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Abstract: Critical states of matter are a class of highly entangled quantum matter with various interesting properties and form important bases for
emergence of a variety of novel quantum phases. Such states pose serious challenges for the community due to their strongly interacting nature. In
thistalk, | will discuss our recent progress on tackling critical quantum matter using the method of conformal bootstrap. | will start with introducing
severa representative examples of critical quantum matter, including the familiar deconfined quantum phase transition, U(1) Dirac spin liquid
phase, and the newly proposed Stiefel liquid phase. Next | will focus on the SU(N) deconfined phase transition (i.e. scalar QED), and demonstrate
that they can be solved by conformal bootstrap, namely we have obtained their bootstrap kinks and islands.

Zoom Link: https://pitp.zoom.us/meeting/register/tJcqc-ihgzMvHAW-Y Bm7mY d_XPOAmhypv5vO
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Outline

* Critical quantum matter

&

* A light review of conformal bootstrap

* Bootstrapping critical quantum matter:

A toy example: Heisenberg spin-1/2 chain (SU(2) WZW)

SU(N) deconfined phase transition (Scalar QED)
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Landscape of quantum matter

* Spontaneous symmetry breaking phases and phase transitions.
Superconductor Ferromagnets

- Topological phases (gapped): topological quantum field theory.

Fractional quantum Hall Topological insulator

&
L

.7‘.‘. - .‘/;.J’
Tf.‘;?,‘“ff\

* Ciritical phases:

A. anformal phases: conformal field theory

B. Metallic phases: Fermi liquid, non-Fermi liquid, strange metal, etc.

Pirsa: 21100015 Page 4/47



An example of critical phases:

Heisenberg quantum spin chain
Spin-1/2

TEae HHHEH

Neutron scattering

Exactly solvable with
Bethe Agnsatz (|93 |) Bl S(Q,w) Bethe Ansatz '$pﬁ515n'§:iﬁrlf uf
P l¥
SU(2); WZW b oy

80

| +1D critical phase

60

40

Energy o (meV)

Material realization: e.g. KCuF3
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Field theory description

SU2)x WZW: 7t = (n1,n2,n3,n4) |7i| = 1
(n1,n2,n3): 3 spin moments, ny valence bond order —

1 2 2 k 3 o B W, =
S = —25 /md z(0,1n)° + San A EEahod€pupTaOuy OulteOTtg

Kinetic term Wess-Zumino-Witten (WZW) term

k>0

.
Gaussian SU(2)ry WZW
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WZW models: continued

(n1,n92,n3): 3 spin moments, ny valence bond order |77| =1

1 k
S= f Pa(@,) + oy | dPrcaseacupiiaOuindiiicpita
« WZW term modifies the RG flow.
k>0 k=90
¢ g @ 4 N g
Gaussian SU(2)r WZW Gaussian

« WZW term: intertwinement of spin order and VBS order.

| S # S W
et B gt e—
- Topological origin of WZWV term.
7T3(SS) = /Z and 71'2(83) = ()
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Critical phase v.s. Critical point

Critical phase_ Critical point
(attractive RG fixed point) (repulsive RG fixed point)

—>> —<e—

% $

1. SU(2); WZW CFT: critical phase in half-integer spin chain.
2. SU(2), WZW CFT: critical point in integer spin chain.
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Critical phase v.s. Critical point

Critical phase Critical point
(attractive RG fixed point) (repulsive RG fixed point)

% $

1. SU(2); WZW CFT: critical phase in half-integer spin chain.
2. SU(2); WZW CFT: critical point in integer spin chain.

IR symmetry: SO(4) UV symmetry: 89(3)3 X Ty

80332 ni,na,n
=1,y { TOD (usman

Vector: (ni,ns,ns3,n4) o
r N4 — —Ny

Symmetric (traceless) rank-2 tensor: T G=2,1)+(G=1,-)+((=0,+)
UV singlet
SU(2)1: Ar =2 marginal; SU(2)s: Apr =1 relevant
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Criticality from intertwining orders

|+ 1D Ceritical phase

SU(2); WZW
ARRETTTITITTI

2+ 1D criticality?

/"‘/1\ /N

Pirsa: 21100015 Page 10/47



Deconfined phase transition

n = (nl,ng,ng,n4,n5) with ’7_?:’ =1 7T4(S4) = / and 7T3(S4) =0

1
§=~ / B(9,7)? + WZW]7]
(n13n2,7’4§3) 29 (714,715)
A(n? + n3 4+ nZ —n?2 —n?)
<& >
/
Neel state VBS state
Physics of WZW term: intertwinement T L -
of magnetic order and VBS order. S el |
- ¢
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Stiefel manifold SO(N)/SO(N-k)

N X k real matrices n;; satisfying n’n = 1xx.

k mutual orthogonal N-component unit vectors.

Examples of Stiefel manifolds:

S% = S0(3)/S0(2)

- Sphere: SN = SO(N +1)/SO(N)

N + 1 component unit vector || =1

. SO(6)/SO(4):

Two orthogonal 6-component unit vectors m1 and 7is.
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Stiefel liquids:WZW models on Stiefel
manifold

+ Spin-1/2 Heisenberg chain: | +1D WZW on SO(4)/SO(3).

+ Deconfined phase transition: 2+ 1D WZW on SO(5)/SO(4).

« 2+IDWZW on SO(N)/SO(4). giggg%gggg; i g
o o Sy
Ordered Stiefel liquid
phase
N =6

»
>

Intertwinement
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Dirac spin liquid

Nf=4 QED3: £ =) ¢r(idf — d)uy

I=1 Global symmetry:

Za
N
Monopole is the bi-vector of SO(6) and SO(2).
Order states come from the condensation of monopoles.
120° magnetic order V12 x /12 VBS

Dirac spin liquid

N=6 Stiefel liquid

6 components 6 components

Pirsa: 21100015 Page 14/47



Possible realizations of Dirac spin liquid

Theoretical models

— |
— — — — o — —

2 - JZ g’z ) Sfj’ J>0 J1-J2 Heisenberg

Materials: Herbertsmithite (kagome), NaYbO?2, etc.
N
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Stiefel liquids in quantum magnetisms

Critical states from melting/intertwining symmetry breaking orders.

@, 4 ’ )

(N 5, k=1) Stiefel Iqu|d I
ak.a. _ o

N Deconfined phase / (N=6, k=1) Stiefel liquid

] 1
|
|
transition 7 | ak.a. |
/
|
|

U(1) Dirac spin liquid |

Collinear Valence Non-collinear Valence
magnetic order N = / bond solid . magnetic ofder ) bond solid
Ll ”
()
| I
P | |
- o
pN o Ny Fx / \ / _:\ L | l
- ~ N

§ / ’\i . -~ / L% / | (N=7, k=1) Stiefel liquid |

t 4 * | |

| I

Non-coplanar magnetic order Valence bond solid

Y
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Fate of Stiefel liquid

2+ 1D WZW models on the Stiefel manifold SO(N)/SO(4).
1
Soln] = 5 f BeTe(9,nT 8" n) + k - WZWi
g
@
SSB Stiefel liquid
A. Does it really exist when N>6 (conjectured to be non-Lagrangian)?
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Stiefel liquids:WZW models on Stiefel
manifold

+ Spin-1/2 Heisenberg chain: |+1D WZW on SO(4)/SO(3).

+ Deconfined phase transition: 2+ 1D WZW on SO(5)/SO(4).

+ 2+IDWZW on SO(N)/SO(4). ;;Eggg%ggﬁ%% _ g
@ - Ty
Ordered Stiefel liquid
phase
N =6

4 »
% »

Intertwinement
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WZW models: continued

(n1,n92,n3): 3 spin moments, ny valence bond order |77| =1

1 k
S= 5 / Pr(@,) + oy | PcaseacupiialuindiiicOpiia
« WZW term modifies the RG flow.
k>0 k=0
& 3 g @
Gaussian SU(2), WZW Gaussian g

« WZW term: intertwinement of spin order and VBS order.

| S N W # S |
it B e R o i
- Topological origin of WZWV term.
7T3(Sg) = Z and 71'2(83) =0
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Stiefel liquids:WZW models on Stiefel
manifold

+ Spin-1/2 Heisenberg chain: | +1D WZW on SO(4)/SO(3).

+ Deconfined phase transition: 2+ 1D WZW on SO(5)/SO(4).

« 2+IDWZW on SO(N)/SO(4). Z:Eggg%%?gggjg; i g
® ¢ Ty
Ordered Stiefel liquid
phase
N=6

4 »
% »

Intertwinement
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Fate of Stiefel liquid

2+1D WZW models on the Stiefel manifold SO(N)/SO(4).

1
Soln] = 2% /d?’xTr(@MnT@“n) + k- WZW[n]
& B >
SSB Stiefel liquid

A. Does it really exist when N>6 (conjectured to be non-Lagrangian)?

B. Ceritical phase or critical point?

IR symmetry: Perturbation: \V UV symmetry:
SO(N) x SO(N — 4) " S0(3), x lattice
Critical point 5 ee Critical phase order,/
—< - SL
Deconfined s, 9 Di ST >
s : g irac spin liquid
critical point 4
VBS VBS
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Outline

* Critical quantum matter

* A light review of conformal bootstrap

N

* Bootstrapping critical quantum matter:

A toy example: Heisenberg spin-1/2 chain (SU(2) WZW)

SU(N) deconfined phase transition (Scalar QED)
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Conformal Symmetry

* Translation symmetry (P)
* Lorentz symmetry (R)
* Scaling symmetry (D)
Special conformal symmetry (K)

xh — p2pH

H—
v 1—2b-x 4+ b2x2

2pt, 3pt corre. functions are fixed by the conformal symmetry.

(Oi(m)oj(ﬁiz)} - |5,315;‘2A’ T1g = T1 — To
(0i(21)0;(22)Ok(z3)) = Aijk

o ‘3312|A1+52—A3|$13‘A1+A3—A2|$23‘A2—|—/—\3—A1
Operator product expansion (OPE):
OZ(CC)OJ(Q) = Z )\ijkck(x — Y 8y)ok(y)
k
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Four point correlation function

NOT completely fixed by conformal symmetry

1
(O@'(ﬂil)oj(332)0;6(933)0;(234)) - |$12|2A’$34|2AG[U: U]
_ ﬁﬂ%zx _ 37%455%3
7
3’5%3$34 53%35%4

Crossing symmetry: bootstrap equation
(Oi!(i‘l)oj($2)Ok($3)01($4)) \
| O

. g
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Conformal bootstrap

Conformal bootstrap: find a set of CFT data that solves all the
bootstrap equations.

O O{/Ol
07; [

s =% )
© 0, Ok h O;/ \Ok

Formidable task due to 3 “infiniteness’’!

Infinite number of equations.
Each equation involves an infinite sum.

Each term in the summation is complicated (i.e. infinite series with
no closed form for general dimensions).
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Numerical bootstrap

* Rather than solving it, let us try to get some constraint from bootstrap
equations.

Not consistent with
bootstrap equation

, A¢7777°”
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Bootstrap bounds for SO(5) CFTs

For the SO(5) DQCP one has

Ay > 0.775 or n > 0.55

Singlet

But numerically 7 =~ 0.2 ~ 0.3

1.5¢

1.0 ; iy . 5 " ; :
06 07 08 09 10 11 12 13 1§4
Other bounds: see SO(5) vector
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Bootstrap bounds for Dirac spin liquid

(@) Triangular DSL mm Kagome DSL
IR symmetry: UV symmetry: 20
SO(6) x SO(2) SO(3)s xdattice |
3
£ 16
* On the triangular lattice, (T, S) is S
symmetry allowed. 5 ' |
'E 141
* On the kagome lattice, (T, S) and (T, T) te I
are symmetry allowed. 12
10 | 1 1
1.0 11 . 1.2 1.3 1.4
Scaling dimension from large-Nf QED: Monopole
AT,S ~ 2.4, AT,T R Do)
MC results:
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Ising CFT

(cooo) TXOT~EF

Ising CFT sits at a kink!
2D ?

2.0 F T T T T T T =
caD(d)_

ik d}ﬁf@‘h’m T

-

1.0f S 5
(;_D\d\ / [sing |
B 5A -7
05} s
-
x/‘:‘/

0.0 L= ' ‘ ' ' ‘ ;
000 005 0.10 0.15 020 0.25 030 035

070 075 080
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Mixed correlator: CFTs Island

(cooo), (ooee), (eeee)

Most precise critical exponents of 3D Ising!

Monte Carlo

1.4129
1.4128 ; 1.412 --|-
1.4127
1.4126 Bootstrap

Ao
0.51808 0.51810 0.51812 0.51814 0.51816 0.51818 G
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Outline

* Critical quantum matter
* A light review of conformal bootstrap

* Bootstrapping critical quantum matter:

A toy example: Heisenberg spin-1/2 chain (SU(2) WZW)
N

SU(N) deconfined phase transition (Scalar QED)
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Bootstrapping critical quantum matter

Challenges:Very often there exists a family of CFTs with identical global
symmetries and similar operator spectrum.

A common setup/input of the conformal bootstrap: |

Global symmetry Operators being bootstrapped

Wilson-Fisher CFT O(N) O(N) vector, A =~ 1/2
SU(N
Bosonic U(Nc) gauge theory Z(—f) x U(1) SU(Ny) adjoint, A ~ 1
Ny
SU(2),WZW CFT S0(4)
Stiefel liquid SO(N) x SO(N —4)

Gauge fields or WZW levels don’t appear in the bootstrap equations!
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Bootstrapping SO(4) invariant |+1D CFT

¢: SO(4) vector T: rank-2 symmetric traceless tensor

Single correlatog (90,1 1)

SU(2); WZW sits at a kink!

SU(2),;
SU(2)s
SU(2)3
SU(2)10
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Bootstrapping SO(4) invariant |+1D CFT

¢: SO(4) vector

Single correlator (¢; ;i ¢1)

SU(2); WZW sits at a kink!

T rank-2 symmetric traceless tensor

Mixed correlator

(TTTT) (09¢¢) (dpTT) (9T HT)

2.015
Island of SU(2); WZW

SU(2) 2.010

(5
5 2.005
SU(2)
S U(2)3 2.000}
SU(2)10
0.1 0.2 0.3 04 0.5
1.9

.995
0.498 0.499 0.500 0.501 0.502 0.503 0.504 0.505

Ay
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2D CFT kinks and null operators

SU((2)y WZW CFT
Global symmetry: (SU(2)r x SU(2)r)/Z2 = SO(4).
Operator spectrum (lowest weight in each channel):
1. SO4) V: A= ﬁ (Kac-Moody primary)
2. SO4) T: A= ﬁ for k > 1 (Kac-Moody primary)
A =2for k=1 (JL JE|0)
2.5

SU(2),
2.0

A1

1.0
SU(2)2

SU(2

e (2)

0.0 SU(2)10 A
0.0 0.1 0.2 0.3 04 0.5 |4
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2D CFT kinks and null operators

SU(2), WZW CFT
Global symmetry: (SU(2)r x SU(2)r)/Z2 = SO(4).
Operator spectrum (lowest weight in each channel):
1. SO4) V: A= ﬁ (Kac-Moody primary)
2. SO4) T: A= ﬁ for k > 1 (Kac-Moody primary)
A =2for k=1 (JL, JE|0)
2.5

SU(2)y
2.0 N

A5

1.0
SU(2)2

SU(2

e (2)s

0.0 U(2)10 : : A
0.0 0.1 0.2 0.3 04 0.5 Vv
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Null/Decoupling operator and gauge theory

2D SU(2)x WZW CFT

:H Dual

Ny = 2 2D Dirac fermions coupled to a U(k) gauge field.

A semi-classical interpretation of WZW null/decoupling operators!

L)

U(k) gauge theory SU(2)k>1 WZW SU(2); WZW
#/Egl (2 52}] [( (0 ]) 2N = -:— (Kac-Moody primary) Null/Decoupling
"%f@bfﬁ @f#)ff A=2 J_1j—1|0) A =12, J_lj_1|0)
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Decoupling operators of gauge theories

Ny flavors of critical bosons coupled to a U(N,) gauge field in 3d.

SU(Ny) rep Operator Scaling dimension
Adjoint ol o5 A =1+ O(1/Ny)
7[f1 7f2] iler jcal
(1. fa] Ne>1 C’b[c] qﬁcz](b[fsgbﬁx] A=2+ O(l/Nf)
A 1,02
[f3,fa] > _ -
Ne=1  ¢l19¢"1 1,00, A =4+ O(1/Ny)

The lowest operator of U (NN, > 1) gauge theories is decoupled at N, = 1.
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Decoupling operators of gauge theories

N flavors of critical bosons coupled to a U(N,) gauge field in 3d.

SU(Ny) rep Operator Scaling dimension
Adjoint pi1 ¥ A =1+ O(1/Ny)
zlf1 7f2] jler rca]
Ne>1 qb[m qﬁcz](b[fs gbﬁ:;] A=2+ O(l/Nf)
A[fl,f2]
[f3,f4] _ _
Ne=1  ¢laghles 04, A =4+ O(1/Ny)

The lowest operator of U (NN, > 1) gauge theories is decoupled at N, = 1.

ehrtil of

The lowest operator in the anti-symmetric representation A[ B ]

N. > m — 1 is decoupled at N, < m — 1.

Also see
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Bootstrap scalar QED

Ny
. g 1
£ = Z O — iAW) &il” + 716" + 5 F

4e2” MV
i=1

d=2+c¢€ i =3

- Schematic phase diagram: CFT CFT non-CFT CFT

|

{ Ny=1 Ny Ny=1 Ny

» Nf=I: particle-vortex duality.
« Nf=2: decongned phase transition.

* General Nf: SU(N) deconfined phase transition.

F 3
A J
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Bootstrap scalar QED

Ny
. 1
L= |0u — A& + JI6l* + 5 F

de2” MV
=1

- d=3 )
Schematic phase diagram: CFT CFT non-CFT CFT
; > o—

Ny=1 N; Ny=1 Ny

| .d:.2+e

-

SU(Ny) adjoint
a=¢'¢; — 6% /N¢|o|?

OPE:a xa=S"+ AdjT + AAT +SST+SA~ + AS™.
[

A. qlfs,fa] a. (f3,fa) 1. (f3,fa) a. rplfs,fal
AA: T[f1,f2] S5 T(fl,f2) SA: T[fl,fz] AS: T(fl,fQ)

Bootstrap correlator: (a($1)a($2)a($3)a($4)>

Decoupling
operator
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Bounding the decoupling operator

The bootstrap bound can capture the essential physics of the operator decoupling,
but the scalar QED does not precisely sit at the kink.

4.5F

4.0F

35

3.0

2.5

2.0

1.51

SU10)

SU(100) |

|
|
"

SU(1000)

0.70
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Large-Ny:

1 1
0.75 0.80

L 1
0.90 0.95

Ayg=1-— ﬁ +O(1/N3)

d=21

3.0
2.5}
2.0t
1.5+
1.0t

0.5t

SU(4)

SU(100)

I

0.0

0.06 0.07 A 0.08 0.09 0.10

a

24 € Aa:e—Nif62+O(63)




Scalar QED kink

Ny;=4ind=21

Ayg =005 Ajg212 Apg 217

The scalar QED appears as a kink once a mild
gap is added for the decoupling operator, and
it is stable against the change of the gap.

0.05 0.06 0.07 0.08 0.09 0.10 0.1
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Scalar QED island

Ny =4,d =2.01

2.0002 —
A=27

2.0000} N Single correlator

gap imposed | physical gap
As Aix 2d — 3 2d — 2
1.9998} A, 3 1

Ass Ag 27,

1.9996

1.9994 1 L 1
0.00990 0.00995 0.01000 0.01005 0.01010
A,
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Scalar QED island

Ny=4,d=21
0.250
0.245 Single correlator
gap imposed | physical gap

AAA Qd -3 2d -2

0.2401 . A. i 5

Ags Ay d d+1

Aca 2d — 3 2d — 2

0.235[ S35

0.230

022575092 0094 0096  0.098

A
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Scalar QED islands in 3d

gap imposed | physical gap
Agz 3 4 :
44 Single correlator
A J, 3.1 4
ASS" 3 4
Ny =1000 Ny =100
2.03 24
A=19 A=19
A=27 A=27
202 @ A=35 23 @A=35
2,01+ 29l
A -
SS
ASS
2,00+ 2.1t
1.99¢ 2.0+
1.98 L L L L 1.9 I 1 1 1
0.995 1000 . 1005 1.010 1.015 0.95 1.00 105 ., 1.10 115 1.20
Aa Aa
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Summary and outlook

» | talk about several representative examples of critical quantum

matter, including deconfined phase transition, Dirac spin liquid and

Stiefel liquid.
N

* We proposed a recipe to bootstrap critical quantum matter

described by gauge theories and WZW theories, and benchmarked it
with scalar QED by obtaining its bootstrap kink and islands.

* Future:We plan to use the mixed correlator to solve scalar QED,

QED and Stiefel liquid.

« Open question: Can some properties of 2d Kac-Moody algebra be

generalized to higher dimensions?

Thanks!
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