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Exotic Quantum Matter Landscape
T=0

Short-range entangled: invertible, SPT

Gapped
TQFT-like (e.g. all known 2D ones)
Long-range entangled {
Fractons
Conformal
Gapless Finite density: superfluid, Fermi liquid, ...

Inspired by Liujun’s CMSA talk
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U(1) Chern-Simons Theory

Prototype: U(1) Chern-Simons theory S[a] = %J aAda
T

1
Effective theory for z Laughlin FQH

k
Coupled to matter: S[a] = —[ aANda— [ j-a
r ) ,

k
Flux attachment: p = —b
2r

Gauge charges are anyons

Wilson Ioop operators

Wc—exp zq a
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Multi-component Chern-Simons Theory

1
g: ZE ”a)r/\daj
J

K is an integer symmetric matrix

E.g. Jain’s states, multi-layer FQH states

K
Coupled to matter: S[a] = JJ a;ANda;— J Jr
ar ) 4 o

] Ky
Flux attachment: p; = 2—:?:5r
v/

Describe all Abelian TOs
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_)N

Infinite-component Chern-Simons theory

I+1 m -
) A7 27
I I
| I is the “layer” index

a; is a compact U(1) gauge field “localized” in the I-th layer

Qiu, Joynt and MacDonald 1989,1990; Naud, Pryadko and Sondhi 2000
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Infinite-component Chern-Simons theory

Simplest case: n = 0

Stack of 1/m Laughlin states

Simplest example of a “non-liquid” state

GSD = mk

Excitations only move in the planes (“planon”)

A
A L2 7 A2 Take intersecting stacks of 2D TOs
2 VAW ' Condensation on interfaces
48 2Pl |
I /’/ A A 4 / Fracton models (e.g. X-cube)

Each layer can be viewed as a non-invertible defect
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“Foliated” iCS Theory

(
Zs TC 0 2 -1
2 0
Z4TC - -1 G 4 -4
2 0
-1 0 2 -1
ZyTC — 5
=1 0
Z4 TC
Shirley, Slagle and Chen 2019 iCS description
y N > +~— N—a —
c =\ C A
W e GL(N, Z)
a
|—'—|
N = Y Y
K(N) K(N—a) @ K

W is “local”, i.e. acting on a few nearby layers
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TQFT defect network / Cellular state

TQFT + invertible defect network Crystalline SPT/SET

TQFT + non-invertible defect network —— Fracton models

O-strata 1-strata

Aasen et al 2020; Wen 2020; Wang 2020

* All exactly solvable fracton models can be constructed this way
exactly solvable = commuting projector
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Energy Spectrum

1 1
F=— Y K,AANdA, —— Y F?
4;:; AT J 4.«32; 1

2 2
e
Photon spectrum: co;;‘ = k2 + k;,z + (%Kq)

q labels eigenmodes of K (e.g. lattice momentum along z)

K,=m+2ncosq

Im|>2|n] gapped photons

|m| <2|n]| gapless photons

Gauge charges are gapped

Y
X. Ma et al 2020
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Topological order

GSD ~

2n

N
m+\/m2—4n]

|=J]
I _ n Vm?—4n —m
= ) O =
L vVm?2—4n 2n
' e £ 1 for any I,J
d - 6,; — 0 when |I—J| — o0

* “Long-range” braiding is difficult (or impossible?) in defect network

Canonical quantization: [a,,, a Jy] = i(K'l)U

Gauge fields a are not strictly local in
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A lattice model

Start from a stack of IQHs with Chern number C = 1

tQH 1
Al 2
! 3
Gauge U(1) planar symmetries A*- 4
5
A 6
7
m=3n=1

A, couples to fermions in layers 1, 2 and 3
A, couples to fermions in layers 3, 4 and 5
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Quasi-local string operator

Test charge in /-th layer created by exp (i [al)

induces gauge flux 27(K *l)y in the J-th layer
The IQH state needs to respond to the flux

Support of anyon string operator
decays exponentially

X. Ma, W. Shirley, MC, M. Levin, J. McGreevy and X. Chen, arXiv:2010.08917

Pirsa: 21110021 Page 14/35



FQH Realization?
FQH wavefunction: H H(’Zﬂ — Zﬂ)mH(Zu — Zip)" Y lzal’
I i< ij

Variational phase diagram

| 0,k,0) : decoupled 1/k Laughlin layers

090> | 1,k,1) : K matrix withm =k,n =1

I h hep

| 1,1,k,1,1) : K matrix with 2nd-NN correlation

bet

hcp, bet, INC: crystalline states

1-5 20
1/v

Figure taken from Qiu, Joynt and MacDonald 1990
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Gapless IiCS theories

g = Z (ﬂafl\da!+;_’ra1/\daf+l)
I

dr
|Im| > 2|n| gapped photons
|m| <2|n| gapless photons

FQH wavefunction for m = n = 1 describes a CDW state
Qiu, Joynt and MacDonald 1990

Next:
A mtc?oscopic model that realizes iCS for any m, n

Then we will focusonm + 2n = ()
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Coupled wire model

g _—
cos |*

—
> = —@+mb; g +mb

!

- il

il

il >
/’/

Z = >
> no : in6
X y i i

C

y<

\

\

(

Each wire is a Luttinger liquid

1
L = —0,p0,0 — —[0,0)* + (0,0)]
2r 2r

&y=—U Z de cos O, (x)
Yz
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N

What the gapping interaction does

e'? creates a boson

Boson hopping between neighboring wires

creates a 2rx “phase slip”

~ superfluid vortices hopping

6

e’ carries 277v momentum, v is the filling
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Symmetries

iné'% infl
)
U(1) charge: O, = J-dx Z—EGnyZ

e

' Subsystem U(1) symmetry: Q, = Z O,

L,y'(a

x-momentum (or axial U(1)): PyZ = v[dx dx€0yz

{ pind

y<

Total P is conserved when m + 2n = O for any v
A

This state is compressible
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Weak Superfluid Order

No local order parameter

Local vertex operators (e.g. e"@", efe) always create gapped excitations

A stable gapless phase

el A rigid string-like order parameter
.....-.uu.-?u...................?...-............-u..g......--.---.--..--.--?-u-........ Along Z direction

* with PBC in z, or certain OBC

o0 — H e,

¥

Z .........u..i......................é......................é.......................@....u...... Nzc

("= POy ~ o7
L y
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Symmetries

in(?i infl
)
U(1) charge: O, = J-dx Z—Eaﬁyz

e

' Subsystem U(1) symmetry: Q, = Z O,

I_,y'@)

x-momentum (or axial U(1)): Py‘Z = v[dx dx%z

! pind

Yz

Total P is conserved when m + 2n = 0O for any v

This state is compressible
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Gapped Excitations

)
)

All gapped excitations are bound states of
weak SF vortices

1

Long-range interaction: ~ ——
r

Il

Excitations with no vorticity (e.g. vortex dipoles)
L-17 « " o
m-: LZ types” of non-vortex excitations

Same as the ground state degeneracy on torus
3

Can move in x or y directions, some can move in z
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Back to field theory

Using a coupled wire version of boson-vortex duality:

D. Mross et al, PRX 2017; E. Leviatan and D. Mross, PRR 2020

Assuming finite L;
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Compressible phases

In a translation-invariant system, a phase is compressible
if the charge density (filling) can be tuned continuously

on

Thermodynamics: o >0

Bosons: superfluid and deformations
(Lifshitz, Bose-Luttinger, EBL, ...)

Fermions: Fermi liquid and non-Fermi liquid

They can be “classified” by emergent symmetries

Else, Thorngren and Senthil, PRX 2021
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Filling Constraints

Filling can be understood as a kind of
“mixed 't Hooft anomaly” between U(1) and translations

Oshikawa 2000; Song et al 2019; Else et al 2021
Filling anomaly C Anomaly of emergent symmetry

: g Compact 0-form symmetry
ATRIEAry.EIEng /é Finite higher-form symmetry group

J Else, Thorngren and Senthil, PRX 2021
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Filling Constraints

Filling can be understood as a kind of
“mixed 't Hooft anomaly” between U(1) and translations

Oshikawa 2000; Song et al 2019; Else et al 2021
Filling anomaly C Anomaly of emergent symmetry

, e Compact 0-form symmetry
Ahitrary FIlEng /é Finite higher-form symmetry group

Else, Thorngren and Senthil, PRX 2021

k,
AW
ny is conserved for each k on FS U) % lg(l)[lJ

Only known mechanisms to saturate filling anomaly in 2D
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Symmetry and anomaly in CS theory

K
5 =[ ia;/\dau,
A, 4

*Only continuous symmetries are considered.

O-form U(1) symmetrles = ) 1, *da,
Charges are monopoles :

1-form U(1) symmetries @ — a;+0v4,if Kv=0

Charges are Wilson loops A is a flat connection

't Hooft anomaly for

0 1 V- t[ BAdA B is background 2-form for U(1)!!
U@ x gt -

; A is background 1-form for U(1)[!

Gaiotto et al 2015; Hsin et al 2019; Benini et al 2018
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Emergent “Higher-form” Symmetry

Ordinary superfluid

Weak superfluid

1-form symmetry charge = vorticity

Having 1-form symmetry = vortices are static

Interaction induces vortex hopping

The total vorticity for a given region
summed over all layers is conserved

“Cylindrical” 1-form?
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Filling condition in iCS theory

Assume z is finite . _ . _._2 1
With PBC -

U charge vector: t = (1,1,-+,1)7

U(D charge vector: v = (1,1,-,1)T

The v monopole is the only gauge-invariant op. at low energy
Very non-local, so no Polyakov confinement

Identified as the string-like order parameter for the weak SF

Filling anomaly C Mixed anomaly between U(1)!°! and U(1)!!!

Anomaly coefficient v - t =V,
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Generalizations to other iCS

Whenever Kv = (), the iCS theory describes a weak superfluid

fm \
n

n
m n

m

e {0,1,2}

Null vector exists only for

For other values of m, n

|m| >2|n|  Fractonic (planon) phase

Im| <2|n|  Stable gapless phase with gapped planons
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More compressible phases from coupled wires

A B 6
SLNCT - / ,@

J. Sullivan, A. Dua and MC, PRR 2021 J. Sullivan, T. ladecola and D. Williamson, PRB 2021

m+my+n+n,=0

Instead of “string”-like order parameter, there are membrane-like operators
with quasi-long-range order
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Other 3D FQH-like Phases

Gapless layered three-dimensional fractional quantum Hall states

Michael Levin' and Matthew P. A. Fisher?
'Department of Physics, University of California, Santa Barbara, California 93106, USA
’Microsoft Research, Station Q, University of California, Santa Barbara, California 93106, USA
(Received 9 February 2009; revised manuscript received 22 April 2009; published 15 June 2009)

IQH layers coupled to (3+1)d U(1)? gauge fields

Gapless photons: wl% = kf + k? + a:k;'

Gapped, fully mobile quasiparticles carrying e/3harges

Figure from Physics 2, 49 (2009)
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Summary
Z = ; (%a,, A day + zixaf A daHl)

* Gapped fractonic phases with only planons and “quasi-local” braiding

* A distinct compressible phase in the infinite-component CS theory
No symmetry breaking, in the sense of no local order parameter
Weak superfluid order: non-local order parameter

* Perhaps realized in layered 3D systems?
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Filling condition in iCS theory

Assume z is finite . _ . _._2 1
With PBC -

U charge vector: t = (1,1,-+,1)7

U(D charge vector: v = (1,1,-,1)T

The v monopole is the only gauge-invariant op. at low energy
Very non-local, so no Polyakov confinement

Identified as the string-like order parameter for the weak SF

Filling anomaly C Mixed anomaly between U( D and U(DHM!

Anomaly coefficient v -t = N,
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“Foliated” iCS Theory

ZsTC 0 2 -1
2 0
Z4TC — -1 H 4 i
2 0
—_— -1 0 2 -1
Z4 TC 5 1
=1 0
Z4 TC
Shirley, Slagle and Chen 2019 \ iCS description
’ N > «~— N—a —
- =\ ‘m 5
W e GL(N, Z)
a
&
\. - . ~
K(N) K(N—a) @ K

W is “local”, i.e. acting on a few nearby layers
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