z—l 2 na\‘+l,z+l)

18
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Six-Wire Model (cont'd)

Joseph Sullivan

.............
" -_

............... /h V / f-er
CO S —{ - mﬂ ------ r;;-=4=-4119 ]

ﬁ()
O,
Excitations: ®=2x
Ground State: {0,} € 2z7 ®=0 NN ®=0 ®=0
Gapped when |m] > | 2n] T

17
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Joseph Sullivan

Gapped Example
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Joseph Sullivan

- i ' i
& iy % e'” moves along y

::,t_n . _ o [ " ¢'1%® move along wire
. A— immobile in z =g (® complicated)
"k
xy-planon No op moves along z
0.=0 2 : O

Planons in different layers 1

=trivi idinal 1 -
have non-trivial braiding! Fusion group = Z;‘-'H:-(N_.) e ZS!"I}‘){N‘.J

For experts, this is non-foliated

—|F-J e
| }f—..f ( 34 V/% ) = fracton order
2

0, — 2

Vo
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. J;::rseph Sullivan
¢’ moves along y

> Ta _ o | e ¢'19® move along wire
A oy — immobile in z Ly ——— (® complicated)
¥ax — ; i
Py | .
xy-planon No op moves along z
0,=0 = .
Planons in different layers 1

=trivi idinal 1 -
have non-trivial braiding! Fusion group = Z;‘-'H:-(N_.) e ZS!"I}‘)(N‘.J

For experts, this is non-foliated

—|i=J S
= }f—..f ( 34 V/% ) izt fracton order
2

0, — 2

Vo
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Chong Wang

Gapless (compressible) Example
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. Jo-seph Sullivan
¢’ moves along y

. Ta _ o | . ¢'19® move along wire
L DT B— immobile in z Ly ——— (® complicated)
Wax — b
&k S ! |
xy-planon No op moves along z
0,=0 = .
Planons in different layers 1

=trivi idinal 1 -
have non-trivial braiding! Fusion group = Z;‘-'H:-(N_.) e ZS!"I}‘)(N‘.J

For experts, this is non-foliated

—i-J e
| }f—..f ( 34 V/% ) L fracton order
2

0, — 2

Vo
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'Ih}"'

Joseph Sullivan

Gapless (compressible) Example
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.-—v

“Weak Superfluid” (m = -2n) 5 ra-

e

Joseph Sullivan

"4
AT o
17 A S no e te

@
Il
b
=

v — ®=0 ®=0

Gapless
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Compressibility

wire

x X
Translation along O(x) = [ 0.6 = ;r’[ p =

Luttinger Liquid

H = J q:- “dr‘?’): + (d_tt’-l)z]

.

Ul Jp @ = @ta ‘
Uly:0—= 0+ *

T.:H—>H

v unconstrained = compressible

X0 *0

Laughlin State

@Lr.'rr_q."rl'.r'n = g’_\'+| - @,

+ m(6,+6,,)

Ul)y,:¢—>@+a ‘
U(1),: 0 - 0+ ,

I,:0—-0 + 2mmv

- ! 1
filling constraint —= v=—
2 n
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T.:0-0+m

Weak Superfluid
ner- )

=20 Ry = 2nd
e i

Uly,:9p—=g9p+a ‘
Ullyy: 0= 0+ p *
T.:0 — 0

v unconstrained = compressible

- ,'
' ﬁﬁ;‘i- .

Joseph Sullivan
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Stability

Joseph Sullivan

rrﬁf"""""'énﬁ
Flﬁ-? ----------------- E??ﬁ = 2”0 '—i]rJ — 2nd and e”f-’j Efﬂ dor—l't Commute
i e "u()
([) I 2”'gi' '_(.0 - 2”9 e"‘”‘f’”’l gapped
nﬁ.‘. ................. -9 cos (Awrp + ;“s,jr’:") is irrelevant

Can't condense any local process to drive transition!
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(Non-local) order parameter

Joseph Sullivan

2+1 SF Weak SF
nt) -
@ — Zﬁ'ﬁi """"""""" -—{_.9 — 2nd *

) {(,frp[ e -rt,-;(ﬂ!) =0
Josephson term condensed phase difference

| ——

ni‘)‘m‘;’ Mo local order parameter
) . l g1 1
X el 10
<€ffp[.')€ H_f)(())) ~ @Ps T ) — const
L J 7 Instead: Non-local d(r) = ]'l{ 1x)
SSB of charge U(1)I") ? (B(IB0)') ~ en' 75 — const
(% A

7
"Weak" SB of charge {/(1)\"
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Emergent Symmetry

Joseph Sullivan

2+1 SF Weak SF

O

e

vortex gapped =2 =~ 2nt (—;\

T 2

U1 charge : Q. = 4‘ dg measures vorticity
N {

U(l)* charge : @  “vorticity any plane”
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Emergent Symmetry

J;-seph Sullivan
2+1 SF Weak SF

O

e

vortex gapped P = Enﬂmqr - 2nf

16/161(61:-

F!U% i Hf.i
U1 charge : Q. = 4‘ dg measures vorticity ' '
o {'

U(1)¥ charge : O~ "vorticity any plane”

oy
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Emergent Symmetry

Joseph Sullivan

2+1 SF Weak SF
vortex gapped o - Enq i~ 2nt)
5 5 =

G110

U1 charge : Q. = J

dep measures vorticity
-

(1) charge : @ "vorticity any plane” ,

U1 charge : E O~ ‘total vorticity in all planes” *

Pirsa: 21120031 Page 34/54



Emergent Symmetry

e

Joseph Sullivan

2+1 SF Weak SF
vortex gapped @ - 3”{? Fe- 2nf) ]
5 5 ==

O 119

U1 charge : Q. = 4‘ dg measures vorticity
N {

U1 charge : QO *vorticity any plane” ,

U1 charge Z O~ ‘total vorticity in all planes” *

"Cylindrical" 1-from symmetry
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Gapped Excitations

i
q._;n F

Joseph Sullivan
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“Weak Superfluid” (m = -2n)

Joseph Sullivan

n@; 5”9 / ,\y / ,Q,f!.w

Q. =2r
A Y
S = ®=0 =0

Gapless
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Compressibility

X X
Translation along O(x) = o0=n| p =
wire ; ! _

Luttinger Liquid

g 3

H= J % [(dll.qu} + (dtt’l) ]

& &I

Ul),:¢ = ¢+a ‘
Ullyy:0-=6+f ‘

T.:H—>H

v unconstrained = compressible
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T.:0 -0+

-

Joseph Sullivan
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(Non-local) order parameter

Chong Wang
2+1 SF Weak SF
Hﬁé """"""""" é‘m‘) S
&> e'.¢" gapped

. ((,I'!p[ i'Jf,—qu(ﬂJ> — 0
Josephson term condensed phase difference

e ——

”'r}'*i 'i"”(} Mo local order parameter
) . 1 r1d 1
. it
<€ffp[.')€ H_f)(())) ~ @Ps ' ) — const
W Py 7 Instead: Non-local d(r) = ]_I gmte
SSB of charge U(1)V) 7 (DHD(O)') ~ 7+ — const
5 v

7
"Weak" SB of charge U(1)"
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=

F
e =
Emergent Symmetry | |

A gl

Joseph Sullivan |

2+1 SF Weak SF

s

e

vortex gapped Q- 2:1(1-—;;: - 2nf

-GG} -

T
U1 charge : Q. = 4‘ dep measures vorticity ' '

{

U charge : QO "vorticity any plane” ,
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Emergent Symmetry

Joseph Sullivan

2+1 SF Weak SF
vortex gapped P - Enq Fo - 2nt) z
1Y G .

U1 charge : Q. = 4‘ dep measures vorticity
N 4"

U charge : QO "vorticity any plane” ,

U1 charge Z O~ "total vorticity in all planes” ‘

"Cylindrical" 1-from symmetry
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Gapped Excitations

Mo braiding: dynamical
phase blows up

Gapless modes mediate interaction between vortices

0=0 _~~~_®=0

Gapless form = — 2n

Pirsa: 21120031

~

o

Joseph Sullivan

i e
Wt Vi,
. - -

Braiding well defined

Topological sector: no vorticity (eg dipoles)
Mobility: Planons

Super selection sectors: m*' . L.
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3D Compressible Phases

e

Joseph Sullivan

G/ 3D Superfluid

Uil )[“I X U(l]lll 3D Weak Superfluid

e

Emergent: 2-form in 3D

/6116116

U x gt
3D Fermi Liquid .
Emergent; 1-form in 3D

L2U(1)

L

Emergent: Smoeoth maps from 2-sphera to U(1)
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%

h-

—

- N -

=T
[} - .
Physics of these models _, -
Joseph Sullivan
; B : g = Ky
z " = | —a; Ada; + Maxwell term m n
I1+1 4 i
oy Wf, K= .
i J "gauge charges = planons"
-
-1

: B, = K;;'p, flux attachment is "long range"
Ma, Shirley, Cheng, Levin, McGreevy Chen 21
Qui, Joynt, MacDonald 83, 80

Gapped (|m| > |2n|) : Fracton (Planon) Phase

"Long range braiding"
Gapless (|m| < |2n|) : Confusing from field theory perspective

Stable!

String-like order parameters

28
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Joseph Sullivan

Wire models beyond
“Layered” Chern-Simons
theories
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“Fractonal’” Quantum Hall State

Joseph Sullivan

(2)
Laughli
aughlin p

{ P g el
/L ; L( G ) ) ®f,rmghh'n
T, @1, 01, P, g

Bn’.curw'.l.!'r'u =ty — "f’}-

+ mid, +8.,.,)

T.:0yp,— 0,, = compressible

JS, ladecola, Williamson (2020}
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“Fractonal’” Quantum Hall State

L=
Joseph Sullivan

e
Xxi X 2
j Condense m particles { X iy7
P H i i ¥ 7 B Ma, Lake,Chen, Hermele (2017)
" X : Z .l'f
X i XX ¢
E X+ Z.E
X X 3 £
e X KX
Xy
Toric code layers X-Cube Modesl

What about FQH states?

2]

Laughlin

" é condense anyoen string SRt LD +
P i A ]

; e
_‘f._- . ] > ’\[‘JHI_‘}!‘)’..—!} ............... 8
J -* Use wire model to get explicit = = z |

(2}
micrascopic madel =7
o * | e Langhlin

FQH layers (H)F G)P

JS, ladecola, Williamson (2020)
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Properties

HP =2r Can't move this in any direction w/out creating
: { additional excitations
0 | 2

is a fracton!

Lineons and planons as wel

@p=0

Stable: All local vertex ops create gapped excitations

Emergent U(1), "cylindrical" 1-form symmetry

Mixed t'Hooft Anomaly between global

charge symmetry and Q R A Y

— I | [,llrf.',+rl-.'-l

Pirsa: 21120031

Joseph Sullivan

Page 48/54



Square plaquette models

- |

Joseph Sullivan

_,--r"'"-’f — — "
i my@ + m»0, niQp + n,o
P L"::(_/, - 1 2 .. ......................... . 1 2
_.,-—-'"f:,- > >
S = i m,n €Z

Ny + N O i myp + m,0
3

e ’ (({91 9) | @yz

m+m+n+n=0= T,:0 -0 = compressible

JS, Cheng, Dua
(2020)

=]
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Membrane operator example

myp + mz(% __________________ o1 - ”20 " ......._._é... ........ ._..‘..._......_._.‘,......._._..... FRATPa
: : ' ¢ ’

: : v ;
é f??j- ,Il: E Z E L N1 TEE TRET T '--&--.--&--‘--‘--.---.--.---.‘---.--J....--..

Ry + 108 50 + My 0
¥z :

¢

¥

= .

. ’

H . :

‘ i 3
® '] .q......t.‘...a...;..4...y‘..¢.....,_Q......‘..4..4...‘._‘. I Py
- . ' »
}&. i j

> »
. » . 4
¢ 4 » »
my+m,+n +n=>0 " "'"'"""6""""""""6‘"" ....... .6,-,..........6...-......
* » b »
my # ny, Ry, 1, . . . .
2y iz T
iy # i, M- T N i
| F 11, 1My B = £
1, # m; e

Gr= UMDY x UM => "Weak" Luttinger Liquid?

i

4
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Membrane operator example

o

Joseph Sullivan

mo+mby ... 1P + 1,0

: m,m €Z

[N o 1Y/ S— » my@ + m,0
V7

my+my+n +n=>0
my # ny, Ry, 1,

iy 3 iy, 1My

1, # m;

Pirsa: 21120031 Page 51/54



Membrane operator example

m e + mz()’ ““““““““““““““““ oL+ n,0 . ..........6... ........ ....i-‘...............‘,............... Susiia
: : ! H »

7 4 :
H?I- H; E - .“i..‘..““..“.'..
nzq)+n]é'i--------------o-------imzrp+mlﬂ 4 ’
¥z 1 s
@ '] .I‘.j...t.“ul...§..‘...¢é..¢..‘.1_0......-‘...¢..‘...‘._...q...Q..-....
Yz i- i:
] [

my+my,+ny+n, =10 i .L__...,.._.___._......._,__I.J,..., ....... .l.,..,.......,.......-......

my # ny, Ry, 1, . . : .

L ]
ny # iy, My 'f' 'r 0= I Ie.qu
1, # m;, LY °

G = UMDY x UMY = "Weak" Luttinger Liquid?

i

34
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Future Directions

4

T A o Joseph Sullivan
LR m @ Y
. . ; | "
@ Effective theories for other wire models { 0
m a1 1 (@0 @0
........ 3 3 S
J5, M Cheng, A Dua 21 JS, T ladecola. D Williamson 21

@® Wire Models for other effective theories
* General K-Matrices

* Gapless models

® 2D Weak Superfluid?

* 2D compressibly state with no local order parameter gapped K = v constrained

» Probably outside wire framework: Wire model = CS theory
gapless K = local order

35 parameter in 2D
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Sung-Sik. Leelh

Thank you!
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