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Abstract: Quantum cellular automata (QCA) are unitary transformations that preserve locality. In one dimension, QCA are known to be fully
characterized by atopological chiral index that takes on arbitrary rational numbers [1]. QCA with nonzero indices are anomalous, in the sense that
they are not finite-depth quantum circuits of local unitaries, yet they can appear as the edge dynamics of two-dimensional chiral Floquet topological
phases [2].

In this seminar, | will focus on the topological aspects of one-dimensional QCA. First, | will talk about how the topological classification of QCA
will be enriched by finite unitary symmetries [3]. On top of the cohomology character that applies equally to topological states, | will introduce a
new class of topological numbers termed symmetry-protected indices. The latter, which include the chiral index as a specia case, are genuinely
dynamical topological invariants without state counterparts [4].

In the second part, | will show that the chiral index lower bounds the operator entanglement of QCA [5]. This rigorous bound enforces a linear
growth of operator entanglement in the Floquet dynamics governed by nontrivial QCA, ruling out the possibility of many-body localization. In fact,
this result gives a rigorous proof to a conjecture in Ref. [2]. Finally, | will present a generalized entanglement membrane theory that captures the
large-scale (hydrodynamic) behaviors of typical (chaotic) QCA [6].
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Quantum cellular automata

e Lieb-Robinson bound

“Soft” light cone from locality:

I[Ox(t), Oy]|| < Cerldist(XY)—vi]

E. H. Lieb and D. W. Robinson, CMP 28, 251 (1972)

* Definition of quantum cellular automata (QCA)

Unitary that strictly preserves locality: o +1

——
Oz =U04U' Hq:::bH

B. Schumacher and R. F. Werner, arXiv:quant-ph/0405174 T T T T T

In 1D, QCA = matrix-product unitary (MPU) .1 cirac et al, 1sm (2017) 083105
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Index for 1D QCA

e Definition of the (Chir‘al) indeX b. Gross et al.,, Commun. Math. Phys. 310, 419 (2012)

W(Ag: -AR)
W(AL? "4%)

ind = log € logQ™*

Jadide | oL
n(A7, Ag) = ZRJZ Z Tra[Ue;UteR, |2

t,j=1m,n=1
Finite-depth quantum circuits are of zero index
Nontrivial example: right translation 1" on a qudit lattice
L=z, R=xz+1

(AL, Azi1) = n(Azs1, Azt1) = d (maximal overlap) =>|ind =

n(Az, AL, 1) = 7( Az, Azia) = 1 (zero overlap)
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Part |

Classification of 1D QCA with finite unitary
symmetries

Collaborators: Christoph Stinderhauf, Norbert Schuch,
J. Ignacio Cirac

Phys. Rev. Lett. 124, 100402 (2020)
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Flogquet SPT phases (review)

e A heuristic classification

D. V. Else and C. Nayak, PRB 93, 201103(R) (2016)
Kinneth formula

HY(Z x G,U(1)) = H(G,U(1)) x Hd(G,U_(l))

/ !,f' bulk edge |\

Time-translation Classification of static Classification of static
symmetry Up d-dim. SPT phases (d-1)-dim. SPT phases

NOT complete! At least in d=2 dim. 1.c.roetal, PRx s, 041070 (2016)

« 1D edges, which are locality-preserving unitaries well described by

MPUs, are characterized by the chiral index even without symmetry
protection D. Gross et al.,, Commun. Math. Phys. 310, 419 (2012)

J.I. Cirac et al,, JSM (2017) 083105

Question: What is the classification (beyond H2(G,U(1)))
of matrix-product unitaries with symmetries?
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MPU & MPS w/o symmetry (review)

* MPU iS not always trivial J. 1. Cirac et al., JSM (2017) 083105

S odh e -

d—

1
Chiral index: ind = 5 log % = log g € logQt
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MPU & MPS w/o symmetry (review)

* MPU iS nhot always trivial J. 1. Cirac et al., JSM (2017) 083105

sobads -

d—

1
Chiral index: ind = 5 log % = log g € logQt

Cf. MPS is always trivial x.chen,zc. Gu,and x-G. wen, PR 83, 035107 (2011)
o)~ [)®"
AAAAAA ~ 6666 6 8
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Cohomology classes for MPUs

* Analogy to MPSs

Always no SSB i
> -
' / Zgeh — Wg hZgh

Z[Pg]z‘a" oyl Uiy = 25Uz W] € H%(G,U(1))

y ! /!
1,7
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Cohomology classes for MPUs

* Analogy to MPSs

Always no SSB

>

‘ | / Z2g<h = Wg,hZgh
> loglisrlogjthing: = 2JUij2g W] € HX(G,U(1))

it
A. C. Potter and T. Morimoto,

* SPT discrete time-crystalline oscillation ;o5 155126 2017)
tn
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Beyond cohomology

* Symmetry action on the bilayer-unitary form

fuﬂ*ﬁﬁ— v@: lvl |u: :@u@)
. 1 — @@ T

J. . Cirac et al.,

Gauge transformation: 1SM (2017) 083105

__________________________

v—=>o(yQx) TgTh = Wg,hTgh |cf. Zg2n = WghZgh |
u— (z' @ yMu YgUh = W, pYgh | o
- - OO
* Symmetry-protected index (SPI) © sl
o o1 N
cf. chiral index: ind = 5 logl —logd
] log Tr v, log Tr v, ngl(otomic Le)ld:
= — — Wwp=¢en )=
2 ree e vl gl g e Q)
N
1 Try Tr y, ‘
If xg =1Trpy, #0, ind; = - log g log € log |Q(wg,)/10
g g g 2 rI‘I'.TJQ TI",Og | ( (Ti )/{ }l

dy =min{d € Z* : g? = e}
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Interpreting the symmetry-
protected index

Evolved symmetry-string operator

cf. edge modes in equilibrium SPT phases
Utp®U = L, ® -2 @ R,

Al Al
bulk A

— || |=obe0sem| |

! Ry

edge Al edge

; ; 1 Tr L
ind, — ind = 5 log Tr R,

— Measure of asymmetry

e Symmetry-charge-pump picture
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State-like vs. Genuinely dynamical

* Two types of topological invariants
Cohomology class: trivial -> SPT — state-like (SL)
SPI / index: trivial -> trivial — genuinely dynamical (GD)

* Homomorphism from QCA to short-range states
f: Ku — Ky, |[U] = [U|¥))]

Trivial class
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State-like vs. Genuinely dynamical

* Two types of topological invariants
Cohomology class: trivial -> SPT — state-like (SL)
SPI / index: trivial -> trivial — genuinely dynamical (GD)

* Homomorphism from QCA to short-range states

f: Ku — Ky, |[U] = [U|¥))] Non-disentanglable

(ND)

Trivial class

Disentanglable
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Refining the periodic table

* Map from fermionic Gaussian QCA to fermionic
Gaussian states with fundamental symmetries

Cf. A. Schnyder et al., PRB 78, 195125 (2008)

3
0
Z
Zz

2
Z

AT 0
BDI 72
ClI 0 272

ZG and T. Guaita, arXiv: 2106.05044
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Refining the periodic table

* Map from fermionic Gaussian QCA to fermionic
Gaussian states with fundamental symmetries

Cf. A. Schnyder et al., PRB 78, 195125 (2008)
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0
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Zz
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Z
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(b)

Poisson 0.60

0.55

I
9 10 M

System size L

R

.-)'—\',,
e

2 4 6 8
Normalized level spacing /() Disorder strength A

H. C. Po et al., PRX 6, 041070 (2016)

2D Chiral Floquet MBL Phases 1D Edge cannot be MBL

Locality + MBL QCA

Question: Can we rigorously rule out MBL?
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Entanglement growth

Translation

State entanglement ’
Wprod) = |¥proa)

prod
[ I I

U(t)
0 000 00

coooososo W

|
10%

-
= o NwRnnD

P. Ponte et al., PRL 114, 140401 (2015)

F L=5 4
L =10
MBL, W=10.0 L =12

17T T 1 | i

L =18
i 1

U i 1 1 - )
1w~ 1% 1t 1w ow* 1wt 100 1w 1" 1®

P. Zanardi, PRA 63, :
040304(R) (2001) T. Zhou and D. J. Luitz, PRB 95, 094206 (2017)
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Conjecture (@2020 MPHQ interview)

° |dea: Entanglement cut

r—-—

r-—

ind = log d L

r—r-

Right
translation

Soeg = tlogd

1 Not MBLizable

H. C. Po et al., PRX 6,
041070 (2016)

Operator entanglement bounded by the chiral index?

* [mpact: Rigorous result on topology & thermalization

Lower bound on chaos (cf. MSS bound)
J. Maldacena, S. H. Shenker, and D. Stanford, JHEP 2016, 106
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Setup and the main result

* Index of a QCA

d, d 2z+1

ind = log 2% - = log clogQ™

I
d2:z:+1

* Operator entanglement

Uy = UDI), |I)=d N9, 155))%Y

Sj(fj, = 1 - log Trp% 4/
* Lower bound on chaos

SAA, > 2|ind|

If min{|A|, N —|A|} > 2r

[ B

V2z—1,2x

V2x+1,22+2

U2r-2,22-1

U2z 2r+1 1.[.2_—,;+2__21;+3

l

I

, B

BE

1 ]
1 ]
I I I

A'’A\ BB
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Setup and the main result

* Index of a QCA

d, d 2z+1

ind = log 2% - = log clogQ™

I
d2:z:+1

* Operator entanglement
Uy= WD), |1)=d AT i)Y
S = o log Trpf 4

* Lower bound on chaos

S , > 9lind Tight for
ia AEd) (i)|ind| € log Z*

If min{|A|, N —|A|} > 2r (ii) a=o00

[ B

V2z—1,2x

V2m+1,22+2

U2r-2,22-1 U2z 22+1 WU2x+2,22+3
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Setup and the main result

* Index of a QCA

d, d 2z+4+1

ind = log 2% d,. = log clogQ™

I
d2:z:+1

* Operator entanglement
Uy= WD), |1)=d AT )oY
S = o log Trpf 4

* Lower bound on chaos

S , > 9lind Tight for
ia AEd) (i)|ind| € log Z*

If min{|A|, N —|A|} > 2r (ii) a=o00

[ B

V2z—1,2x

V2z+1,22+2

U2r-2,22-1

U2z 2r+1 1.[.2_—,;+2__21;+3

l

| A

I

. B

U

IIIIIIII

AB/

A'A. BB
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Proof of the main result

* Entropy formula of the index

1 (8 (84
ind = 2 (8¢5 — S17)

Sabatht = |Sab" = Sa’b' = 2|111d|

= S\party > 2lind]

W. van Dam and P. Hayden,

¢ Weak SUbadditIVIty arXiv:quant-ph/0204093

@) () ()
ch,ba’b’ ~ SLL’ + SRR’
5, > max{S(® — 5© 5 _ 5O} _ |ind

S > max{S{ — 5O (&) _ gy — |ing|
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Stability against exponential tails

U =Te " Jo dt Zj;j (t)UQCA

Local and bounded h = max; ; ||h;(t)||

* Example of violating $(* > 2 ind
H(t) = hSYo7 4l 5, = 44|/ T

S5() = 2]og d — log|[1 J:(d2 — 1)¢] ///j/

l
|
= -1

e = sin?l 4 (RT/|A|) ~ e~ ©C(Allog|A4])

* General proof for $(® > 2 ind — e~ ©(4l1og |4

Step 1 — Approximate Hamiltonian evolution by quantum circuit
T. ). Osborne, PRL 97, 157202 (2006)
Step 2 — Optimizing the (time-dependent) Lieb-Robinson bound

M. B. Hastings, arXiv:1008.5137; ZG et al., PRA 101, 052122 (2020)
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Exactly solvable chaotic anomalous
dynamics: Random QCA

i.i.d Haar random
u:Cl®C?— CP®C?
v:CIRCP - ClgC?

= ind = %log 2

' Cf. Random quantum
Butterfly velocity: ' circuits (p = g = d)

2 2 2 2 ! d2—1
_ pP"q"—q(pt+q)+1 _ P°q"—p(ptq)+1 ! —
v = pzq(z_l) yUR = pzq(z_l) VB = #1i

State- & Operator-entanglement velcotiy:

_ (pq+1)? (o) (pg+1)%(pg—1) A. Nahum, S. Vijay,
ve = l0ge2 3361 Ve = logdz[d(\/P(qz—l)-i-\/Q(p?—l))g 32?51??5315? "
(o) _ |ind|

Tripartite-information velocity: v, = v Tog (pq)

ZG, A. Nahum, and L. Piroli, arXiv:2109.07408
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Entanglement-membrane theory

* Hydrodynamic equation (zero index)

0S . r 0S S(LE, t) : Entanglement entropy of subsystem
a = Seq 8—37 (—o0, x| attimet

Formal solution:

)

S(z,t) = min (tsqu (mt;y) +S(y, o))

T I T I I
F 3

U(t)

C. Jonay, D. A. Huse, and A. Nahum, arXiv:1803.00089
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Entanglement-membrane theory

* Hydrodynamic equation (zero index)

0S r (55) S(LE, t) : Entanglement entropy of subsystem

ot = Seq g (—o0, x| attimet

Formal solution:

S(x,t) = min (tsqu (m

)

Seq S
C. Jonay, D. A. Huse, and A. Nahum, arXiv:1803.00089
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Entanglement-membrane theory

* Hydrodynamic equation (nonzero index)
0S |ind 95

+ Index appears as a
Ot [seq Ox background velocity

Formal solution:

S(x,t) = min (tsqu (m

)

0.0 ind 0.5

¥ s

ZG, A. Nahum, and L. Piroli, arXiv:2109.07408
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* Classification of symmetric 1D QCA Part |

'__J
Cohomology + SPI RH% 7 iﬁj\iﬁ_@i R,

v | [ u [ u

_IIIII_

State-like vs. genuinely dynamical PRL 124, 100402 (2020)
arXiv:2106.05044

* Impact on entanglement dynamics Part Il

S(®) > 2]ind|

Generalized entanglement-
membrane theory |2 PRL 126, 160601 (2021)

arXiv:2109.07408
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* Complete classification in 1D

Cf. J. Haah, L. Fidkowski, and M.

* Nontrivial QCA in higher dimensions ; ... 181 01605

. . . Cf. T. D. Elli d L. Fidkowski,
* Homomorphism for interacting systems /> “leon o refense

Part ||

* Tighter bound for finite «
* Impact of SPI

* Interplay between (genuinely dynaimcal) topology and
conservation law or/and measurement

Cf. T. Rakovszky, F. Pollmann, and C. W. von Keyserlingk, PRX 8, 031058 (2018);
A. Lavasani, Y. Alavirad, and M. Barkeshli, Nat. Phys. 17, 342 (2021)
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