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Introduction
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[Abbott+ 2016]
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Analytical approximation methods

® Post-Newtonian (PN) Post-Minkowskian (PM)
v  GM GM
=~ T2 <l > <1
¢ re re

® Combining these methods allows deriving PN results for arbitrary-mass ratios from
self-force results at first order in the mass ratio. (The “Tutti Frutti” method)

[Bini, Damour, Geralico 1909.02375, 2003.11891]

® 6PN (except 4 coefficients)
[Bini, Damour, Geralico 2004.05407, 2007.11239]
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Contents of this talk

Mohammed Khalil

Overview of the method, and the mass dependence of the scattering angle

Spin-orbit (SO) dynamics up to fourth-subleading PN order (5.5PN)

Spin;-spinz and spin-squgred dynamics at third-subleading PN order (5PN)

First law of binary mechanics with spin quadrupole

Based on
Antonelli, Kavanagh, MK, Steinhoff, Vines 2003.11391, 2010.02018
MK 2110.12813

MK, Kavanagh, Steinhoff, Vines (in prep.)

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 4 /25

Pirsa: 21110046 Page 5/31



Pirsa: 21110046

PN results for the conservative dynamics

Mohammed Khalil (AElI & UMD)

PN order 1.5 25 3.5 4.5 5.5 6.5
0 1 2 3 4 5 6

no spin N 1PN 2PN 3PN 4PN 5PN 6PN
spin-orbit LOSO | NLOSO |N2LO SO [N3LO SO | N4LO SO

spin~2 LO S2 NLO S2 | N2LO S2 | N3LO S2

spin*3 LO S3 NLO 83 | N2LO S3

spin’4 LO sS4 NLO S4

spin*5 LO S5 NLO S5

spin”6 LO S6

Dynamics of spinning compact binaries

Mohammed Khalil

need up to
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7PM

credit: Justin Vines

Nov 25, 2021

5/25

Page 6/31



Pirsa: 21110046

PN results for the conservative dynamics

Mohammed Khalil

PN order 4.5 6.5
0 e 3 & J need up to
no spin N 2PN 3PN 4PN 1PM
spin-orbit SO | NLOSO |N2LO SO 2PM
spin~2 LO S2 NLS S2 | N2LO S2 3PM
spin*3 LO 4PM
spin*4 LO sS4 5PM
spint5 S5 NLO S5 6PM
spin’6 LO S6 7PM

Mohammed Khalil (AElI & UMD)

Dynamics of spinning compact binaries

credit: Justin Vines

Nov 25,2021 5/ 25

Page 7/31



Overview of the Tutti Frutti method

Mohammed Khalil

Conservative Dynamics

nonlocal-in-time
(4PN, 5.5PN SO)

local-in-time

bound unbound scattering angle to
orbits motion Hamiltonian

(e exp.) (1/e exp.)

H to redshift and
precession freq.

solve for unkowns
from 1SF results
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Nonlocal part of the harmonic-coordinate Hamiltonian

® Total action split into local and nonlocal-in-time pieces ShR = SoPN 4 gnPAl w———

[Damour, Jaranowski, Schafer 1401.4548, 1502.07245]

Srl{(g*lloc - (};—SM/dt Pf2s/c/ |t(itt;]:l_o(tatl) = _/dt5Hnonloc(t)

® Time-symmetric GW energy flux
0 G 3 3 16 3 3
PO t) = G [ HPOIPW) + 5500 0IP )]
® Nonlocal Hamiltonian (define 7 = t' — )
SH-Q e (t) = ‘_szsfcf Lty el R )+2G—M FO(t, tyn (£)
& i

The length scale s is chosen to be the harmonic coordinates r to remove In(r).

® Integral is computed in small/large eccentricity expansion for bound/unbound orbits.
[Bini, Damour, Geralico 2003.11891, 2007.11239], [MK 2110.12813]
Dynamics of spinning compact binaries Nov 25, 2021 7/25
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Mohammed Khalil (AEl & UMD)

Nonlocal part of the harmonic-coordinate Hamiltonian
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Nonlocal part of the EOB Hamiltonian

Mohammed Khalil

® Effective-one-body (EOB) Hamiltonian ma az

S V-

HEOB—M\/ + 2v

M = m
[Buonanno, Damour 9811091] L+ ma
mi ay a=ai+ a2
Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 3 /25
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Nonlocal part of the EOB Hamiltonian ?,,
N

® Effective-one-body (EOB) Hamiltonian ma az g e i
M =mq + mo
[Buonanno, Damour 9811091] my a1 & ity il
® SO part of the effective Hamiltonian

1
c3r

Heff — 3L ) [QS(T:p?‘)‘__S—i_gS* (TJpT)S*]

1 oC ,nonioc
QS:2+"'+C—8(55PNI i gSPN |)

g = g s L l (95S£PN Joc 4 ggEPN nonloc)

At SO level, aligned spins <> generic spins

Write nonlocal part of the gyro-gravitomagnetic factors with unknown coefficients in
pr expansion, and match the average

(6Hpm) = (SHE®. )

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 8/25
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Nonlocal part of the EOB Hamiltonian

292 32 584 232 1 12782 32744 11664 :
5.5PN,nonloc __ . sy TN i o _ P
9g = 2:/{( 5 Inr — T T E 3 1112) i (—15 104~vg + In2 5 In3 + 92111?) T ——
12 4 21894 246 1 232 25172 1562 6
503 635456 , 218043 p, 38246 , 176799232, 57371113_30 5625 .\ pf
15 9 25 225 10 18 .
503099 898982848 6352671875 31129029
_ e B T ta 10
( 350 T e )Y B A T 1’13) pr+ 0 (p;") }
5.5PN.nonloc O 32 2912 1 35024 1024y 93952 10692 512 p?
e = Sl TG~ to — B — = T = - In2— In Inr | 22
9s {( Olor =5 =32 - 45 1 15 B T o AT 3
L (9232 2078624, 206064, p, 33048 | 1497436672, 1199934 . 12503750 .\ pf
15 5 0 25 2025 5 B
651176 9076395968 2225734375 697653 @
( o S In2+ TE 5 — — —n 3) 5+ 0 (pl) ;.

1 oC ,nonioc
o +_(55PNI +25PN |)

g = g e 1 l (QZEPN L nonloc)

® At SO level, aligned spins <> generic spins

® Write nonlocal part of the gyro-gravitomagnetic factors with unknown coefficients in
pr expansion, and match the average

(6Hpmr) = (SHE, )

Nov 25, 2021 8 /25
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Mass dependence of the impulse

.
v

mi

Mohammed Khalil

® Based on the structure of the PM expansion, Poincaré symmetry, and dimensional
analysis, the magnitude of the impulse has the mass dependence [Damour 1912.02139]
see also [Vines, Steinhoff, Buonanno 1812.00956], [Bern+ 1908.01493], [Kalin, Porto 1910.03008]

Q = (Ap1.ApY)'?

2G-‘TT;1’,'T?,2 [leM (7) N

G
+ 4 (lefflM + 'sziiM)

o2 5 ~3PM 3PM 203PM
g b2 'lemf + mamaQm m, + 'm.ngg L

® Extending to spin [Antonelli, Kavanagh, MK, Steinhoff, Vines 2010.02018]

a;  as Si
Q(F}/) *}Q Yo st )i ai =
b’ b mi
Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 g /25
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Relation between scattering angle and impulse

ot 4
. 152 P1
Sl : ™o X Aplf
6 X\ =
p
mq 1
® Scattering angle is related to Q
sin = = Q
2 2FPm
mims 1 Fes
Pc.m: vV 2—1, = —1 U — = .

E=M1+2v(y—1)
® Scattering angle scaled by F//mims2 has same mass dependence as Q, i.e.

M - mass g
B X dependence 1)

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021
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Mass-ratio dependence of the scattering angle

Mohammed Khalil

® A homogeneous polynomial in my /M, mg/M of degree n can be written as a
polynomial in the symmetric mass ratio v = /M of degree [n/2]

3PM:
4PM:

cml + dmims +cm2 = Mz[c—l— (d — 2¢)v]

emi + dm3ma + dmim3 + emi = M?[c + (d — 3¢)v]

® Mass-ratio dependence of the scattering angle

.

Ly o B
+ (GTM)5 [XEU +vXg + L’ngz] SR

® Spin leads to a dependence on the antisymmetric mass ratio 6 = (ms — m1)/M

3PM:

4PM:

Mohammed Khalil (AElI & UMD)

Pirsa: 21110046
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Dynamics of spinning compact binaries

0
al [clm% +comims + c;,m%] = M?aq [Xg + Xgﬁ + ng]

al [clm? + camima + c;gmlmg + C4m%] = M3a; [XZO o Xié + Xiv + XZ‘SWS]
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Spin-orbit scattering angle through 5.5PN

® Relate local Hamiltonian to scattering angle [Damour 1609.00354]

Xloc = —2[ 9P (Hioe, L, 7) dr —m
0

Mohammed Khalil

oL

® Replace (F, L) with (v, b) [Vines 1709.06016]

N
® Match scattering angle calculated from Hj,c to the ansatz

M ¢ a1 | (GM GM 2[ ( 21 35) 3]
— T — — V4 —— PR T —
E Xl b{('u?b)( UHW(U%) Tt

GM\*® b N B v T wr 9

v2bh
GM\* 1365 3156 , .
+W(W) [~-+(— TR +.Xi;7v+.xf?f;6v>v7+(X&’9V+X355V)v9}

GM\°®
% (W) l+ (—336+845+X59V+Xg9”5y+X5";u2) 1:9] } +162

(...) known from test scattering angle [Bini ,Geralico, Vines 1707.09814], and lower PM orders,
1 unknown at 3.5PN, 3 unknowns at 4.5PN, 6 unknowns at 5.5PN

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 125805
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Redshift and spin-precession frequency

® First law of binary mechanics for eccentric orbits, aligned spins, to linear order in s

Yilber Bautista Chiva...

dE = Q,.dI. + Q¢,dL -+ 21 (zidmi + QsidSi)

[Le Tiec, Blanchet, Whiting 1111.5378], [Blanchet, Buonanno, Le Tiec 1211.1060]
[Le Tiec 1506.05648], [Antonelli, Kavanagh, MK, Steinhoff, Vines 2010.02018]

® Redshift and spin-precession frequency from (local + nonlocal) Hamiltonian

. (9H 0. - (o2
YT\ om, /) 5=\ 95;

® Express z; and {25, in terms of gauge-independent variables, expand to linear order
in the mass ratio, then express in terms of Kerr-geodesic variables (e, u,).

3
® Match PN to 1SF results and check that all logarithms and Euler gamma cancel

z1=»--+q[---—I—s(...)+a(---—|—62(...)—|-e4(...))]
Qslz...+q[...+62(_,_)]

¢: mass ratio, s: spin of the small body, a: background Kerr spin, ¢: eccentricity
[Akcay, Barack, Bini, Damour, Dempsey, Detweiler, Dolan, Geralico, Harte, Hopper, Kavanagh,
Le Tiec, Munna, Nolan, Ottewill, Pound, Sago, Shah, van de Meent, Warburton, Wardell,...]

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 135025
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Determining unknowns from self-force results

® Scattering angle ansatz Mohammed Khall
M o _ (GM) (GM)Q[ ( 21 35) 3]
] — —_— _4 — P e —
X0~ 5 Lam ) T g T\ )
GM\? .
(m) [ -+ 4+ (=50 + 106 + X§51/)v5 + X;‘_WU'J + nguvg}

GM\ 4 1365 3156 -
+w(m) l---+(— o+ g T X+ XL;T‘SV)'UT“_(XZQV+ng5v)v9:|

M\
a (G—gb> [+ (—336—0—845+X5“91/+Xg9”5y+X'5’92u2) v91}+1 2
v

® Need both redshift and spin precession to solve for the unknowns
=g |obs(on) +a(Xio, Xio — X35, Xt — X35 )|
O3, = +q | Xbo, Xio + X35, Xt + X3 |

a; — s: spin of the small body, as — a: background Kerr spin

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 14 / 25

Pirsa: 21110046 Page 19/31



Binding energy comparison with numerical relativity

Mohammed Khalil

® Binding energy E = H — M, as a function of orbital frequency 2
® [Spin-orbit contribution E%°(v, a,a) ~ z [E(v,a,a) — E(v,—a, —a)]

® Remaining unknown ngz is varied between 500 and -500

~0.002f 0.10¢
o 0.08
= 0.06}
o8 -0.006} 0odl
J€3] [ o
~0.008 28 .02l
—
—-0.010¢ See 0.00
w02
J&3
~0.002F 010}
m g
= —0.004f ols 0.08
= <3 L
g§ ~0.006} — 0.06
0.04
= _.00sf 002
T '
. ‘ . . 0.00 & . . . !
028 030 032 034 036 (.98 028 030 032 034 036  0.38
1 — / 1/3 «
up = (GMS) v = (GMQ)3
NR data from [Ossokine, Dietrich, Foley, Katebi, Lovelace 1712.06533]
Dynamics of spinning compact binaries Nov 25, 2021 157/ 25

Pirsa: 21110046 Page 20/31



Pirsa: 21110046

From scattering to bound orbits

® Radial action for bound orbits

Mohammed Khalil

I.(E,L) = % %pr(r, E,L)dr

® Scattering angle to radial action

W(E, L) = lerPf/ ool B, L)

I.(E,L,a;)) = W(E,L,a;)) — W(E,—-L, —a)
® Scattering angle to periastron advance [Kilin, Porto 1910.03008, 1911.09130]
oI,

OL
A®(E,L,a;) = x(E, L, &) + x(E,-H, —a:)

®=2r4+ A% =27

|
® General map from scattering to bound orbits [Saketh, Vines, Steinhoff, Buonanno 2109.05994]

Obound(E, L) =2 f(r,E, L)dr, Ounbound(E, L) = 2 f(r, E, L)dr

Obound(E, L) — Ounbound (Ep L) o+ G(f)ounbound (E; _L)
for O(f) = £1if f is odd/even in L

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 16 / 25
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5PN spin;-spin, dynamics for aligned spins

Mohammed Khalil

® Scattering angle ansatz

M araz | /1 GM 5 GM\?> 45 5 9 4
EXCHGQ: 2 {(v2b)(4—|—4v)+7r(v2b) 3+7U +§’U

GM\? ) »
—I— ( 'Uzb ) ["'+(440+X34V)’U4+(40+4}1ﬂ;,l/) ’Uﬁi|

GM\* 275 .
+7T U2b + ?4-.}(.“;,1{ v

1 unknown at 4PN, 2 unknowns at 5PN

® Need 1SF spin precession to O(ae?) to solve for unknowns

2
® Solution
o 1093 , 615 2
X3, = —66 Xog = ——— X4 = — (37" — 416
34 ) 3€ 5 ) 16 256 ( )
Dynamics of spinning compact binaries Nov 25, 2021 17 / 25
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Binding energy comparison with numerical relativity

spini-spinz contribution to the binding energy
E*>*(v,a,a) ~ E(v,a,0) + E(v,0,—a) — E(v,a, —a) — E(v,0,0)

Mohammed Khalil

0.0006 g=1
& 0.0004
7
' 0.0002¢
0.0000r
0.0006] — 2PN q=1/3
_ — 3PN
w
= (0002} — 5PN
—NR
0.0000 *
0.28 030 032 034 036 0.38 040
vo = (GMQ)Y3
NR data from [Ossokine, Dietrich, Foley, Katebi, Lovelace 1712.06533]
Dynamics of spinning compact binaries Nov 25, 2021 18 / 25
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5PN spin-squared dynamics for aligned spins

T (G—M) (24202 + 7 (GM)2 F + (ﬁ — 2—”) vZ + (@ - E) '04}
E Xa,z - b2 ’U2b ’U2b 2 8 8 32 32 Mohammed Khalil

v2b
GM\* 20625 87750 6
trlom) [t e e TRt XiGps )| (162

® 1SF redshift known to O(a”e*) and O(s?e”), but not enough to solve for unknowns
[Bini, Geralico 1907.11080], [Bini, Geralico, Steinhoff 2003.12887]

GNP & 4 - 6
'] [~ + (220 — 808 + X&) v* 4 (20 — 85 + X ¥gv) 5]

s =g PO () e (L) H L)

981:"'+q["'+ s(unavailablE)} )

N

3 L - L 17
X361 X161+ X46

® Assuming (g, is known to O(s) for circular orbits in Schwarzschild,

Q
b1 =25 — iy s (y3/2 — 3452 40+ Cyg/z)
g
wo 1041 11524572 35055 15C ., 945 2285 15C
236 — 10 ’ “246 — 32768 64 392 ’ “*46 — 32768 64 39

Nov 25, 2021 19 / 25
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First law of binary mechanics to linear order in spin

[Blanchet, Buonanno, Le Tiec 1211.1060], [Antonelli, Kavanagh, MK, Steinhoff, Vines 2010.020

Mohammed Khalil

® Lagrangian depends on dynamical variables X 4 and constants Cp
S :/dtﬁ(XA,CB)
® Taking the dynamical variables X 4o on-shell (fulfilling their equations of motion)
oL oL
0L = ——06C — 06X td
9CH B+ 5X 1 A + (td)
N——
=0 (on-shell)
® Performing a transformation of the dynamical variables X4 — X/,
oL 0L 0Xa 0X, 0L 0Xa /
0L =—9 td) |0 — —— 60X 4 + (td
St el LsXA 5x7, o0y T )} Ce + 5x, ox,, 0 Xa +(td)
0 0

Allowing for changes of the Lagrangian of the form £ = £’ + (td),

(2),.)-(()
0Cs ) |~ \\0Cs/,

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 20 / 25

Pirsa: 21110046 Page 25/31



First law of binary mechanics to linear order in spin t
\ 5 /

[Blanchet, Buonanno, Le Tiec 1211.1060], [Antonelli, Kavanagh, MK, Steinhoff, Vines 2010.020

Mohammed Khalil

® Lagrangian depends on dynamical variables X 4 and constants Cp
S :/dtﬁ(XA,CB)
® Taking the dynamical variables X 4o on-shell (fulfilling their equations of motion)
oL oL
0L = ——06C — 60X td
9CH B+ 35X A A + (td)
N——
=0 (on-shell)
® Performing a transformation of the dynamical variables X4 — X/,
oL 0L 0Xa 0X, 0L 0Xa /
0L=—9 td) |0 — —— 60X 4 + (td
L= 50s CB*‘[&XA5XQ,803'+( 4 Ce + 5x, ox,, 0 Xa +(td)
0 0

Allowing for changes of the Lagrangian of the form £ = £’ + (td),

(E)E’ ) B ( OE )
Cs ) x1, oCs ) x,

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 20 / 25

Pirsa: 21110046 Page 26/31



Pirsa: 21110046

First law of binary mechanics to linear order in spin (cont.)

® Redshift to linear order in spin Mohammed Khali

dr _/dn\ /oL \ _ /OoH
/dtﬁw—mi/dt di — Zl:<dt>_ <8m1>_<8m,>

® Precession frequency follows from the EOM for the canonical spin vectors

—ax g, Gp=27
X S,

Spin magnitude is constant, and for nonprecessing spins

)= (5%)

® For a Hamiltonian in terms of action variables, H'(I,.,I; = L;Cp),

Qs, = <|ﬁg“

0 OH' ; 0 OH' i
r = = cons = —— = cons
al, ! ¢ BE
OH' 0 OH'
AR S, =
ami ’ : 881
Dynamics of spinning compact binaries Nov 25, 2021 215/ 95
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First law of binary mechanics for spin quadrupole ae

N Y

Mohammed Khalil

® Nonminimal part of the action for spin quadrupole [Levi, Steinhoff 1501.04956)]

CES2 gju,y W av
ety e A

is the electric component of the Riemann tensor.

Lps2 =

g,u,u = Ruauﬁua uﬁ

Define the quadrupole Q) = Cp g2 82/2m to remove the mass dependence of the
nonminimal part, such that z = (@H/0m).

For aligned spins S* = Ss”,

£E5'2 = Q

Define the eigenvalues M?£(u) = diag[Af, AY, —(A¥ + AF)], leading to

OH __or __zAf
0Q  0Q M2

(aligned spin)

Mohammed Khalil (AElI & UMD) Dynamics of spinning compact binaries Nov 25, 2021 22 /25
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First law of binary mechanics for spin quadrupole (cont.)

Mohammed Khalil

2
CiE82 Si

Qmi

<
M

E
dE = QdI, + QsdL + ) (zidmi + Q5,dS — =2 in) . =

® Redshift from PN Hamiltonian agrees with 1SFI[Bini Geralico,Steinhoff 2003.12887]

oOH
z1:< ) :SO+82+Q[80+8+32C'1552]~|—...
8?711 Q

] y . . . . 35/2
® Spin-precession invariant from H agrees with the test spin result ] = svfl’_—By

v1=5"+s+q[s"+s]+...

® Eigenvalue A calculated from H agrees with 1SF results for A&
[Dolan,Nolan,Ottewill, Warburton,Wardell 1406.4890],[Bini,Damour 1409.6933],[Bini,Geralico 1806.03495]

2 2 4 5
E ms g m3 OH 3 4 5 3 3y 23y
Ay = S Ay = —— =y +3y +9% +q(—-y — —
.Z\/f2 Z1 8Q1 Y J 4 Y 2 8
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First law of binary mechanics for all spin multipoles

® Spin-induced part of the action [Levi, Steinhoff 1501.04956]

Mohammed Khalil

= (-1 Cpse E
j ES" - HiM2 guil gr2 ... GH2n—1 GH2n
Si T;- (2’”,)! mzn_l H2n ~3 /_u2
oo :
Z CBSZT?'+]ED . D B}J«LMZ S#l SPLZ " S#Zn—l 5#2?1 S.U'Z'n.+l
e (2n —I— 1)! m2n e & V—u2
® Conjecture:
- a

(n
dE = Q,dI, —I—qudL—l—Z(zldml—l—Qst +Z( L 12‘;} d,J(”)
=

n Ci " A
Ji( )= %Si :
n!m!

1

\, J/

* A® is an eigenvalue of the octupolar tensor Buuy = R;W@;Auo‘uﬁ.

Agrees with the eigenvalue denoted AB 320y calculated at 1SF
Nolan, Kavanagh, Dolan, Ottewill, Warburton 1505.04447
g

3
™m
AB(222) = ﬁz ) — —6y°% + 9ay® + q(6y"/* — 15ay”)
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Conclusions

Mohammed Khalil

® Calculated spin-orbit coupling up to 5.5PN (local and nonlocal), except for
one coefficient, using information from the PN, PM, and SF.

® Calculated spin-spin coupling at 5PN for aligned spins, except for one
coefficient that can be determined from 1SF results.

® Motivated a first law with spin quadrupole that agrees with available results
for redshift, spin precession, and the eigenvalues of the tidal tensors.

® Future work:

® Determine the remaining SO unknown through
targeted PN calculations [Bini, Damour, Geralico 2107.08896]
or second-order SF [Warburton, Pound, Wardell, Miller, Durkah 2107.01298]

Use new PN results in EOB waveform models

Calculate 1SF precession frequency to linear order in spin

Derive the first law with spin quadrupole [Ramond, Le Tiec 2005.00602]

Extend the spin-spin results to precessing spins
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